
AFCRL-66-153 

NUMERICAL INVESTIGATION OF ELECTROMAGNETIC 
SCATTERING AND DIFFRACTION BY CONVEX OBJECTS 

Nelson A.  Logan 

Lockheed Missiles & Space Company 
A Group Division of Lockheed Aircraft Corporation 

Sunnyvale, California 

Contracl No. AF19(628)-^393 

Project No. ^600 

Task No. k6000k 

FINAL REPORT 

Period Covered:     l6 Nov 1964 through 15 Nov 1965 

Date of Report 

December,  1965 

t Prepared 
for 

AIR FORCE CAMBRIDGE RESEARCH LABORATORIES 
OFFICE OF AEROSPACE RESEARCH 

UNITED STATED AIR FORCE 
BEDFORD, MASSACHUSETTS 

t   ' 

[JJBM—MWW****1*" • 



Distribution of  this document is  unlimited. 

^ä^^^k/mms^mmm^mmmmmbimm^sm^^^^m^M^i^'^^ 



( 

( 

mm STATES AIR FORCE 
AFGL Research Library 

AFCRL-66-153 

NUMERICAL INVESTIGATION OF ELECTROMAGNETIC 
SCATTERING AND DIFFRACTION BY CONVEX OBJECTS 

Nelson A. Logan 

Lockheed Missiles & Space Company 
A Group Division of Lockheed Aircraft Corporation 

Sunnyvale, California 

Contract No. AFlc(628)-4393 

Project No. k600 

Task No. 46000^ 

FINAL REPORT 

Period Covered:    16 Nov 1964 through 15 Nov 1965 

Date of Report 

December, 1965 

Prepared 
for 

AIR FORCE CAMBRIDGE RESEARCH LABORATORIES 
OFFICE OF AEROSPACE RESEARCH 

UNITED STATES AIR FORCE 
BEDFORD,  MASSACHUSETTS 

Distribution of this document is unlimited. 

LOCKHEED   MISSILES &  SPACE  COMPANY 



(. 

c 

ABSTRACT 

The solutions D(x,y,y ,q) of the partial differential equation 

D  + iD + yD = 0 are employed as a mathematical model for the 

fields reflected from and diffracted around an opaque convex 

surface« This solution involves the Airy function w^Ct) which 

is a solution of w^t) - tv^Ct) = 0. FORTRAN computer programs 

and tables are given for the appropriate Airy functions« A con- 

siderable portion of the report is devoted to discussions of the 

representations for the roots of the equation w-i*(t ) - qw. (t ) = 0 

which play a fundamental role in the theory. As a function of q, 

these roots satisfy the Riccati equation (t - q ) (dt/dq) = 1. The 

Riccati equation is used to develop several representations for 

these roots« FORTRAN programs are presented for the evaluation 

of these constants.  Tables of the roots are given for certain 

cases which have been shown to be of practical significance. 

Asymptotic expansions are developed for the height gain function 

P(y) which is a solution of F*(y) + (k2f(y) - AjF(y) = 0. The 

theory of representing functions by a series of Chebyshev poly- 

nomials is reviewed and a disciission is given of the significance 

of these expansions for future work in diffraction theory. 
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PREFACE 

Although this roport is officially entitled a "final" report upon 

Contract AP 19(628)-I|.393, the report is in fact an "interim" re- 

port upon a subject which has attracted the author's attention 

for over ten years.  Prior to the one-year period during which 

the research has been carried out under the present contract, the 

author undertook work along these lines as part of the Independent 

Research Program of the Lockheed Missiles and Space Company« The 

attainments made to date fall far short of the author's goals. 

However, the author hopes to continue to strive towards filling 

some of the gaps that exist between the results in both the asymp- 

totic theory of diffraction by convex surfaces and the numerical 

analysis which is required in order to translate the esoteric 

mathematical results into curves and tables that will meet the 

needs of the practical engineer.  The author readily admits that 

the opaque convex surface is an over-idealized model for any ex- 

cept the simplest of propagation and diffraction problems.  How- 

ever, the actual problems that confront most engineers in this 

field are so complex that there is a great demand for information 

concerning the phenomena associated with a smooth convex surface. 

The present research efforts have been directed towards extending 

the algorithms and the computer programs that will permit us to 
obtain numerical results when the scatterer is an opaque surface 

which is characterized by an impedance boundary condition« 

The problem of the diffraction of electromagnetic waves by convex 

surfaces has been the subject of hundreds of papers since the ap- 

pearance over 100 years ago of a classic paper by A. Clebsch which 

can be considered to be the "first" paper upon thi;.-. subject. The 

vil 
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author recently had the honor of having a survey of some of the 

early history of this problem to appear as the lead article in 

a "Special Issue on Radar Reflectivity" which was published as the 

August, 1965» issue of the Proceedings of the Institute of Elec- 

trical and Electronics Engineers (Proc. IEEE,  Vol. 53» No» 8, 

Aug., 1965)«  The author would like to encourage his readers to 

read this historical survey« If the reader is not already familiar 

with this special issue, the author is certain that the very fact 

that the reader has been interested enough in this report to have 

read this far is a very sure indication that the "Special Issue 

on Radar Reflectivity" will provide the reader with a "gold mine" 

of information. 

The theory of diffraction by convex surfaces cannot be readily 

separated from a large body of work in applied mathematics. There- 

fore, the engineer who finds himself facing a practical problem 

involving diffraction by a convex surface finds that he is con-« 

fronted with an almost chaotic mass of literature in which there 

are many gaps in the practical information to say nothing of the 

fact that there is a lack of a coherent and effective general 

theory.  It is with regrets that the present author finds himself 

in the position of adding to the confusion and the frustration of 

the "newcomer's" by releasing the present material in a form such 

that a considerable background is required in order to pick out 

results which may be helpful in a particular practical problem. 

The author would like to illustrate his sympathy for the reader 

who is a "newcomer" to the diffraction field by relating an 

experience which occurred during the course of this contract« 

The author is frequently asked to recommend books, reports, and 

papers which can provide an engineer with a means of learning 

what results are currently available for him to use in connection 

with problems associated with diffraction by a convex surface« 

viii 
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For several years,   the author has been telling his colleagues 
that thü book that they were seeking was about to be published 
as Vol.  1,  Diffraction by Convex Surfaces in the International 
Series of Monographs on Electromagnetic Waves which was begun 
several years ago by Pergamon Press»     The author of this book 
was to have been Academician V,  A«  Pock of Leningrad University. 
The present author    had been considerably influenced by a series 
of papers by Pock which he had discovered in the mid-1950,s» 
With the cooperation of P.  Blacksmith,  M.  D. Friedman,   and others, 
the author had made available to a limited circle of readers a 
collection    of 13 papers by Pock,  together with a summary of Pock's 
contributions by Academician V«  I«  Smirnov and an appendix which 
contained a pertinent paper by Academician M« A.' Leontovich. 
It was  the understanding of the present author that when Pock 
visited  the United States in the  late  1950's  that he had refused 
permission for the collection of papers  to be issued in book-form 
on the grounds that the papers  were  incoherent and that he  intended 
to prepare a monograph in which a unified presentation of his 
research would be presented«     However,   even behind  the  "Iron  Cur- 
tain"   the  scientists apparently find  the days  and nights  passing 

Although the present author has  since become sufficiently  ac- 
quainted with the literature  to realize  that much that he  learned 
from Pock's papers could have been learned from papers by White, 
Pekeris,   Pryce,  Purry,  and others,   the author recognizes  the fact 
that  the  clarity of presentation and   the thoroughness  of  the in- 
vestigations which were found  in Pock's papers were   nuch that he 
can best  describe Fock's influence upon his oim work by assorting 
that Pock \iias his "teacher," 

Air Force Cambridge Research Center,   Diffraction,  Hefraction, 
and Reflection of Radio Waves:  Thirteen Papers  by V«   A.   Pock, 
N.A.   Logan  and  P.  Blacksmith,   eds.,   Report APCRC-TN-57-102, 
ASTIA Document No. AD117276,   Bedford,   Mass.,   June,   1957 

ix 
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In such swift processions that o.ie has to sometimes face reality 

and admit that the goal which one has set for oneself Is too am- 

bitious« Anyway, It wa3 a great disappointment to the present 

author when In mld-1965 the long-promised Pergamon Press volume 

appeared In prlntt  This monograph Is nothing more than 17 papers 

by Pock (wltb several having been written with co-authors) which 

(except fur minor corrections) appear In their original form. 

Except for the Inclusion of papers published since 1957, the book 

which Is now available Is essentially the same collection of 

"raw" reference material which the present author and his associ- 

ates had sought to provide to scientists In the United States 

when the 391-page paperbound APCRC report was distributed In 1957. 

The author strongly urges the serious student of diffraction 

theory to acquaint himself with these papers by Pock. However, 

since these are research papers and the material has not been 

put together In "textbook style," the reader may find Pock's book 

a difficult source from which to acquire a basic knowledge and 

background upon which to build the ability to read the hundreds 

of papers which are available In this subject area» Purthermore, 

since no effort Is made to relate the material In Pock's book to 

the more recent publications of other authors, the reader will 

have to "forage" for himself to learn what other results are 

available to him.  Making a literature survey requires considera- 

ble "detective work" since a number of the modern authors have 

worked Independently of one another and cross-references to each 

other's works are often conspicuous by their absence. 

There are sufficient gaps In our present state of knowledge In 

) 

V» A« Pock,  Electromagnetic Diffraction and Propagation Prob- 
lems, New York,   Pergamon Press,  1965 
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this subject area that any book or monograph published today 

would be virtually out-of-date by the time it appeared in print. 

This is particularly true at the present tine when the availabil- 

ity of the electronic computer is making it possible for us to 

attempt to obtain numerical results which were "impossible" during 

World War II when the widespread use of high frequency radio waves 

created a need for results from diffraction theory for those cases 

in which classical geometrical optics failed to provide an ex- 

planation of the observed phenomena.  As an example of the pro- 

gress which has been made in the computer field, it is interesting 

to cite the fact that Aiken made the observation in 19i|.5 that 

"•••if it had been possible to run the computation without inter- 

ruption forty-five days would have been sfficicnt time to complete 

the tables.^," of Airy functions which Furry and other scientists 

needed in their studies of wave propagation«  One of the FORTRAN 

IV programs which is given in this report could be used on the 

UNIVAC 110? to produce these identical tables in approximately 

thirty minutes. The a* thor can also cite a more recent example 

based upon his own experience.  Upon some output sheets f.om the 

IBM-650 which were used to prepare the curves for the scattering 

properties of perfectly conducting spheres which anpear in the 

appendix of the monograph of King and Wu'  there appear some 

The Staff of the Computation Laboratory, Tables of the Modified 

Hankel Functions of Order One-Third and of Their Derivatives, 

Cambridge, Mass., Harvard University Press, l9ij-5 

■JH* R. W«  P. King and T^  T« Wu, The Scattering and Diffraction of 
Waves,   Cambridge,  Mass^,  Harvard University Press,  1959»   (Graphs 
in appendix illustrate current distributions  and bistatic cross 
sections for perfectly conducting spheres for ka = 1»1(0»6)9»5» 
10,   and 20,) 

xl 
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penciled notes to indicate that these confutations required 

forty-five minutes for a set of E-plane and H-plane curves 

for a single value of the parameter ka» It is now possible 

to generate this same data on a computer such as the ÜNIVAC 

1107 in less than forty-five secondse 

However, as the present author looks back at his computing 

experience, his respect for the amazing speed of the modern 

electronic computer does not leave him standing in awe as much 

as do.s the realization that programming languages such as 

FORTRAN IV offer the modern scientist a powerful tool which 

was virtually beyond his wildest dream lass than 20 years ago. 

One has to have grown-up with the "computer age" to really ap- 

preciate what a change has been made possible by the develop- 

ment of mathematically-oriented programming languages which en- 

enable a scientist who is not a "computer specialist" to per- 

form millions of mathematical manipulations at the rate of 

thousands per second» 

The author's first major computation job involved some diffrac- 

tion patterns for a circular cylinder and the work was carried 

out in the late l^C1 s by a group of ladies who worked for 

months at Friden and Marchant desk machines. Even when two 

ladies would work in tandem on worksheets which were laid out in 

identical manners, the detection of errors was a very frustrating 

task» With human hands and minds at work, it was virtually im- 

possible to eliminate blunders caused by an error in lookup in 

a table, in transfering a number into the keyboard, copying the 

number from the register onto the work sheets, an error in placing 

a decimal point, and, ABOVE ALL, one had to contend with frequent 

replacement of the computer personnel so that with even a moderate 

size group there was usually always a "new girl," Anyway, much of 

this was drastically changed a few years later when the author 

xii 
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set outto compute the scattering diagrams which are contained 

in tho appendix of the monograph by King and \hx.     The author 

had started seme  of these computations on desk machines of 

the Priden and Mai'chant vuriety, bu\. he was bogged down in 

trying to detect the errors so as to be able to construct the 

scattering patterns. At this point, the services of G» £• 

Reynolds and M« R« Hoes were enlisted and they came up with 

a set of instructions which made it possible to obtain the 

desired computations-free of human error- on the IBM-650 com- 

putert Although the manner in which these programmers managed 

to get the computer to perform was, to the author, a sort of 

"black magic," the author does recall the excessive handling 

of thousands of IBM cards as different portions of the compu- 

tation were handled by the limited "memory" of the computer and 

the final results obtained by having hundreds of cards read back 

into the machine and the final answers assembled. This was a 

far cry from the tedious and frustrating manner of trying to 

obtain the results by hand, but the specialists trained in 

prograrjring the computer were an essential part of the team. 

The development of the FORTRAN, ALGOL, MAL», and similar "languages" 

has made it possible for the scientist, if he so desires (and 

budget conditions can sometimes make desire into a necoüslty), 

to dispense with tho programmer for many of the day-to-day type 

-of calculations« The introduction of these languages havo had 

an important effect in that they are generally languages which 

are independent of a particular cornputer and hence a scientist 

who has developed a program for his computer (which might be a 

UNIVAC 1-07* for example) may be able to share tho program with 

another scientist who has acess to a totally different computer 

(such as an IBM 709i|.). This is a remarkable new aspect of coopera- 

tion between scientists and makes it possible for one; to build up- 

on the experience of other workers. In the days of hand computation 

xlii 
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many of tba present concepts of programming were in use. A work- 

sheet properly laid out with all the instructions explicitly 

displayed at the headings of the proper columns constituted an 

algorithm (a set of explicit rules for carrying out a computat- 

tion) for the numerical proolem which was under consideration. 

However, except for the layout for certain problems such as an 

harmonic analysis of a set of data, it was very uncommon for 

one sciontlst to pass on to another his "set-up" for the arriving 

at the numbers which he presented in his tables and graphs. 

The situation has now markedly changed with the development of 

the new programming languages.  The Communications of the Associa- 

tion for Computing Machinery have been supplying a mediun for 

the publication of algorithms written in the ALGOL language for 

the past several years«  However, the largest cooperative effort 

in making; programs available for use by persons or groups other 

than the initiators is the IBM SHARE system.  The rapid advances 

in computers in the past several years has made it almost mandatory 

that a program which is to be effectively shared with another 

user be written in a standard language« For example, the use 

of a machine-oriented language should be avoided whenever possible« 

The present author knows of one extremely large program which was 

coded in the FORTRAN ASSEMBLY PROGRAM (FAP) language and the 

need has now arisen to convert this program to be used on a com- 

puter which uses a different assembly language«  The net result 

is that a team of programmers are engaged in translating a PAP-coded 

program into FORTRAN IV so as to be able to have the program 

compile upon other computers than the IBM-7090-709i4- for which it 

was originally prepared« Because compilers can be expected to 

change relatively rapidly over the riext few years, the use of 

a standard language such as FORTRAN IV is highly recommended« 

Although the different compilers may accept only certain "dialects" 

of FORTRAN IVf the changes which must be made in going from one 

compiler to another are rather minor if one restricts oneself to 
xiv 
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the uso of features which are available on tho widest class of 

compilers. A useful reference for FORTRAN IV is the report of 

the American Standards Association (ASA) PORTriAN Working Group. 

Their report lists side-by-sido a set of standards for FORTRAN 

(which is FORTRAN IV) and BASIC FORTRAN (which is FORTRAN II). 

McCracken ' has attempted to collect in tabula:' form some of 

the characterisitics of over two dozen programming languages 

which are being referred to as FORTRAN IV.  Unfortunately, in 

many compilers FORTRAN II is not solely a subset of FORTRAN IV 

and hence not all FORTRAU II programs can be compiled on soft- 

ware which compiles FORTRAN IV programs.  The language situation 

promises to be a bit more confused in mid-1966 when the manuals 

and the compilers will be available for IBM Operating Syiitem/360, 

Although this new language has been called FORTRAN VI, NPL (New 

Programming Language), and MPPL (Multi-Purpose Programming Language), 

the most recent announcements apparently refer to it as PL/l (Pro- 

gramming Language/One).  However, some of tho early indications 

are that FORTRAN IV as it is now defined will most likely be a 

subset of the more versatile IBM programming language. 

The carrying out of certain portions of the work of the present 

contract has been hampered by the fact that much of the work 

prior to this contract had involved the use of a set of FAP- 

coded SHARE routines known as NPREC.  Tho conventional FORTRAN II 

compilers did not provide means for the input and output of dou- 

ble precision numbers, and the floating point numbers were re- 

quired to lie within tho range 10"^ and 10  .  We had net only 

■it 
W, P« Helsing, "History and Summary of FORTRAN Standardisation 

Development for the ASA," Comm« Assoc« Comput« Mach«, Vol. 7 

Oct., 19611, pp. 590-625 

^D. D. McCracken, "How to Tell If It's FORTRAN IV," Datamation, 

Vol. 11, Oct., 1965, pp. 38-^1 

XV 

LOCKHEED   MISSILES ft  SPACE  COMPANY 



) 
the need, in certain algorithms, to greatly exceed the range of 
the numbers permitted in FORTRAN, but we also wanted to have the 

ability to input and output more than the 8-digits that were 

maximum number of digits which the FORTRAN compiler would handle. 

The author was confronted with several problems where the cancel- 

lation of numbers of comparable size was so complete that answers 

to even several significant figures could not be obtained with 

the relatively simple algorithm unless many significant figures 

could be manipulated« Nearly a decade ago the author showed 
that the use of high precision could be used to sum certain di- 

vergent series in diffraction theory and this led to the develop- 

ment at the Air Force Cambridge Research Center of the capability 
of working with quadruple precision numbers which consisted of 

floating point numbers of 37 significant figures.  However, the 

capability developed at AFCRC was limited to the computer available 
to them because this was a mactiine-language coded program.  It 

was not until I96I that the author learned of the existence of \      j 

a FAP-coded SHARE program which would enable a FORTRAN programmer [ 

to compute in double precision floating point arithmetic. This \ 
very ingenious program had been prepared by R, I. Berggren, J. C. 1 

Cysbers, R. Hafner, and L. Sonneville of the Rocketdyne Division » 

of North American Aviation, Inc.  The prograr sed three conseou- i 
tive 36-bit words to store a single number, wxch one word being » 
used for the exponent and two words for the fraction. This arrange- | 

ment mado it possible to work with floating point numbers which f 

consisted of more than 21 decimal digits, and v/ith exponents whose 
absolute value could not exceed (2^-1) « 3,ip<l0 0. Although this 

set of subroutines could be employed in a FORTRAN II program, its 

use was rather clumsy. When it was announced in the Fall of 196^ 

that the UNIVAC 1107 which was to be installed at Lockheed in the 

Spring of 1965 was to have a double-precision capability of 

ft 
Air Force Cambridge Research Center,  Cambridge Computer Interpre- 

tive Routine for Quadruple Precision Numbers,  Report TN-59-i55i1959 \ 
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21-slgniflcant decimal digits, tho author resolved to attempt to 

convert to FORTRAN IV for the ÜNIVAC 110? and carry out much of 
the previous work which had involved the use of tho NPREC sub- 

routines by employing the relatively simple double-precision of 
the new computer.  However, upon delivery it was found that the 

UNIVAC 110? performed double-precision by software operations 

which limited the precision of the numbers to 1? decimal digits. 
Nevertheless, the greater simplicity of the use of FORTRAN IV 

as compared with the use of FORTRAN II supplemented by the NPREC 

subroutines (together with the constant anxiety to the effect 

that a systems change on the IBM 709ij- might result in the NPREC 

subroutine, coded in FAP, no longer being compatible with the 

system tapes being installed in the more advanced system monitors 

being made available by IBM) led the author to seek to continue 

to strive towards the use of the FORTRAN IV compiler for the 

UNIVAC 1107. Although the loss of k to S  significant figures 
when the FORTRAN IV program was coded to replace the FORTRAN II- 

NPRiiiG program proved to limit a few of the problems that could 

be handled, two far more important limitations appeared. Since 

the manipulations had been almost solely performed internally 
in the computer and the magnitude of the numbers Involved in many 

of the algorithms had not been known to the author, it came as 

quite a shock to realize that many of the algorithms which had 
worked successfully when using the NPREC subroutines could not be 

used at all on the UNIVAC HOT (o^, on the FORTRAN IV compiler 

for the IBM 709l±)  because the exponents exceeded the magnitude 
i of 10^ which is an inherent property of both the IBM and the UNIVAC 

i compilers. Most compiler designers have apparently docided that 

i the need for the manipulation of such large numbers is restricted 

| to such special applications that only the compilers for the Control 

' Data Corporation (CDC 3000 and 6000 series) and Philco (2000 series) 

computers take into consideration these needs, and even hero the 

( 

r restrictions are to 10   and 10  , respectively. 
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A second surprise that came with, the attempts to use the more 

sophisticated UNIVAC 1107 computer was the receipt from the 

compiler of messages reading ll, ••UNRESOLVABLE AMBIGUITY CAUSED 

BY SOURCE LANGUAGE ERROR.«•" when attempts were made to run 

certain PORTRAN II-NPREG programs on the UNIVAC 1107 after the 

conversion process (consisting mainly of changing read and write 

statements and the making of allowances for some minor changes 

such as the replacement of OOSF'CX) by COS(X) for single-preci- 

sion cosines and DPCOS(X) by DCOS(X) for double-precision cosines) 

had been carried out. The difficulty can be traced to several 

new sophistications of the newer software and hardware of the 

new generation of electronic computer of which the UNIVAC 1107 

is a typical example. With the newer compilers, one is dealing 

with both new hardware and new software. One of the hardware 

diff;lculties apparently arises from the fact that greatly in- 

creased operation speed is achieved by using a set of film 

registers to store the subscripts which are used during the 

execution of a DO-loop. This means that for most programs a 

very significant saving in computer time is saved since the 

subscripts are not computed, stored in memory, and then retrieved 

as was the case in the earlier hardware. However, if one has 

made excessive use of subscripts in H  DO-loop, the system apparent« 

ly becomes saturated and informs the programmer that an unresolva- 

ble ambiguity has been encountered. Therefore, in such cases the 

original algorithm has to be receded and broken down into smaller 

units.  A not-too-dissimilar situation can occur with rather 

long arithmetic expressions that involve a great deal of multiply- 

ing, dividing, raising to a power, etc., and the user has been 

lax in the use of parentheses.  The compilers have apparently 

been designed to try to "look ahead" and optimize an expression 

and it is possible that a lengthy expression which was compiled 

by "brute force" on an earlier FORTRAN II compiler may result 

in a message regarding an unresolvabllity in the source language 

xviii 

LOCKHEED  MISSILES  &  SPACE  COMPANY 

) 

•ma** 

■   ■ 

... : .!:■...■■  .       ..■.:-...:■■.■■.■■.■■ -.■.M&mm 



( 

.. 

( 

when submitted to a more sophisticated compiler.  This latter type 

of difficulty is readily avoided by using parenthesis wherever 

they help the "human reader ' to understand what is required and 

the result will generally be that the "inhuman compiler" will 

also encounter less difficulty in understanding what it is that 

the programmer uishes to have the computer do with his lengthy 

set of insti'uctions.  Although it is discour-aging to find that 

a program that already works on a less sophisticated compiler 

and computer may need to be drastically modified to be acceptable 

upon the newer equipment, the greater flexibility of the FORTRAN 

IV language and tne greater speed of compilation and of execution 

of the generation of computers more than offsets the inconveniences. 

However, the difficulties associated v.ith the fact t. at the num- 

ber of decimal digits in a double-precision number is 16 for the 

IBM 709^ and 1? for the UNIVAC HOY, i;hilo the magnitude of the 

numbers may not exceed 10^ , remains a serious limitation for a 

number of computing algorithms. In spite of the fact that its 

use is somewhat clumsy, the author would like to see the old 

NPREC subroutines revised so as to be compatible with FORTRAN IV 

and be acceptable to the "systems tape" on which is "located" 

the FORTRAN IV compiler.   Although the author knows of no efforts 

which will lead to this capability for the UNIVAC 110? or 1100, 

the author knows that a group at the Ames Research Center of the 

National Aeronautics and Space Administrati on are in the process 

of preparing a FORTRAN IV version of the NPRi^C subroutines which 

will go several steps beyond the original NPREC subroutines and 

which may permit the use of triple- and quadruple-precision. When 

this sot of subroutines has been debugged and submitted to the 

IBM SHARE library, the author looks foward to employing it for 

many problems which have been currently stymied because the algo- 

rithm known to the author would require drastic revision before 

the quantity can bo computed with the normal range of precision 

and magnitude that the FORTRAN compilers have been dosigned to 
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cope with In their everyday use. That this class of problems is 

not purely academic and confined to only a few problems such as 

those encountered by the present author can be seen by observing 

that there have recently appeared several papers that deal with' 

"arbitrary precision" floating-point computations and the associ- 

ated input-output conversion techniques. 

Further evidence of the fact that this type of increased facility 

for the electronic computer is more widespread than one might 

Imagine at a first consideration of the problem can be seen from 

the fact that R. K. Holmberg of the National Bureau of Standards, 

Boulder, Colorado, has prepared a special set of IBM 7090 sub- 

routines xvhich are known as the EPREC or "Extended Precision 

Arithmetic Package," Whereas the NPREC package from North Ameri- 

can Aviation used two words for the fraction and one word for the 

exponent, the EPREC package requires just one word for the frac- 

tion and one word for the exponent.  The result is that the 

precision of the number is essentially the same as in convention- 

al FORTRAN, but overflow and underflow problems are postponed 

until much larger numbers are encountered since the routine will 

handle numbers as large as KT"  . 

The drawback of the use of software such as the NPREC and El REC 

subroutines is that a considerable amount of the core storage 

(it takes nearly 1^.000 "words" to store the NPREC subroutines) 

is consumed in making the subroutines available. The author 

hopes that in the near future that the computer manufacturers 

41 
A. H# Stroud and D. Beerest, "A Multiple-Precision Floating-Point 

Interpretive Program for the Control Data löOi;," Computer J», Vol. 

7, Jan., 1961]., pp. 62-66 

Y. Ikebe, "Note on Triple-Precision Floating Poirt Arithmetic with 

132-Bit Numbers," Comm. Assoc. Comput. Mach., Vol. 8, March, 1965» 

pp. 175-177 
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will become more aware of the special needs of scientific com- 

putation and build in the ability to handle numbers of greater 

precision and larger range in the hardware itself.  At least 

one manufacturer seems to have mado a good start in this diroc- 

tion,naraely the Honeywell Series 200. The programmer can specify 

f by a parameter card at the beginning of the source program an 

integer N which will determine the number of "characters" to 

be employed for each quantity which is the appear in the pro- 

(- gram that follows.  Each "character" consists of 6 binary bits 

and hence the fact that any number of "characters" between 3 to 

12 can be specified means that the programmer can specify by 

means of a control card whether the program is to use floating 

point numbers that range from an accuracy of 5 digits to 20 

digits.  The range of normalized floating point values is given 

as 10    to 10    in a recent brochure on the Honeywell Model 

1^200.   It is interesting to observe that because of the variable 

word length made available to the programmer, that the "dialect" 

of F0HTRAN IV which is used on this Honeywell computer does not 

include the type declarations C0MPLii3C and DOUBLE PRECISION.  It 

is obvious that the need for double precision has been eliminated 

because of the choice of word length that is made available to 

the programmer, but the denial of the complex arithmetic ability 

found in other FORTRAN compilers means that the programmer must 

work out the real and imaginary parts of all quantities.  However, 

the author can forsec the day when a later güneration of this 

compiler will have the complex arithmetic built into the compiler. 

The author hopes that other compiler designers will sec tho ad- 

vantages to the scientific computer of having the ability to con- 

trol the precision by means of a "control card" and that the need 

for clumsy subroutines (written in assembly languages such as 

PAP for the IBM-709^ and in SLEUTH for the UNI VAC 110?) to per- 

form calculations of high precision with "largo" numbers will 

be eliminated in a future generation of FORTRAN IV compilers. 

* 
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The  time "ran out" on the present contract before the author had 
the opportunity to employ the Stromb erg-Carl son [|.020 film plotter 
which is available as part of the computer facilities at DISC. 
A subroutine has been prepared by M»   H.  Seigel    for a customer 
on'another contract who wished to make contour plots   (similar  to 
the familiar geological contour maps)   of the radar reflectivity 
of certain  targets as a function of the polar angles e and the 
azimutal angles cp,  when the angles  are treated in the contour 
plot as a number pair   (0»(p) in a complex plane«    It is hoped 
that in future work that this mode of presentation will be fre '* 
quently employed in the author's  efforts to depict to his readers 
the behavior of diffraction phenomena as a function of the complex- 
valued impedance parameter»    This new plotter opens up a broad 
new field of  applications for the visual presentation of data« 
The reader is urged to consult Pig.  1 of a recent paper by Chezem 
where it is  shown that the "beautiful" three-dimensional presen- 
tations of the behavior of functions which have long intrigued 
physicists who thumb through the pages of Jahnke and Emde have 
now been brought within the reach of any programmer who has ac- 
cess  to a versatile electronic plotter such as the SC [|.020. 

The author hopes to continue the work which is reported upon in 
this document«    He looks foward to the day when sufficient know- 
ledge of the means by which the required functions can be evalu- 
ated will have been acquired so that the user need only follow a 

"cook-book"  type of set of instructions  to obtain numerical 
results for a practical problem«     Just as  the housewife seldom 

Lockheed Missiles and Space Company,   Digital Contour Plotting 
Techniques«     by M. H.  Seigel,  Report ISSA-507»  Sunnyvale,  Calif., 
June,  1965 
** 
C. G.  Chezem,   "Note on "Three-Dimensional" Plotting As a Techni- 
que for Finding the Z«J?öa of Functions in the Complex Plane," ^ 

Computer J.,    Vol.  8,  Oct.,  1965» ?•  288 
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has an^ knowledge about the complicated  cheinlstry taking place 
in her cooking utensils,   so  also  the  electronics  engineer  sel- 
dom has a need to actually know the fine details of asymptotic 
expansions,  Airy functions,   etc.,   in order to arrive  at the 
guidelines  which he requires  from theory provided he can have 
before him the proper "cook-book"   type of instructions  as  to 
how to obtain the numerical information which will describe his 
physical phenomena.     There has already been an enormous amount 
of work reported upon by investigators who have found diffraction 
theory a fertile area from which to pluck a subject to develop 
into a paper for publication«    However,   in spite of the large 
amount of tables and graphs which are available,   the investiga- 
tor who seeks  to obtain some results  "...for an engineering  study 
which must be completed by a week from Friday..." will usually 
find his   situation quite hopeless.     When he goes to  the  library 
to do his  literature  survey the chances  are quite good that he 
will find   scores    0f papers which are quite  confusing because 
although the authors  are treating essentially the  same problems 
by essentially the  same methods,   they persist in using their owi 
personal preferences for the notation for the various functions 
involved and hence a comparison of the  results of the papers will 
be quite  difficult.     Then,   after he has mastered the papers   (long 
after the  "duo date" for the engineering   study) he will almost 
certainly  find  that certain difficult aspects of the theory have 
been glossed over  and that  the filling in of these gaps  requires 
considerable  experience,  mathematical ingenuity,   and competence 
in numerical analysis  and computer programming. 

The  author has worked at this  subject  area for long enough,   and 
he is  auare of his own personal  limitations,   and  therefore his 
dreams  of providing a "relatively  simple"  set of rules  and pro- 
grams for  the practical engineer have become less  ambitious with 
the passing of several years.  However,   the dieam persists  and 

the author hopes  that his next reports will come closer to help- 
ing his  engineering colleagues  than does  this present report. 
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Section 1 

THE DIFFRACTION FUNCTIONS 

This research program is concerned with the theory and applica- 

'- tion of the Green's function D(x,'y,y ,q) defined by o' 

0<y< 
0<x< (1.1) 

(1.2) Sä: if H^» 
Radiation      %M       r    1   / 8D       r-  \l 
Condition   y ^.o [ "p [Sy   -1 ^y D)| = 0 (i. 3) 

The solution of this problem involves the Airy functions 

a2 

w1.2(t) " ^ [BMt) :t i A1W] = "vf"/*81*!' Tx3 + Xt)dX 

o 

^jexp[-l(lx3 + xt)]dx (1.5) 
o 

•a 

v(t) = ^- [w^t) - w2(t)] = VF Al(t) .^-J cos^-i- x3 + xt) dx (1.6) 

It is possible to express this Green's function in the form of 
a Fourier integral or in the form of a "normal mode" expansion 
which involves roots t_ which are solutions of  (1.8). 

5 
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v'w-qvw 
w 

,  aZ^g w.Ct-ylw.E-y)!« 

_   «p(üct-)w1(t--yq)wl(t||-j) 

"lk FVVFMVVT <1'7) 

where 
w'l(ts)   " ^ wl(ts

)  = 0 (1-8) 

In some applications, It Is convenient to renomallze D(x,y,y ,q) 

in order to employ a function V(x,y,y ,q) which has the property 

V(0,0,0,0) = 2. 

V(x. y, y0, q) - 2^?  D(x, y, y0, q) (1#9) 

+ 1-l5 + (y--E-)v-0 (1-10) 82V , ,8V 

»y 

(^MV) (1.11) 
y-o 

When yo -+• », it is convenient to express D(x,y,y ,q) in the form 

t yi y^f q) ;  > *  *—    J       — 
(1.12) D(x. y. y0. .Äj^-r —i—S^  KX- vfo , y, * 

«■ y. ,) --^/«, (KO [vff-y) - ^-.^ »,(1-7)] dt    (l- 13) 

A+1iE+yE.o   .   (»£+qE)     =0 f1-14» • (#*4 8y 8{ \ ' / y-o 
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c It is often convenient to decompose E(^,y,q) into a "plane wave" 

field E (^,y) and a reflected field P(£;,y,q). 

m 

E0«.y) = ^L J exp(l{t)v(t-y)dt 
-00 

-^(^y-i-r) (i.i5) 
00 

P(€. y. q) = --L [exp^t) v'ffl-qvft)  w^t-^dt    (1.16) 
i ^io w 1 ^ " qwl(t) 

1«1 Applications 

The function V(x,y,y ,q)  is well known in the  theory of  the pro- 
pagation of  the  ground wave around  the earth's  surface under  the 
conditions  of  "normal refraction"   (i.e.,   in the absence of ducts 
and atmospheric  inhomogene!ties).  As   an example,  we cite  the 
problem of finding  the Hertz potential for a vertically-directed 
electric  dipole located  at z = r    on the polar axis in the region 
exterior to a sphere of radius a»     Let the Hertz potential in 
free  space be described by 

c 

U0 =  exp(ikR)/{[^R)    , r = ■/p2 +  (z " ro)2 (1.17) 

The field in the presence of  the  sphere must satisfy the  equations 

(7a + k2)u- £ 2i 
(1.18) 

2"^*    sin 6 o 

iH^r,]».« ,r=. 
(1.19) 

The solution is generally given in the form 
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X = 

iks    /—:— 

s = afl h = r - a o      o 

(1.20) 

(1.21) 

(1.22) 

) 

The attenuation function V(x,y,y ,q) Is  often written In a form 

which employs a so-called "height-gain" function f_(y) 

_«•   e3qp(ixt8) 

V (x, y. yo   q) = 2>a^^ g- fs(y)  ^(y^ 

s-l   ts"q 

f (y) = 
1.    2 

f8^1^1tJ 

^g- = i-qy + Tt8y +••.. 

exp(i(fy^-VytB-f)] 

^y w1 (t^ 
1 + 1-S—+ 

4Vy 

(1.23) 

(1.2^) 

(1.25) 

In the pioneering work of van der JPol and Breiraner (Ref. 1) in 

the late 1930's, the attenuation function V(x,y,y ,q) was quite 

adequate because of the low antenna heights and the relatively 

long radio wave lengths which were of Interest . However, after 

the development of radar in the early 1940»s It became yery im- 

portant to treat the case of very short wavelengths and very 

great heights. The calculations which were made by van der Pol 

and Bremmer from regions deep in the shadow to just within the 

lighted region had been made on the basis of (!•?)• Pig« 1-1 

Is taken from one of the-classic papers by these authors and 

shows how by using an Increasing number of terras that the varia- 

tion of the field can be followed from its region of deep shadow 

below the horizon to points within the lighted region where the 

dashed lines in Pig. 1-1 show the envelop as predicted by optical 

1-1». 
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theory. When the asymptotic form for the height-gain factor 

given by {1,2$)  was introduced into (1«23)» the residue series, 

or "normal mode" expansion, failed to converge except for points 

below the optical horizon. Since this situation corresponded 

to the very practical problem of predicting the high altitude 

coverage of ground-based radars, the problem was very vigorously 

attacked by scientists in the United States, England, and in 

Russia. In 19^1, Burrows and Gray (Ref. 2) (in a notation which 

is quite different from that which we are using) expressed the 

results of the van dor Pol-Bremmer theory for this case in the 

form 

) 

"-^^M'i^Vx-^..-' (1.26) 

*-(^.v-(|/V.,.«-^)  ^ k*  (1.2,7) 

Pig, 1-2 Source on the Surface of a Spherical Interface 
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( 

I 

In 19^» Fock ^Rof, 3) published a similar result (in the same 

notation we have used) and gave a table of ^(£,0) for E, -  i|..5 

(0«1)I|..5»  It was long overlooked that Burrows and Gray (Ref. 2) 

gave a curve for V1(^,0) and 7^(4,00) for £;>0 in their original 

paper. The quantity plotted in their graph was defined by 

F. (q) = w ''A') (1.28) 

The curves given are for q = 0 and q = <», with L > 0. 

These results of Burrows-Gray and Pock are only valid for natural 

units of height y of the order of two to five.  For larger heights, 

it is desirable to use the reciprocity principle and use the fields 

on the surface which are induced by a plane wave.  This problem 

was studied by Pock (Ref. 3)» Pock described his results as "The 

Principle of the Local Pield in the Penumbra Region." According 

to this principle: "The transition from light to shadow on the 

surface of the body takes place in a narrow strip along the 

boundary of the geometrical shadow.. The width of this strip 

is of the order of (Xa A)3, where a is the radius of curvature 

of the normal section of the body in the plane of incidence. 

If the geometry is as illustrated in Pig. 1-3, then the principle 

I = 
= &) 

1/3 

Pig. 1-3 Plane Wave Incident Upon a Convex Surface 
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is expressed in the following formulae. 
; 

Hy = H° [exp(ikx + L.)]71(^,q) (1.29) 

Hx = i(ka/2)"* H° [exp(ikx + ^-) ] f(^)    (1.30) 

The current distribution functions V1(^,q) and f(£) are defined as 

limiting forms of Eq. (1-23) which results from a use of Eq. (1-25) 

Jo Ä^ijZ 
^(^fyD  Vtt+Vy^, 0. yo. q) 

=  i2V7r ■'H 
exp(i^t8) 

-(^-qV^V 

= h J exp(i4t) w^t) -qw^t) dt 
(1.31) 

and 

f(C) 

00 

(1,32) 

For x < 0 these formulae transform into the equations of geometric 

optics.  This property can be readily verified by noting that for 

4 tending to large negative values that the special functions have 

the behavior 

2 exp(-ic3/3) 
V (^ q) ->  
1 ^     1 + i(q/4) 

f(§) - i2C exp(-i53/3) 

For the special case 4 = 0 (i.e., the horizon) we know that 

V1(0,0) = 1.399 and f(0) = 0.Y66 exp(-iV3)- The behavior for the 

for other values of q is depicted in Pig, I-I4.. 
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The principle which was enunciated by Pock In I9if5» was extended 

to the case when both the source and the receiver were above the 

surface by the papers of Pekeris (Ref. I4.) in l9i|.7 and Pock (1951)» 

However, let us first review the manner in which the elevated 

source and receiver were handled in the work of van der Pol and 

Bremmer (Ref. 1). 

The starting-point for the discussion will be the exact solution 

for the Hertz potential for a vertical electric dipole. The prob- 

lem can be discribed as follows: 

) 

Differential Equation 

vWV-Mr?«)Me) 

2irr   sine 

2        2 2        2 k - w c u for r>a 1      k- ■ w C.M + 1 w p a- for r< a 

(1.33) 

(1.3W 

Boundary Condition 

g£ (r U) and k^J continuous aoroas r - a (1.35) 

Periodic Condition 

Radiation Condition 

U(e±2in7j)-U(e) 

11m 
r—►• (g-H 

(1.36) 

(1.37) 

The classical methods for the solution of a problem of this type 

involves the expansion of the field in a series of spherical 

harmonics. The resulting representation for U(e,r,r ,r) involves 

a complex combination Of spherical Hankel functions. If we let 

r and r represent, respectively, the larger and the smaller of 

the two radial distances r and r , then the exact so lutions take 

the form of the following series: 

1-10 
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c 

{ 

**' '• V^ = 1? TOW?" 2 ^n^)!^ K)^^ 

-4n TIT- ^ (kr) tW (kr^ | Pn (co. 6)     ^  ' 

(1.39) 

tr o») 

t(M)(x)  ^H^V^W 

n 

2) .    /^ i   M = ,/4^ J.  L ,/« (x) VW TTX 

k    ^n^ k 
ki ^(k^)      Ki -%) 

(1.14.0) 

The classical procedure Involves the transformation of the sum 

into an integral.  Prom the integral, one extracts an integral 

which can be evaluated by the method of stationary phase to yield 

the reflected wave.  Before we consider the form taken by the 

result, we must make some geometrical definitions by introducing 

Pig. 1-5. 

Source 

Receiver 

Pig« 1"5 Reflection from a Convex Surface 
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■SSÄt^WSSWIWWSBW'BSI^äS^^ 

«+lo 
tf (k») + rtfo«) 

J 

^(kr) t^flor^ [Pn (cos 6) - 11 (^ (COB 9) ] dn 

~^   *-tr\J- VT 
»■Ina 

sin e 
cos a -t-lT 
cos a - 1 r 

Vi^^%^ä|«»[,k(Ro + Rl)l d-V) 

Van der Pol and Bremmer showed that this formula agrees with the 

approximation based upon the attenuation function Eq,   (fl-20) 

provided the comparison is made in the vicinity of the first and 

second lobe  just    above the horizon«    However,  for points well 

above the  horizon,   the  attentuation function falls  to agree with 

the stationary phase   (geometrical optics) result« 

It would  be interesting to seek a formula which agrees with the 

classic result involving V(x,y,y  ,q)   for.'  points near the  horizon, 

but which is in better agreement with the stationary phase result 

for points well above the horizon«    Such a formula has been found 
In the  course  of the studies made  by  the present author«     It in- 

volves the reflected field R(x,y,y  ,q)  which can be defined by 

separating  the Green's function D(x,y,y  ,q)  into a free  space field 

D (x,y,y  )   and a secondary field which for points  above  the hori- 

zon can be interpreted as a reflected field.  The decomposition is 

made  as follows: 

DU,y,y0,q)  = D0U,y,yo) + R(x,y,y0,q) 

1-12 
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c 
D0(x.y,y0) «^ f    exp (Ixt) w^t-y) v^-y^ dt 

(y-yj 

bfn* &M-4^^^-] (1-^2) 

( 

.} 

R(x.y.y0.q) = -^ J exp (ixt) ^-.^   w, (t - y) w1 (t - y^ dt (1^3) 

The method  of stationary phase  can be used to  show that 

lMt + i:0, £2 + 2rt, £^2«0. q)-^ 

-z^mJ^s^"*^ ll-w 

where 

"* = f <f 3 + ^o >+ ^ <f2 + f o)+ M2 (^ g 
It will often be more convenient to absorb the phase factor 

in Eq.   {l-i|.5)  into the definition of the reflection function 

and express the results in terms  of the modified  reflection 

function S(|J.f<,^0,q) 

S(M, t, tn,  q)=exp(-iw*) R(t + tn. t2 + 2nt, tl + 2ßt.  q) 

(i-ii-5) 

-yV^^^^^j       ^) 
The new formula for the region of direct visibility then takes the 

form 
u,e.r.r0,r,.syiSI 

.1/3 

•NU- (BT) V^^-expllk(D»tDil S(''• '■ '*' * (1^Y) 
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where 

'-(■r* 

'.-m1"* 
w Vs oota 

(■T)    r 

(i-ii-ö) 

.) 

For  points well above the horizon, n -♦ w as ka -* « since cos a > 0. 
Therefore, we observe that with the above definitions of £ . ^, 

and n our new formulation agress with the classical results ob- 

tained from a stationary phase evaluation of the exact solution. 

The new formulation has the advantage, however, of leading to 

results which are useful up to the horizon.  In fact, it can even 

be used in the region just beyond the horizon« 

The asymptotic forms that appear in Eq. (l-Jjij.) and Eq. (1-^6) 

are only valid provided the parameter \L  is large.  Prom Eq. (l-iiö) 

we see that since a tends to 90° as one approaches the horizon 

that the value of [i  may become small (and even vanish) in this 

region regardless of how large the radius of curvature may be 

in comparison with the wavelength (i.e., no matter how large ka = 

2na./\  may be).  Therefore, if we continue to require that both 

^ and r be very large, but leave \i  unrestricted, we will find 

that the asymptotic properties of the field will have to be des- 

cribed in terms of a function V11(^,q) which we will refer to as 

the reflection coefficient function. If we use the leading term 

in the asymptotic expansion described by Eq. (1-25) we find that 

m 

viiU*q) = lim 
V -^ oo J0 
y -♦ oo 

» y0y 

>/{ + /y + Vy^ 
exp 

1-1^ 

l-'f(: 
3/2 ^ 3/2 

♦y. ^i 

V (4 + ^y + Vy^", y, yo, q) (1-49) 
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c 

We can represent V^^(^,q) by means of a residue series (involving 

the i 

gral. 

the roots t defined by Eq. (1-8)) or by means of a Fourier inte- s 

<ap (IJt) 

= _ expq^) f      V ft) - q v(t)  ^ 
Vrr   J ö**' w wwt) - qw^t) U-50) 

However, V^^(4,q) is singular when 4 -► 0 and hence it is conveni- 
ent to define a closely related function Vp^,q) which is an entire 

function of 4. 

V2(4,q) = V11(^q) - (2V^ 4)"1exp(iiiA) (1-51) 

If we use the properties which we have just cited, we can show 

that the 

property 

that the function S(^,^,^ ,q) defined by Eq, (l-i+6) has the 

/  2 3\ 

*<". '■ {„. * irr VS -^Sxj v"( ■2'''q,    (1-5^, 

o 

If we reconsider the function IUx,y,y ,q), we see that these 

M>0 

he 
properties  lead  to 

R(t + £0.t2 + 2M:.f0
2
+2Mt0.q)Tri-^t 

For points well above the horizon (i.e., for large positive values 

of \i,   the reflection coefficient function V^1(-2ii.,q) has the 

asymptotic behavior 
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) 

When the asymptotic estimates for V1^(-2ii,q) are used in Eq. (1-52) 

and Eq. (l-i|.7), we are led back to the result which was given in 
Eq« (l-i|.l).  However, Eq. (l-i;l) was valid only for points well 

above the horizon and we have now laid the groundwork for an 

asymptotic estimate which agrees with the predictions of Eq. (1-ij.l) 

when the parameter n. is very large and positive but which has the 

advantage of holding for points in the vicinity of the horizon. 

Before we proceed to discuss the behavior on the horizon itself, 

let us first obtain a result which is valid in the vicinity of 

the horizon and which will contain the familiar Presnel integral 
which we should expect to encounter in this region on the basis 

of the considerations of physical optics. For our purposes it 

is convenient to introduce the modified Presnel integral K(T) 

which was employed by Pock (Ref. 5). 

K(T) = exp(-lT2 - lf)^ / exp(i82)ds 

exp^j) 
—- ^— (1.56) 

Prom the property described by Eq. (1-51), we observe that 

M K M + V2 ^. q)-—^ (£. q) (1^7) 

We will define the "horizon" to be the locus of points for which 
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' 

x s= (-^r + VyT)  BJiä we will introduce the parameter 

^ x - Vy - Vyö (1-5Ö) 

which will be positive helow the horizon, zero on the horizon, 

and negative above the horizon« We also define the parameters 

\i  and T 

■Jw^f       '   "* (1-S9) 

Let P(x,y,y  ) be the Presnel diffraction field o 

P(x.y,yo)  =   ^!exp[lf(y3/2
t yf )] M K(T).      ? > 0 (l-60a) 

+ exp 11-T5 

We can then show that 

V0<.yoy..,)—^ K*-™^ +  ^exp[,f(v^ + yf)]v2(S.q,    (1-61) 
J0 

If we let n tend to infinity we obtain from (1-61) the result 

V(x,y,y0,q) -  ^    V^^q) -— G(x,y,y0)       (1-61) 

[i.   -¥   OO 

where G(x,y,yo)  = 0 when ^ > 0 and 
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; 
p 

GKx,y,y0) = exp[l(- ^ + ^(y + yo) + -LlZS— )] 

when ^ < 0. The result in Eq. (1-61) reveals that the function 

V11(^,q) describes the reflected field in the lighted region (i.e., 

^ < 0) and the same function describes the diffracted field in the 

shadow region (i.e., ^ > 0), In the vicinity of the horizon we 

need to employ the function Vg^q). On the horizon (i'«?«, ? = 0) 

we find that 

v(v^ + v5r^y,y0,q) * f I + ir v2(o,q)]exp(iA)     (1-62) 

y -» 00 
^o 

where 

= 2(y3/2 + „3/2, A jW  + Ji") 

In Pig. 1-6 we present an illustration which shows the behavior 

Pig, 1-6 was previously presented by the author in Ref."» Data 

has been generated and a much more detailed plot has been begun« 

However, the author became "side-tracked" on this task when it 

was found that as q -♦• Q, where Q is real and positive, that the 

data revealed an irregular behavior. The author became intrigued 

with this phenomena and investigated the behavior of the cnalofe .e 

of V2(0,q) in the problem of diffraction by a circular cylinder. 

Computations made with the exact solution also showed similar 

results to those found with the data for Vp{09q)%    The author i 

strongly suspects that the «rratic behavior is caused by errors 

introduced into the numerical work because of the fact that the 

expression w^'Ct) - qw^(t) which appears in the denominator of » 

the integral defining Vpf^q) vanishes for a point close to the 

contour of integration. The author hopes to be able to devote 

time in the immediate future to the task of completing this very 

detailed contour plot of "^(O^q). JX 
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of Vp(0,q) as a function of q. The locus for which 9 = arg(q) = 

I4.5 was previously presented in a paper by Wait and Conda (iRef. 7) 

The reader will observe that the form taken by q in Pig« 1-6 has 

been taken to be 

q = 2^A  exp(i<p) (1-63) 

This form was chosen in order that the curves might supplement 

the curve presented by Wait and Conda who also used A in the man- 

ner displayed in Eq« (I-63). 

If we apply the result in Eq, (1.61) to the function S(m^»£;o>q) 

defined in Eq» (1-1|6) we find that 

S^^O'^FT^TV? 7Tre^(-i|M
8)[-»lK(-T)+V2(-2M,q)] (1-610 

t-OO 0 

where 

T =-2MTI N/TTT 
(1-65) 

If Eq«   (l-6ij.)  is used in Eq»   (l-i+T) we obtain a useful extension 
of the classical reflection formulae.     On the horizon,  ^ = 0, 
and the theory reveals  that we have the approximation 

exp(ikR) 
U(e,r,r ,r) ~   + M(e,r,rn) Vp(0>q) (l-66a) 

0 1+atR o      ^ 

where 

M(e 
vl/3 

^•ro) = jr (TT)  TmryR^ **[*v**j\ ^^ 

If we let r and r tend to infinity, we obtain the result 

U(e,r,r ,r) ^^ 4^ (^'«v^*^^ (1-67) 
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The factor "1/2" which appears as  the first  term inside the 

braces of Eq«   (1-67)     is the familiar Presnel field factor for 

the field on the shadow boundary.    The  effects of the curvature 

of the surface which is tangent to the  line  Joining the source 

and the receiver is contained in the  term which contains the 

function V2(0,q), 

The function U(e#r,r ,?)' arose in the problem of an axially sym- 

metric source above a spherical surface.    We  can show that very 

similar results  can be obtained when the diffracting surface is 

a circular cylinder.    For this case,  we can again use Piq.  1-5 

and define \i,  £»£0»  and q as in the  case of the sphere.    Let us 

denote  the Green's function for the  cylinder pr.olem by C(e,r,r  . 

r).    The optical results for this function are of the form 

C(e. r, r . r)    ^exp[l(kR+V4)) J   rr    cosa + ir 
^'        c« *' ^-      v^if j\r35¥    cosa-ir 

/ ft cos ot r 1) 
Y^b^tflT-D^coaa   e*>[ik(D+ 0^ J j     (1.68) 

For points near the horizon,  we can use use the same arguments 

which led to Eq.   (1-67)  to show that 

0(6, r. ro,r)- 
I^[2 + 2V2;    V2kDD^  V2(0'q>j     VfiVkft      ^(1-69) 

r —»« 
The case r    ■* oo corresponds  to the problem of reflection of a 

plane wave from a circular cylinder.     This problem follows  from 

the results given in Eqs.   (1-68)  and   (1-69)  is we use  the approxi- 

mation 

strr ~ -jwrexp (-lkr C08 d) (1-70) 
o 

and factor out  the term exp(ikr  )/(Vönkr  ).    We discuss  the  case 

of a cylinder illuminated by a plane wave in more detail in 
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Section 3« 

Let us turn now to consider the two parameter functions which are 
the limiting forms of V(xfy,yo,q)«    Th( 
considerable detail by Logan  (Ref* 8)« 
the limiting forms of V(xfy,y ,q)«    These have been discussed in 

When y ^ y0 = 0 we obtain the function V (^»q)  which possesses the 
r epr es entatlons 

V«.q)= 1 V«, 0, 0, q) 

/n  exp(iV4)|-«) 

"i v8 - q4 

oo 

-v^Ji/«pa«« ,:'(t> - d»     (i-Ti) 4 V '-• w^t) -qw^t) 

For ^ > 0 the residue series in Eq,   (1-71)  converges fast enough 
to be  a practical means of computing V (^,q)#     Per ^ -+ 0 it be- 
comes completely impractical to sum the residue series and it 
becomes more attractive to follow Pekeris   (Ref. 1^.)   and express 
the Integral In Eq,   (1-71)   In the form 

Vl'iti  - qM1(t) 
V«,q) " I /TF/«?*1«*)  ^"1^ — «    (1-72) 

) 

f^xpdf») 
Pekeris then used an asymptotic representation for the Integrand 

which, in our notation, is of the form 

vAt) 1 
——i   « -r— V-W 
Vi'it)  - qw1(t)     Vt - q 

to suggest that the Integrand should be broken Into two components 

as in the following equation: 
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c wWt) 1 yß w1(t)   - Wi'Ct) 
+ 

Wi'Ct)  - qw^t) Vt - q        (Vt - q)[w1
f(t)  - qw^t)] 

(1-71^.) 

We can then use  the property of the Airy function 

w1[texp(ifn:)]  = exp(i-jTOw2(t) 

to express V (^,q)  in the form 

(1-75) 

V^  = 1 
i /3i r expert) dt 

ooexp(ifu) 
00 

|y3I / expU^t)  P1(t,q)dt 

0 

dt        (1-76) 

where 

Pl(t,q)   - —• 
Vt WiCt)  - Wj^'Ct) 

(Vt - q)[w1'(t)   - qw1(t)] 
(l-77a) 

» /*     x              ,.,   x        Vt w2(t)  + w '(t) 
P2(t,q)  =* oxp(i4it) ^ i  

(V^ fq )Cw2
#(t)  - q*w2(t) 

(l-77b) 

Pekeris observed that  the first integral in Eq»   (1-76) leads  to 

the Weyl-van der Pol formula, i.e., 
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i /3S f ssd. *J*i it- 
ooexp (ifx) 

^^ dt   = 1 - 2oexp(-a2)   f exp{a2)da      (1-78) 
/ 

V0«.q) - „xp^i^-^i)^! y^qX^I-ii« -xf] 

M-HvsirsT   ll"8o) 

In Ref»  Q the author has  discussed representations for the two 
limiting cases, namely 

v(c) = Vo(4,0) =»    SSSU^JL f emit) ^ at (1-81) 

w^t) 
u(x)  = llm   |21U2V (4.q)l = *&& 3y/4> «3/2 / expdit)-^fdtd-Sa) 

In Pig« 1,7 we Illustrate the hehavlor of the real and the 

LOCKHEED   MISSILES  ft   SPACE  COMPANY 

) 

df«) r« 
where a is the Sommerfeld "numerical distance" 

o = qVcI¥ (1-79) t 

Pekeris evaluated the integrals which contain the factors P^(t,q) 
and Ppft^q) "by means of numerical integration.    The author knows 
of no later writers who have  employed these techniques  to evaluate # 

Eq.   (1-76).    The technique of numerical integration is well known 
for the case of the functions V1(^,q)  and Vg^q), hut  the decom- 
position discovered "by Pekeris has  escaped the attention of those 
writers whose papers the  author has consulted.  The integral in 

Eq,   (1-78)  leads to the error function of complex argument« 

The function V (|,q)  can be shown to be a solution of the integral 
equation 

) 

«s»-.«»*-- 
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imaginary parts of 11(4)• In Pig, 1»8 we illustrate the behavior 

of the modulus of u(^)» 

In Pig« 1»9 we show the "behavior of the real and imaginary parts 

of vC^), In Pig» l.lO we illustrate the behavior of the modulus 

of v(£). 

Por small values of g we can compute u(^) and v(^) from series 

which progress in successive powers of %?'  • The theory "behind 

these representations has been developed in Ref« 3#  The series 

are of the form 

(Text continues on p» 1-28) 

J 

1.0 

Q8 

S 0.6 

O 
O 

0.4 

0.2    - 

0 1 2 3 4 5 

Pig« 1«8    Attenuation Function u(^)   (Modulus) 
.) 
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Fig« 1,10   Attenuation Function 7(4)   (Nodulut) 
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( 

In Eq# (I-83) the coefficients A^  are the coefficients of cr"-*n+I?' 

in the asymptotic expansion of the logarithmic derivative of the 

Airy function 

L'(a)       V   A     (3n-l/2) /-    1 1 + A     1.    _ 15   1       1105 1 
rV)=   Z   V =- ^-4ä + 32^7r     64  a4+2048   ^OT Ail 

Ai 
n=0 

1695 _L   . 414125      1 59025    1 
" 1024    7     65536      17/2   ' 2048       10 a a a 

. 12820 31525      1 2421 83775     1 .      M-8^ 
+      8388608    "2172"   262144 13 v       Pi 

at CK 

1 

In Eq#   (l-8i<.)   the coefficients  Bn are the coefficients  of cr ^n4^ 

in the asymptotic expansion of  the logarithmic derivative of the 

derivative of the Airy function 

n=0 a~~2~ 

«   XT+ll      7      1       . 21    1     1463 1 
VO(    4 a     32 "172"     64    4~2048_Il72 a a a 

2121    1_    495271    1        136479     1 
1024     7 " 65536    ~1T72      4096       10 a a a 

14457 13003      1        268122561     1 MftM 
8388608       23/2        262144       13 VJ--00; 

a a 

In Table 1-1 we present numerical values for the coefficients A 

and Bn. 
n 

In Tables 1-2 and 1-3 we present numerical values for  the functions 

u(^)  and v(^). 

The author is preparing a revision of Ref •   8 in which computer 

programs for these functions,   as well as for V^^q)   and ^2^»^» 

will be given» 
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Table 1-1 

VALUE OP A^ AND Bn OCCÜRING IN ASYMPTOTIC EXPANSIONS OP THE 

LOGARITHMIC DERIVATIVES OP Al (a)  AND Ai'(o) 

; 

0 -0 
1 -0 
2 +0 
3 -0 
k ♦ 0 
5 -0 
6 +0 
7 -0 
8 +0 
9 -0 

10 +0 
11 -0 
12 ♦0 
13 -0 
^ +0 
15 -0 
16 +0 

11 -0 
+0 

19 -0 
20 +0 
21 -0 
22 to 
23 -0 

4 +0 
*                  25 -0 

26 +0 

U -0 
+0 

29 -0 

30 ♦0 
31 -0 

32 ♦ 0 

33 -0 

% +0 

35 -0 

36 ♦0 
37 -Ü 

38 +0 

.100000000000000000000D 01 

.2500000000000000000000+00 

.1562500000000000000000+00 

.23<f3750000000000000ü00+00 

.5395507812500000000000+00 

.1655273437500000000000 01 

.6319046020507612500000 01 

.2682080078125000000(00 02 

.1528300672769516508790 03 

.9238577842712402343760 03 

.62714540283195674t»1940 04 

.472420875728130340576D 05 

.3910937973953041364440 06 

.3529629188485443592070 07 

.3449235942252913105220 08 

.3o28590541673242114480 09 

.4088746195362339901330 10 

.4913293146616190901100 11 

.6271984591866660323260 12 

.8476113984588119413080 13 

.1208973890556541256600 15 

.16149699P0037191692640 16 

.2060712227905159673920 17 

.4723356097177817303610 18 

.8152770573647957202450 19 

.1468316451549669026440 21 

.2754497571977765017470 22 

.5373787569842073984620 23 
,1088662236599176059400 25 
.2^87104614243602303660 26 
.4976297540887670081690 27 
.1120053306415097156680 29 
.2604962088415983171310 30 
.6253790324690046383020 31 
.154a249536347570^3907D 33 
.3949081581613647232260 34 
.1036892117909023149580 36 
.2600265945096526364160 37 
.77724602911729027465220 38 

-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+ 0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 
+0 
-0 

B a 
100000000000000000000D 01 
2500000000000000000000+00 
218750000000000000000D+00 
3281250000000000000000+00 
714355466750000000000D+00 
2071289062500000000000 01 
7557235717773437500000 01 
3332006835937500000000 02 
1723424199819564819330 03 
102280640029907226562D 04 
6847766478363424539570 04 
5103850423836708068850 05 
4190134175500750425270 06 
3756369733847055912020 07 
3650733091730425385870 08 
3823036645856400914490 09 
4291191967989357845500 10 
5139435428913010276410 11 
6541734453977020495600 12 
8818284083189016259500 13 
1254961777546632107620 15 
1880247882841056585080 16 
295829251279511604806D 17 
4876574458640437405100 18 
8404886489567539850730 19 
1511698640037907997460 21 
2632409862502998550210 22 
5519573497397282932240 23 
1117037098931648841450 25 
2344464495924759867620 26 
5096561396393922267180 27 
1146172123615960472510 29 
2663648975716891951310 30 
6390063444708365032580 31 
1580916183840369800040 33 
4029841369270238636850 34 
1057464429752699052500 36 
2854215332731231637780 37 
7917969246808406496380 38 
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( Table  1-2 

THE ATTENUATION FUNCTION uis,) 

Real Imag. Modulus Argument 

0 1.0000 0 1.0000 0 
it 0.1 0.9802 0.0192 0.9804 1.12 

A 

0.2 0.9440 0.0528 0.9455 3.20 
0.3 0.8974 0.0922 0.9021 5.86 
0.4 0. 8429 0.1334 0.8534 9.00 
0.5 0 7822 0.1738 0.8013 12.51 

i 0.6 0. 7156 0.2123 0.7465 16.52 
0.7 0.6487 0.2434 0.6929 20.57 
0.8 0. 5792 0.2700 0.6390 24.97 
0.9 0.5090 0. 2902 0.5859 29.68 
1.0 0.4403 0. 3035 0.5348 34.58 
1.1 0.3740 0.3102 0.4859 39.67 
1.2 0.3112 0.3105 0.4396 44.94 
1.3 0.2526 0.3050 0.3960 50.36 
1.4 0.1991 0. 2944 0.3554 55.93 
1.5 0.1510 0. 2796 0.3178 61.63 
1.6 0.1086 0. 2615 0.2831 67.45 

( 1.7 0.0719 0. 2409 0.2514 73.38 
I 1.8 0. 0409 0.2187 0. 2225 79.40 

1.9 0.0154 0.1957 0.1963 85.50 
2.0 -0.0051 0.1726 0.1727 91.68 
2.1 -0. 0209 0.1501 0.1515 97.93 
2.2 -0.0326 0.1285 0.1326 104.24 
2.3 -0.0407 0.1083 0.1157 110.61 
2.4 -0.0458 0. 0898 0.1008 117. 02 
2.5 -0. 0483 0. 0730 0.0875 123.48 
2.6 -0.0487 0. 0581 0.0759 129.98 
2.7 -0.0476 0.0452 0.0656 136.50 
2.8 -0.0453 0.0341 0.0567 143.06 
2.9 -0.0421 0. 0247 0.0488 149.63 
3.0 -0.0384 0.0169 0.0420 156.23 
3.1 -0.0345 0.0106 0. 0361 162.85 

i 3.2 -0. 0304 0. 0056 0.0309 169.49 
3.3 -0.0264 0. 0018 0.0205 176.13 
3.4 -0.0226 -0:0011 0.0226 182.79 
3.5 -0. 0190 -0. 0032 0.0193 189.46 

t 3.6 -0.0158 -0. 0046 0.0165 196.13 
3.7 -0.0129 -0.0054 0.0140 202.81 
3.8 -0.0104 -0.0069 0.0119 209.50 
3.9 -0.0082 -0.0060 0.0101 216.18 
4.0 -0.0063 -0.0069 0.0086 222.86 

f 
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Table 1-3 

THE ATTENUATION FUNCTION v^) 

i Real Imag. Modulus Argunu 

0.1 0.9901 0.0098 0.9901 0.57 
0.2 0.9720 0.0271 0.9724 1.59 
0.3 0.9486 0.0484 0.9498 2.92 
0.4 0.9210 0. 0721 0.9238 4.47 
0.5 0.8899 0.0969 0.8952 6.22 
0.6 0. 8559 0.1221 0. 8646 8.12 
0.7 0. 8195 0.1469 0.8325 10.16 
0.8 0.7810 0.170. 0. 7995 12.33 
0.9 0. 7410 0.1929 0.7657 14.59 
1.0 0.6999 0.2134 0.7317 16.96 
1.1 0.6581 0. 2317 0.6977 19.40 
1.2 0.6159 0.2477 0.6638 21.91 
1.3 0.5737 0.2612 0. 6304 24.48 
1.4 0.5317 0.2723 0.5976 27.11 
1.5 0.4908 0.2809 0.5655 29.79 
1.6 0.4506 0.2970 0.5342 32.50 
1.7 0.4115 0.2908 0.5039 35.. 25 
1.8 0.3739 0.2924 0.4747 38.03 
1.9 0.3379 0.2920 0.4466 40.83 
2.0 0.3036 0.2897 0.4196 43.66 
2.1 0.2710 0.2857 0.3938 46.51 
2.2 0.2404 0.2801 0.3692 49.37 
2.3 0.2117 0.2733 0.3457 52.24 
2.4 0.1850 0.2653 0.3265 55.12 
2.5 0.1602 0.2564 0.3024 58.01 
2.6 0.1373 0.2468 0.2824 60.91 
2.7 0.1163 0.2365 0.2636 63.81 
2.8 0.0972 0.2258 0.2458 66.72 
2.9 0.0747 0.2148 0.2291 69.63 
3.0 0.0640 0.2035 0.2134 72.55 
3.1 0.0499 0.1923 0.1986 75.46 
3.2 0.0372 0.1810 0.1848 78.38 
3.3 0.0260 0.1698 0.1718 81.30 
3.4 0.0161 0.1589 0.1597 84.22 
3.5 0.0074 0.1482 0.1484 87.14 
3.6 -0.0002 0.1378 0.1378 90.06 
3.7 -0.0067 0.1277 0.1279 92.98 
3.8 -0.0122 0.1180 0.1187 95.90 
3.9 -0.01« 0.1088 0.1101 98.82 
4.0 -4, »OS 0.09M 0.1021 101.74 
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T-r 

( Tatle 1-3  (Conl^d) 

Real Imag. Modulus 

0.0946 
0.0877 
0.0812 
0.0752 
0.0697 
0.0645 
0.0597 
0. 0552 
0.0511 
0.0472 
0.0437 
0. 0404 
0.0373 
0.0345 
0.0319 
0.0295 
0.0272 
0.0251 
0.0232 
0.0214 
0.0198 
0.0183 
0.0169 
0.0156 
0.0144 
0.0132 
0.0122 
0.0113 
0.0104 
0. 0096 
0.0088 
0.0082 
0.0075 
0.0069 
0.0064 
0.0059 
0.0054 
0.0050 
0. 0046 
0. 0043 

4.1 -0.0240 0.0915 
4.2 -0.0265 0.0836 
4.3 -0.0285 0.0761 
4.4 -0.0299 0.0690 
4.5 -0.0309 0.0624 
4.6 -0.0315 0.0562 
4.7 -0.0318 0.0505 
4.8 -0.0318 0.0452 
4.9 -0.0315 0.0402 
5.0 -0.0310 0.0357 
5.1 -0.0303 0.0315 
5.2 -0.0294 0.0276 
5.3 -0.0285 0.0241 
5.4 -0.0274 0.0209 
5.5 -0.0263 0.0180 
5.6 -0.0251 0. 0154 
5.7 -0.0239 0.0130 
5.8 -0.0226 0.0109 
5.9 -0.0214 0.0090 
6.0 -0.0202 0.0073 
6.1 -0.0189 0.0058 
6.2 -0.0177 0.0044 
6.3 -0.0165 0.0033 
6.4 -0.0154 0.0022 
6.5 -0.0143 0.0013 
6.6 -0.0132 0.0005 
6.7 -0.0122 -0.0001 
6.8 -0.0113 -0.0007 
6.9 -0.0103 -0.0012 
7.0 -0.0095 -0.0015 
7.1 -0.0086 -0.0019 
7.2 -0.0079 -0.0021 
7.3 -0.0072 -0. 0023 
7.4 -0. 0065 -0.0025 
7.5 -0.0058 -0.0026 
7.6 -0.0053 -0.0027 
7.7 -0.0047 -0.0027 
7.8 -0.0042 -0.0027 
7.9 -0.0038 -0.0027 
8.0 -0.0033 -0.0026 

Argument 

104. 66 
107. 58 
110. 50 
113. 42 
116. 34 
119. 25 
122. 17 
125. 09 
128. 01 
130. 93 
133. 85 
136. 77 
139. 69 
142. 61 
145. 52 
148. 44 
151. 36 
154. 28 
157. 20 
160. 12 
163. 04 
165. 96 
168. 87 
171. 79 
174. 71 
177. 63 
180. 55 
183, 47 
186, 39 
189 30 
192. 22 
195 14 
198 06 
200 98 
203 90 
206 82 
209 .73 
212 .65 
215 ,57 
218 .49 
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Section 2 

THE ROOTS ts OP w1'(ts) - qw^tg) = 0 

2.1 Notation for the Root Defining Equation 

In electromagnetic diffraction problems which Involve the propa- 

gation of waves around a convex surface, one often has to solve 
for the roots t of the equation 

w1'(t) - qw^t) = 0 (2-1) 

where w< ' (t) = dw1(t)/dt and q is a given "constant" which can 

generally be related to the physical quantities in such a manner 
that we can speak of q as being related to the "surface impedance." 

The function w1 (t) is the Airy function Introduced by Pock (Ref. 

1) and used extensively by him, by Wait  (Ref. 2), by Logan (ref. 
3), by Logan and Yee (Ref. l\.)t  and by others. The function w1(t) 

satisfies the Airy differential equation 

^| - ty = 0 (2-2) 
dr 

and can be defined by the integral representation 

w^t)  = ^j exp(|z3 -zt)dz (2.3) 

Por real values of t^ it is convenient to resolve w1(t) into its 

real and imaginary parts by defining 

w1(t) = u(t) + iv(t) i2~k) 

where, for real values of t, both u(t) and v(t) are real. 

Wait denotes our w1(t) by w2(t), and our w2(t) by w1(t). 
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The integral definitions  of u(t)  and v(t)  for real t can be 
taken to be 

v(t) 
00 Q 

= ^ J cos (^- + tx) dx (2-i;a) 

dx (2-4b) u(t)    *£}    8in(\ + tx) + exp(- ^- + xt) 
o 

The Airy functions are so fundamental in the mathematical discus- 

sion of a variety of physical phenomena that it is almost unex- 

plainable that such an important function had not received a 

universally accepted notation prior to the beginning of World 

War II. The author has observed that this function is now finding 

its way into more and more textbooks, but the notation which seems 

to be "catching on" the most firmly is that which is due to 

Jeffreys  and Miller (Ref. $),    The functions which were tabulated 

by Miller were denoted by Ai(x) and Bi(x) and defined by the inte- 

grals 
40    3   v 

Al(x) = i y cos ( 3- + xt) dt (2-5a) 

o 

Bi(x) = ^ / j\ln (^- + xt) + exp(- ^-+ xt) 1 dt (2-5b) 

Since Eqs. (2-i|.) and (2-5) differ by only a factor of the form v^» 

it is very easy to employ both these notations since the con- 

version between them is 

v(t) =WAi(t)     ,   u(t) =>/7Bi(t) 

^(t) = /*\Bi {t)  + i Ai (t)]   , w2(t) = V7[Bi(t) - iAi(t)] w. 
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The need for the Airy functions in the theory of radiowave propa- 

gation during World War II was so great that each research group 

adopted its own notation.  In the classic work published just be- 

fore the start of the War, van der Pol and Bremmer (Ref. 6) had 
(1) employed approximations for the Hankel functions Hv ' (kr) which 

involved the Hankel functions 

3 3 
Hi^Cz) ,  H(^(Z) 

-5 

and much of the computational effort associated with their work 

revolved arov 

the equation 

revolved around finding the roots t which were determined by 

exp(-Hr/3)HW||(-2Ts)
y2| 

6 V - 2T e    s 

(2-6) 

■ 
When Furry and his co-workers at the Radio Research Laboratory 

at Harvard University became interested in these problems they 

observed that by defining 

2 3/2 

that they could simplify the theory by working with a set of 

modified Hankel functions of order one-third which were defined 

by means of the relations 

1/3 

HlW = (l)  ^^sd^^^-Va«' 

dx   > 3/ 

• 1 = 1.2  (2-7) 

I 
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Tables of these functions   (Ref,  7)  were computed on the famous 
Automatic Sequence Controlled Calculator  (or "Mark I" as it came 
to be affectionately called by its users) which had been presented 
to Harvard University by the International Business Machines 
Corporation in l9l|i|..  In the introduction to the tables,  Purry 
points  out  that the functions are solutions of 

 J- + x h. = 0 
. 2 * dx 

and that  they are related to  the Airy functions being used by 
Miller and  the English workers by means of the relations 

h^x)  = k  [Ai(-x)   - iBi(-x)] 

h2(x) = k*[Ai(-x)  + iBi(-x)] 

where 

k =   (l2)1/6exp(-in/6)    ,    k* =  (12)1/6exp(+iii/6) 

The digression which we have made above to point out some of the 

differences in notation for the Airy functions is far from com- 

plete. For a more complete discussion, the reader is referred to 

a report by Logan (Ref» 3). However, in order to proceed with 

the study of the roots of w«#(t) - qw1(t) = 0, the author feels 

that the reader should have before him the following relations: 

w^t) = - V^(12)"1/6exp(-i^)h1(-t) (2-8a) 

= V=Ft exp(ifTi)Hi1) [f (-t)3/2| (2-8b) 

= u(t) + iv(t) (2-Öc) 

= y/%  [31 (t) + iAi(t)] (2-8d) 

• = 2vi exp(in/6)Ai[texp(ifiO] (2-8e) 
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f Prom Eq« (2-8e) we readily see that the solutions a of 

Al'(-as) + q exp(lin) Ai(-as) = 0      (2-9) 

are the same as the solutions of Eq. (2-1), namely, 

Wl'(ts) - qw1(ts) = 0 

provided we observe that 

ta  = a^expd^) (2-10) 

If we use Eq. (2-7) and Eq« (2-8b), we find that 

( 

where 

^s = -(-V372 = "^^s-l^72 ^^ 
3        3 

Therefore, we observe from a comparison of Eq« (2-6) and (2-11) 
that the roots t which were studied by Pock are essentially the 

same as the roots f   which were studied by van der Pol and 
♦ s—i 

Breramer and by Bremmer (Ref. 8)« 

Since van der Pol and Wyngaarden (Ref. 9) were influenced by the 

work and the tables of Purry (Ref, 7), their Eq. (I4.), namely 

h(iis) = b h'(ns) (2-12a) 

can be shown to be 

h2(^s) = b h2'(ns) . (2-l2b) 

Since the modified Hankel functions possess the properties 

The relationship is t = 23TCJ .   since Pock lets s = 1,2,3, s     s—1 
whereas van der Pol and Bremmer let s = 0,1,2, •••• 
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(where the asterisks denote that the complex conjugate quantities 

are to be employed), we observe from the property 

w/(ts)    V(-ta) 
q = -i 5- = - -i 2- (2-13) 

Ml^s)    ^^s^ 

that the roots t_ are related to the roots [i.0   (of    Ref»  9) by 
s s 

the simple property 

t    = complex conjugate  (-tO 

Further confusion has been fostered by the fact that a number öf 
authors are employing an Airy function A(z) defined by 

00 

A(z) = /COS(T
3
 - ZTMT (2-l^a) 

which is related to the more conventional Airy function Ai(x) by 
means of  the relations 

1 a 

Ai(x)  = -21 A(-3*X)     ,    AT U)  = - -2- A' (-3*x)        (2-llfb) 

Prom Eq«   (2-9) we see that 

w/ it)        exp(ifn)Ai' (-ag)  3^exp(-i^)A(3^aa) 
q = -i 1- =  S_ = 2- (2-15) 

w1(ta)       Ai(-ag) A(3tas) 

where t_ and a_ are related as in Eq. (2-10). 

The remarks which ve have made above are sufficient to show the 

reader that he may expect to find the equivalent of Eq« (2-1) 

appearing in many disguises as he looks through the literature« 

Prom the property 

q(t) =— {logtw^tm =-!_ ( 16. 
dt w1(t) {Zlb) 
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we observe that the  Inverse problem to  the finding of the roots 

of Eq«   (2-1)   can be described  as   "studying the behavior of the 

logarithmic derivative of the Airy function «.(t)." 

The occurrence of equations  such as Eq,   (2-1) is not limited to 

the radiowave propagation problems.  For example, Jeffreys (Ref.  10) 

considered an elastic wave propagation problem which led him 

to  study the  problem of obtaining the roots  £ of the  equation 

Ai*K) 
     = K 
Ai(-4) 

where k is a constant. 

2.2    The Riccatl Equation 

The roots T    of Eq.   (2-1)   ,   i.e.,   the roots of 

Wi'kg)   - q w^Tg)   = 0 (2-1Y) 

can often be evaluated by observing that   the Airy equation 

w1" ix)  = i W1(T) 

reveals that 

dq(t)       d      W1'(T) WJ/'U)      rw^W2 

d-F 

d      WJ/K) Wj/'k)       fWi^T)-! 

dT      W1(T) W1(T)        L  WI('T)J 

or 

dq 9 dt 1 
_ = t .. q2 or — =  2 (2-18) 
dt dq      t - q 

Eq«   (2-18)  is  a common type of non-linear first-order differential 

equation which is known in the  literature as a Ricoati  equation» 

It is a simple matter to obtain the initial conditions under 

which Eq,   (2-18) is to be integrated.    Eq.   (2-8e)   reveals that 

W1(T)  is merely a rotation of the function Ai(z)B     The roots of 
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the Airy function and its derivatives are well known. Interest in 

these roots goes back to as early as IÖ38 when Airy showed that 

the "rainbow integral" 

; 

00 

W(m) =fcoa[  |(w3 - inw)|dw 

0 

could be used to describe the maxima and minima of the system of 

spurious (or supernumerary) rainbows which are observed near the 

inner edge of the primary bow or the outer edge of the secondary 

bow.  Numerical results for these quanties depended upon finding 

the roots of W(m) = 0 and W'(m) = 0.  Airy's first numerical cal- 

-ulations led him to a determination of the first minimum and 

the first two maxima.  By l8ij.8 he had extended the results to find 

the location of the second zero.  Then, in a classic paper which 

appeared in 1Ö50, Stokes gave values (computed to I4. decimals) of 

the first $0  zeros and the first 10 maxima.  During World War II, 

Miller (Ref. 5) obtained values (to 8 decimals) of the first $0 

zeros of Ai(x) and Ai'(x). These results proved to be inadequate 

for some applications being made by the present author, and in 

1958 he received l^-decimal values of these zeros from G» F« Miller 

and P« H, Haines at the National Physical Laboratory (Teddington, 

England). In the following year. Sherry (Ref. 11) published values 

for the first $0  zeros which are accurate to 25 decimals. 

Let us now return to Eq. (2-1?) and denote the roots for q = 0 

by T and the root for q -+ « by T"*. Then we have 

"!<<) =0  ,   w^) =0 (2-19) 

Tg = asexp(i^0  ,    T° = ßaexp(iii0 (2-20) 

where a    and ß are the roots of the Airy function and its derivative s s 
Ai(-os)   = 0    , Ai^-ßg)   = 0 

Values for these constants are given in Tables 2-1 and 2-2.  Values 
are also given for the "turning values" of the functions« 
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c Table 2 -1 

ROOTS AND TURNING  VALUES OF Ai(-a) 

8 1                    a 
1                       s 1               Al'(-os) 

1       1 !        2. 33810 74104 59767 j    +0. 70121 08227 20691 
2 I       4. 08794 94441 30971 - 0. 80311 13696 54864 

1      3 1        5. 52055 98280 95531 j    +0. 86520 40258 94152 
1      4 \       6.78670 80900 71759 j   -0.91085 07370 49602 

5 7. 94413 35871 20853 |    +0. 94733 57094 41568     1 
6 i       9. 02265 08533 40980 |    -0.97792 28085 69499 
7 1      10. 04017 43415 58086 + ). 00437 01226 60312 
8 |      11. 00852 43037 33263 -1.02773 86888 20786 
9 11.9360155632 36263 •fl. 04872 06485 88189 

10 12. 82877 67528 65757 1    -1. 06779 38591 57428     | 
11 13. 69148 90352 10718 i   +1. 08530 28313 50700     1 
12 1      14. 52782 99517 75335 |    -1.10150 45702 77497     j 

1    13 15. 34075 51359 77997 + 1. 11659 61779 32656 
1    U 16. 13268 51569 45771 -1.13073 23104 93188 

15 16. 90563 39974 29943 -1-1.14403 66732 73553 
16 17. 66130 01056 97057 - 1. 15660 98491 16566 
17 18. 40113 25992 07115 +1. 16853 47844 87525 
18 19.12638 04742 46962 -1.17988 07298 70146 
19 19. 83812 98917 21500 +1. 19070 61311 58776 
20 20. 53733 29076 77567 -1.20106 07915 19823 
21 21. 22482 99436 42097 -i-l. 21098 75148 68287 
22 21. 90136 75955 85131 -1.22052 33738 97260 
23 22. 56761 29174 96503 + 1. 22970 07015 09681 
24 23. 22416 50011 21681 -1.23854 78753 29632 
25 23. 87156 44555 35918 + 1.24708 99452 59407 
26 24. 51030 12365 89678 -1.25534 91404 75735 
27 25. 14082 11661 48964 +1. 26334 52827 50799 

!    28 25. 76353 14009 82756 -1.27109 61262 18604 
29 26. 37880 50521 37232 +1. 27861 76388 24258     | 
30 26. 98698 51116 06368 -1.28592 4237122704 
31 27. 58838 78098 82445 + 1. 29302 89834 49956 
32 28. 18330 55026 3r.645 -1.29994 37525 11048     j 
33 28. 77200 91652 37435 +1. 30667 93729 32094 
34 29. 35475 05587 66288 -1.31324 5748180648 

1    35 29. 93176 41190 86556 + 1. 31965 19603 77514 
|    36 30. 50326 86114 18505 -1.32590 63598 38441 

37 31. 06946 85851 83756 + 1.3320166426 47702 
38 31. 63055 56580 12659 -1.33798 9918142291 
39 32. 18670 96529 52051 +1. 34383 27678 48983 
40 32. 73809 96090 00269 -1.34955 1297147445 

|    41 33. 28488 46819 01402 + 1. 35515 11807 15907 
|    42 33. 82721 49495 08652 -1.36063 77026 40532 

43 34. 36523 21338 63659 +1. 36601 57919 26784 
44 34. 89907 02503 45312 -1.37129 00540 34239 
45 35. 42885 61927 47888 +1. 37646 47989 60084 
46 35. 95471 02618 98629 -1.38154 40663 17105 
47 36. 47674 66443 74809 + 1. 38653 16477 85955 
48 36. 99507 38469 94501 -1.39143 11072 66471 
49 37. 50979 50920 05016 + 1.39624 57990 06725 
50 36. 02100 86772 55254 -1.40097 88839 49769 
51 38. 52880 83050 94249 + 1. 40563 33445 05322 
52 39. 03328 33832 72514 -1.4102119979 25998 
53     i 39. S34S1 93007 23018 +1.4147175084 44110    | 

!    54     ! 40. 03259 76807 54176 -1.41913 23983 05068 
! 55   \ 40. 52759 66138 89718 + 1. 42351 90578 16189 
I   56 41. 01959 08723 32490 -1.4278197545 15052    | 
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Table 2-2 
) 

ROOTS AND TURNING VALUES OF Al'(-ß) 

• *. AIM,) 

1 1. 01879 29716 47471 +0. 53565 66560 15700 
2 3. 24819 75821 79837 -0.41901 54780 32564 
3 4. 82009 92111 78736 +0. 38040 64686 28153 
4 6. 16330 73556 39487 - 0. 35790 79437 12292 
5 7. 37217 72550 47770 +0. 34230 12444 11624 
6 8. 48848 67340 19722 -0.33047 6229147967 
7 9. 53544 90524 33547 +0. 32102 22881 94716 
8 10. 52766 03969 57407 -0. 31318 53909 78682 
9 11. 47505 66334 80245 +0. 30651 72938 82777 

10 12. 38478 83718 45747 -0. 30073 08293 22645 
11 IS. 26221 89616 65210 +0. 29563 14810 01913 
12 14. 11150 19704 62995 -0. 29108 16772 03539 
13 14. 93593 71967 20517 +0. 28698 07069 99202 
14 15. 73820 13736 92538 - 0. 28325 27361 25021 
IS 16. 52050 38254 33794 +0. 27983 93053 60411 
16 17. 28469 50502 16437 -U. 27669 44450 68930 
17 18. 03234 46225 04393 +0. 27378 13856 46685 
16 18. 76479 84376 65955 -0. 27107 02785 76971 
19 19. 48322 16565 67231 +0. 26853 65782 82176 
20 20. 18863 15094 63373 -0. 26615 9868215709 
21 20. 88192 27555 16738 -1-0. 26392 29929 60829 
22 21. 56388 77231 98975 -0. 26181 14056 94794 
23 22. 23523 22853 43913 +0. 25981 26701 51466 
24 22. 89658 87388 74619 -0. 2579160753 32572 
25 23. 54852 62959 28802 -(-0. 25611 23337 79654 
26 24.1P155 97095 26354 - 0. 25439 33426 46825 
27 24. 82615 64259 21155 +0. 25275 19925 76574 
28 25. 45274 25617 77650 -0. 25118 20133 88409 
29 26. 07170 79351 73912 +0. 24967 78484 21125 
30 26. 68341 03283 22450 -0, 24823 45513 98365 
31 27. 28817 91215 28985 +0. 24684 77011 60296 
32 27. 886S1 84087 68461 - 0. 24SS1 33306 87119 
33 28. 47810 96831 02278 +0. 24422 78676 45060 
34 29. 06381 41626 38199 -0.24298 80342 90143 
35 29. 64367 48146 32016 +0. 24179 10550 23721 
36 30. 21791 81244 68575 -0.24063 41202 44844 
37 30.78675 56480 12503 +0. 23951 48554 15564 
38 31. 35038 53790 83035 -0. 23843 10444 66267 
39 31. 90899 29584 30463 +0. 23738 06563 33468 
40 32. 46275 27462 38480 -0.23636 18275 53143 
41 33. 01182 87766 34287 +0. 23537 28399 36488 
42 33. 55637 56097 89422 -0. 23441 21104 38024 
43 34. 09653 90948 09138 +0. 23347 81753 92842 
44 34. 63245 70546 3S866 -0. 23256 96793 53833 
45 35.16425 99025 53408 +0. 23168 53648 03788 
46 35. 69207 11985 10469 -0.23082 40630 53231 
47 36. 21600 81523 35199 +0. 22998 46861 64426 
48 36. 73618 20799 46803 -0. 22916 62197 06428 
49 37. 25269 88178 54148 +0. 22836 77166 4628-1 
50 37. 76565 91005 38871 -0.22758 82910 18357 
51 38. 27515 89047 30879 +0. 22682 71133 87890 
52 38. 78128 97640 80369 -0. 22608 34059 36628 
53 39. 28413 90572 98596 +0. 22535 64383 68475 
54 39. 76379 02724 68233 -0. 22464 55241 61432 
5! 40. Z80S2 32499 03719 +0. 22395 00171 79277 
5tf 40. 77381 44056 64866 -0.22326 93086 02552 ) 
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( There  are   two series which have played  such a role In the   calcu- 
lating of  the roots T   (q)   of Eq.   (2-17)   that we  shall refer  to 
then as  the  classical  expansions.   For  small values  of q,   we  can 
express ^„(q)  in the fonn 

90 

T8^ = T8+  2  An(Ts)q 

n=l 

where 

A^T) = 

A2(T) = 

A3(T) = 

A4(T)=- 

A5(T) = 

A6(T) = 

A7(T) = 

A8(T) = 

A9(T) = 

Aio<T) - 

All<T): 

A12(T) ' 

2T 

3T2    2T5 

12T 

1 

8T 

5T
3
    20T

6
    8T

9 

21 29   _   77   _     _ 

45T
5

     40T
8
    16T

11 

33 J^ + -I6_+_143_+__ 
rr   4       .„   7       .-   10       1C   13 
7T      45T      40T        16T 

97 163        429 429 
.6 

140T
O
    407°     64T 12 

1   13661 . 6769 , 

97° 5670T  720T 

2309  820573 

128T
15 

2431 . 
14 17 

192T
1
*    128T

1
' 

715 

37961 46189        2431 

3150T
7

    113400T
10

     1800T
13

    1920T
16

    256T
19 

1     ,   1057   |    263653   |   4641   |   29393 | „4199 
6 .9 

HT" 330T 

31907  3089423 

13200T
12
 100T

15
 640T

18
 256T

21 

41580T
8
 267300T

11
 356400T 

18592951  48347 676039   29393 

480T 7680T 
20 

1024T 
23 

f2-21a) 

2-21h) 

2-21c) 

2-21d) 

2-21e) 

2-2lf) 

2-2lg) 

2-21h) 

2-211) 

2-21j) 

2-21k) 

2-211) 

2-2lra) 

L 

(Text continues on p, 2-16) 
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Table 2-3 

COEPPTGIENTS FOR POLYNOMIAL REPRESENTATION FOR A^CT) 

J 

xn 
m 

n = 1 

1  .lOOOOOOOOOOOOOOOOOOOOE 1 

n = 2 

1 -.5000O00O00OOO0OO00OOOE +0 

n = 3 
1 .5000000000OO00OO00OOOE +0 
2 .333333333333333333333E +0 

n = ^ 

1 -.6250000000OO00OOO0OO0E +0 
2 -.583333333333333333333E +0 

n = 5 
1 .ÖT^OOOOCOOOOOOOOOOOOOE +0 
2 .10500000000OO0OOO00OOE 1 
3 ,200000O000OOOOOO00OOOE +0 

n = 6 

1 -•131250OO00O00OOO00O0OE 1 
2 -.19250000000000O000000E 1 
3 -.Slil^li/ilililiMililililjlilililililiE +0 

n = 7 
1 •206250000000ÖOOOOOOOOE 1 
2 .3575O00000OO00OOO00OOE 1 
3 .168888888888888888888E   1 
i^ •1^285711|26571i|.28571IJ.2E +0 

n = 8 

1 ",3351562^00OO0OOOO0OOOE 1 
2 -.6703125000OO00O00000OE 1 
3 -•k075000000O000OO0000OE 1 
k -.6928571^2857111.285711^ +0 

m 

n = 9 

1 .5585937500OO000000000E   1 
2 .126615.58333333333333^;    2 
3 .91^.013Ö888888888888888E 1 
5 • 211-09 3ii.7M4.26807760ll|.l0E 1 
5 .lllllllllllllllllllllE +0 

n = 10 

1 -,9lj.96O9375OOOO00000000E    1 
2 -.2ij.0567708333333333333E    2 
3 ->2lo89l(i|/|J|)|/|l|ijffll[l|iji|J|]|R 2 
ij. -.7236093lj-7lii|2680776009E l 
5 -.733015073015873015871E +0 

1 
2 
3 

5 
6 

n = 11 

.l61;023k375O0OO000OOO0E 2 

.11.59265625000000000000E 2 

.li.64lOOOO0OOOO00000000E 2 

.199737121212121212121E 2 

.320303O303O3030303030E 1 

.9O909O909090909090909E -1 

n = 12 

1 -, 287014015625000000000E 
2 -, 8802591^ 1|.583333333333E 
3 -•100722916666666666666E 
k -.521687738IJ.9607 32::93E 
5 -.11557686270108li.923306E 

2 

3 
2 
2 

6 -•767361i-ll736ii.ll7361i.ll7E +0 

n = 13 
1 .5078ii.l 7968 75O00000OOOE    2 
2 .169280598958333333333E   3 
3 .2163l6lli.5a33333333333E    3 
ij. . 131031602132li.35ii-65766E   3 
5 .37219566030677114 7Ö76E   2 
6 .1+0^086311.3286311.32863432   1 
7 .769230769230769230769E -1 
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( 

i 

5 
6 
7 
8 

Table  2-3   (Cont'd) 

m n 
n = 34 

1  -.906Ü6O3515625OOO00000E 2 
? -.326lj.69726562500000000E 3 
3 -.i4.607796ö75oOOOOÜO000OE 3 
il. -, 3196^939935o6It93506[i,9E 3 
5 -.111057272727272727272E 3 
6 -.171ÖO3ii.29903i|.29903i|.29E 2 

-.7973930Ö310736Ö821651E +0 

n = 15 

. 1 '• v 349632H1 250000000E 

.'  u ' 7;r3oJi687500000000E 
,•7^10111111111.llllll IE 
. 7623571 28096i|l}.0596y-8E 
.313665989738656^053ll4E 
.ii.9ö30089769l373o8l81;6E 
.il.9Ö30089769l3738Ö1Üi|-6E 
.666666666666666666666E 

n = 16 

3 
3 
3 
3 
2 
1 
1 

.1 

1 -•295Ö63189697265625000E 3 
2 -,l22290ll8i;082O3l-2it.996E ij. 
3 -.205214.70835503^722221^ k 
k -.178573i|-7920236592llofe i; 
5 -,8l|90i4.627l05379i-887095E 3 
6 -.212935579693625969917E 3 
7 -.2ii.23520^Ö90lij.51-2Ö237E 2 
8 -.82^081^7^08114.7^001^7^ +0 

n = 17 
1 • 539515228271i4.8ii.375000E 3 
2 .2373867O0i;39l4.5312500OE ij. 
3 •ij.3OO97l92382Ö12500000E i; 
Ij. .1|.1218220^2[|.1071^2ü552E k 
5 .222876I15625000000000E ij. 
6 .6685717323ll805Öi|.l 197E 3 
7 .1009 3i80ii.53Wl.0ll 730 54E 3 
8 .595861628567510920WE 1 
9 .588235291+1176I4.7058023E -1 

m 

1  -• 
2.-. 
3 

n 

B, 

=18 

m 
J n 

il- 
5 
6 
7 
6 

989lli25i83i05i4.687500E 3 
46i5ö525o85i^92i87]i:78E ij. 
8978814.212239583333333E i^. 
9398362i|385l2731ij.8097E 1+ 
569359025oo6i|.300lill22E 4 
l9930o8o6213ii-8iL63'i23lE ij. 
37769 77oklii.7928o6l4.6ii.5E 3 

28^7100873789 3269i4-79E 2 
9 -.8i|.8lo708536l987322768E +0 

n = 19 
1 .l8220ii.70ij.28ii66796Ö750E 1+ 
2 .898876514137695312500E 1+ 
3 .l868i|.25065lOl4.l6666666E 5 
I4.    .2l2O9592793330i|398l33E 5 
5 . Ii;233ö7725l4.5653292i 71E 5 
6 .570228663209ii5328976i4.E ij. 
7 •! 3062751415831898^506E 14- 
8 .1527l92920l962l4.89ii.291E 3 
9 • 698560301501+11.2652281+9 E 1 

10    .5263157891+73681+210526E -1 

n = 20 

1 -.3370 7870292663571+2187E k 
2 -.175280925521850585926B 5 
3 -.3Ö772i].03657i!.2l8750000E 5 
^ -.i+71+l+36188o85937500000E 5 
5 -.3I+9I+5928671875C00OOOOE 5 
6 -•l570071661739758ij.0326E 5 
7 -.i^5i663977389i|4062i}.52E 1+ 
8 -.63o6oo87229907O'/5l863E H 
9 -.ii3l3il4333li.672l09550i4.lE 2 

lo -.869959153333766336857E +0 
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Table 2-3 (Cont'd) 
.) 

ra 

1 
5 
9 
2 
6 

10 
3 
7 

11 

B 

n = 21 

.6260033C543518066A063E 4 

.844860306172839506099E 5 

.221807719711782510385E 3 

.342215140304565429660E 5 

.424838043379530747451E 5 

.806048826489458882758E I 

.802630810485839843680E 5 

.131Ö54862585951041879E 5 

.476190476190476190476E -I 

.105318880057715360440E 6 

.238420821587937468I08E 4 

n = 22 

1 
5 
9 
2 
6 

10 
3 
7 

11 

1 
5 
9 
2 
6 

10 
3 
7 

11 

12 

-.116664252376556396484E 5 
-.201567174401580286976E 6 
-.100291468665130554674E 4 
-.668875046958923339788E 5 
-.11174^674790466258042E 6 
-.552100998691229277871E 2 
-.165799024261474609359E 6 
-.393101246645185084099E 5 
-.890002620202451331069E ♦O 
-.232240243842043011943E 6 
-.841890054668934984012E 4 

n = 23 
.218111428356170654297E 5 
.475390678258928571378E 6 
.411886369631848301327E 4 
.130866857013702392566E 6 
.288142979686010313L86E 6 
.311546186453569473920E 3 
.34I843103881835937462E 6 
.113410197140524639597E 6 
.918026828171452694853E 1 
.509116055648922610531E 6 
.281456646361638824524E 5 
.434782608695652173913E -I 

m 

1 -. 
5-. 
9 -• 
2 -. 
6 -. 

10 -. 
3 -• 
7 -• 

11 -. 

&:: 

n = 2i4. 

408958928167819976607E 5 
110991397644613217352E 7 
156932087522754605138E 5 
256260928318500518773E 6 
730359011452684181048E 6 
153236841610405073658E 
703621666968027750568E 6 
318224546027872606852E 6 
691820872483155839496E 2 
111027728216546349007E 7 
899677545873361404822E 3 

♦0.0   12 -.908517103462587376971E +0 

1 
5 
9 
13 
2 
6 

10 
3 
7 

11 

& 
12 

1:-. 
5-. 
9 -. 
13-. 
2 -. 
6 -. 

10 -. 
3-. 
7-. 

11 -. 

&:: 
12-. 

n = 25 
.768842784955501556397E 5 
.256827714614291433175E 7 
.562917033135728290407E 5 
.400000000000000000000E -1 
.502310619504261016790E 6 
,182371638640773763620E 7 
.A79950468032934688407E 4 
.144608711121365865053E 7 
.871902051762040236717E 6 
•V554I281640320188148E 3 
.241003322866257422826E 7 
.276997776726792547006E 6 
.103423234l02239381p71E 2 

n = 26 

144897294087767601013E 6 
S.89565132268546919298E 7 
1921327900582214284226 6 
925721666221164031195E +0 
9853015997968196867736 6 
4494136755798536345766 7 
2782214729234670985086 5 
296795293913681030231E 7 
234005721157937292219E 7 
226479555810393823808E 4 
520950635707243485804E 7 
826105244679143668050E 6 
851539687318596132586E 2 
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m 

Table 2-3 (Cont1^ 

K ra 
n 

m BJ m 

( 

n = 27 

1 .27369A8H8b32449913025E 6 
5 .13437A505289727923837E 8 
9  .629C08669227862A9C990E 6 
13  .115A43'»753^8750467116E 2 
2 .193<rll054774931271d46E 7 
6 .109458011043905248659E 8 

10 .1066^016233938420C720E 6 
Hj. .370370370370370370370E -I 
3 .608390448695^58306109E 7 
7 .616771069907658162333? 7 

11 .10803^26488708692999E b 
.ll21831A104461ä^l^315E 8 
.239715060246644178&31E 7 
.5676ai03294l66710741lE 3 

n = 28 

-.518065325289994478226E 6 
•.3043002A5A06774467754E 8 
•.1987A2AI046I97074I227E 7 
•.I032253244285711AC090E 3 
-.3799U571879329283979E 7 
-.2638166A0420520492100E 6 
-.3872527378667ö5193645E 6 
-.9417911856226953A3281E +0 
•.124571514935259269188E 8 
•.I59984327319b58255999E 8 
•.472786392241173595010E 5 
■.240750657777134261851E 8 
•.679209804635185435452E 7 

12 -.32527750A802706190441E 4 

12 

1 
5 
9 

1"3 

2 
6 

10 
~h 
3 
7 

11 

n = 29 

1 .9825376ti58948I71I3876E 
5 .685094351527I94882206E 
§ .609C02390690492040579E 
13 .742069190714986568101E 
2 .7467286A1280061006436E 
6 .629896370727299426884E 

^O .13437728386138806A618E 
^ .127842937775186016728E 
3 .254805103662321567484E 
7 .409120542583336357359E 

11 .192941280292826168I73E 
15 .344827586206896551724E 
k .51504799I621348825983E 
8 .188461235530006903840E 

12 .166129090115963891564E 

1 - 
5 - 
9 - 

13 - 
2 _ 
6 . 

10 . 
14 - 

3 _ 
7 _ 

11 
15 1 

12 ~ 

n = 30 

. 186682160320015251636E 

.153422227089157018162E 

.181695120445933290557E 

.455826866225021524436E 

.146856632785078664597E 

.1491217395152Ü5056488E 

.448529916041438925783E 

.12349210052037I284947E 

. 520699807126342296485E 

.103297458045362313138E 

.743068151696005201308E 

.956867527724712135595E 

.109871013399435436176E 

.513323141719165900825E 

. m738326124l00379836E 

6 
8 
7 
3 
7 
8 
7 
2 
8 
8 
6 

-1 
8 
8 
5 

7 
9 
8 
4 

8 
9 
7 
3 
8 
9 
6 

+ 0 
9 
8 
5 
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Nvunerical values for the coefficients which appear in Eqs.   (2-21b) 

through  (2-2lni)  are given in Table 2-3»    We have expressed the 

explicit dependence of the A^(T) upon T in the following manner: 

M 

(2-2ln) 

where M is the "integral part" of [ (n + l)/2].  The  coefficients 

in Table 2-3 have been obtained by means of the NPREC subroutines 

which have been discussed in the Preface«  The reader is   advised 

to be very careful if he employs these tables for n > 20 since 

the format employed in the  computer output has  resulted in a table 

in which m successively takes on the values 1,5#9»»»»  in the order 
listed under the heading "m"• 

When  the magnitude of T is very large,   the dominant terms in the 

expansion will be the terms 

; 

AAi)  = — +  ... 

1 
A.Al)   =  K +   ... 

Si 

We recognize these coefficients  to be the coefficients  in the 
well known expansion 

tanJijSc = coth-V/x) =   1   [log(1 + x)  . log(1 . x)] 

- 1   4-   ^^   x2   4.   ^L    x^   4-   ^^   r6    '    1   T8   4. — 1   +  -r  X     ■•"   ?  x      + y* X,     + ■£ X.     +.»»# x2<l 

Therefore, it appears that for very large values of T? that 

the series behaves like the series expansion of 

t° + (l/v^f)tanh-1(q/v^) 

2-16 ) 
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€ 

Thorofore, in order for the series in Eq, (2-21) to converge, we 

must require that the magnitude of {q/yia)  be less than unity, s 
More precise definitions of the radius of convergence of the 

series in Eq.   (2-21) will "be possible after we discuss the roots 

tc    for which T  (q )   = q.»  We will postpone this discussion until s s     c c 
after we have considered another classical expansion for T_(q) 

For large values  of q,  we can express ^-(q)  in the form 

where 

n=l 

BL(T)=1 (2-2213) 

^(T)=0 (2-22c) 

^)=l (2-22d) 

B4(T)=^ (2-22e) 
2 

^(T)^ (2-22f) 

V):=I1T (2-22g) 

¥T>=V3+^ (2-22^ 
B8(r)=ir2 (^ 

-14. 41, (2-22J) 
"9         81 

The author has not  found  the time to investigate  the possible 

advantages of rearranging  the series in Eq.   (2-21)  so that it is 
of the form 

CO 

(q) = T° +   (l/v^)tanh-1z +^ Cn(T:°)zn 

n=2 

where z = q/VT:°  • 

2-1? 
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97    .       i+23 
B1O(T)  =  T^ +  

ü           175           2520 
1     ^      Wo 

BIICT)  = — T^ +  T 
U           990 
2309    K      1881^2 

B-pk)  =  -r4" +   T 
^           3780            27216 

1    6      247^61^    3 
J            13            I63800 

11781 

65520 

{2-22k) 

(2-221) 

(2-22m) 

(2-22n) 

Numerical values for the coefficients which appear in Eqs,   (2-22b) 
through   (2-22n)  are given in Table 2-lj.,    We have  expressed the 

explicit dependence of the B  (T)  upon T in the following manner: 

M 

B   (T)   = n   ''' 
m-1 

(2-22o) 

where M is  the "Integral part" of  [ (n + l)/2].     This definition 

is quite  "wasteful" since the series actually progress in succes- 

sive power of T •    However,   the "book-keeping" is  somewhat  easier 

if we use the form in Eq.   (2-22o)   so as to have a single form 

which Is useful for all n instead of having one definition for 

n = 1,if» 7,10,...,  another for n = 2,5»8,11,»*»   and a third defi- 
nition for n = 3,6,9,12,.... 

When the magnitude of T is very large,  the dominant  terms  in the 

expansion will be the  terms 

B1(T)  = T 

B3(T)  ^T
3
 + ••' 

B 

(t)   ~ T* t    +  ••• 

1    7 
y(T:)     =   y   T       +    •»• 

(Text continues on p,   2-29) 

J 
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( Ta"ble 2~k 

'. 

m 

GOEPPlCiailTS FOR POLYNOMIAL 

Bm 

n 

n = 1 

• lOOOOOOOOOOOOOOOOOOOOE    1 

REPRESENTATION FOR  Bn(T;) 

n = 2 

+0.0 

1 
2 

1 
2 

1 
2 
3 

1 
2 
3 

n = 3 
+0,0 

• 3333333333333333333332 +0 

n =i|. 

.250000000000000000000E +0 
+0.0 

n = 5 
+0.0 
+0.0 

.199999999999999999999E +0 

n = 6 

+0.0 
.3888888888Ö888ÖÖ88888E +0 

+0.0 

n = 7 
.I7857m-28571^2857UL28E +o 

+0.0 
+0.0 

1 
2 
3 
k   .lil.2057iij.2ö57%2ö57iI|2E +0 

n = 8 

1 +0.0 
2 +0.0 
3 .i4-Ö3333333333333333333E +0 
I; +0.0 

m B: m 

n = 9 
1 +0.0 
2 .5061728395O6172839506E +0 
3 +0.0 
IJ. +0.0 
5 .lllllllllllllllllllllE +0 

n = 10 

1 ,16785 »li1.2857i42857ii1.2E +0 
2 +0.0 
3 +0.0 
4 ,554265714285 r 1428571^ +0 
5 +0.0 

n = 11 

1 +0.0 
2 ♦0.0 
3 .^bö-DöSoböböSöSöiöböbSE   +0 
4 +0.0 
5 +0.0 
6 .s>OVOVUv0909GV090VOV09E   -1 

n = 12 

1 +0.0 
2 .692^13.^091122866^90   +0 
3 +0.0 
4 +o.o 
5 .610aU6S60«i46560bU6560E   +0 
6 +0.0 

n = 13 
1 .l/980?692307692i07692E   +0 
2 +0.0 
3 ♦O.O 
4 .ll)l0 769?3076923Cr6923E      1 
5 +0.0 
6 +0.0 
7 .769230 769230 r69230769E  -1 
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Table 2-/;  (Cont'd) J 
m m 

n - 18 

1 
2 
3 

6 
7 

1 
2 
3 
h 
5 
6 
7 
8 

1 
2 
3 
U 

6 
7 
8 

1 
2 
3 
U 
5 
6 
7 
8 
9 

♦ 0.0 
♦0.0 

.17569UU158I3U63U32510E      1 
♦ 0.0 
♦ 0.0 

.6'j77U06f20263863 12099E   ♦O 
♦0.0 

n 15 

♦ 0.0 
.97UlÖ6262982559278bI>3E   ♦O 

♦0.0 
♦ 0.0 

.215U860670IV1400352733E      1 
♦ 0.0 
♦0.0 

.666666666666666666666E   -1 

n - 16 

.208001373626373626373E   ♦O 
♦ 0.0 
♦0.0 

.353U86679986A79VÖ6679E      1 
♦ 0.0 
♦ 0.0 

.69f7189iimb9«»77189U6E   ♦O 
♦ 0.0 

n - 17 

♦ 0.0 
♦0.0 

.31039 1373 1598I3B69»«30E      I 
♦0.0 
♦0.0 

.287828nb32U5l36»»38U0E      1 
♦ 0.0 
♦0.0 

.566235291» 11761»7058823E -1 

1 
2 
3 
k 
S 
6 
7 
8 
9 

1 
2 
3 
h 
$ 
6 
7 
8 
9 

10 

1 
2 
3 
U 
5 
6 
7 
8 
9 

10 

♦ 0.0 
.139632680U57783338»miE      1 

♦ 0.0 
♦ 0.0 

.6ia831535268572305608E      1 
♦0.0 
♦ 0.0 

.732S16865850199183630E   ♦O 
♦0.0 

n - 19 

.2631U59|l«2361398000«»9E   ♦O 
♦ 0.0 
♦ 0.0 

.7587539052U26270U7136E      1 
♦0.0 
♦0.0 

.367279988I822U38213U0E      1 
♦ 0.0 
♦0.0 

.526315789U7368U2I0526E   -1 

n - 20 
♦0.0 
♦0.0 

.535U506U00361520J8721E      1 
♦0.0 
♦0.0 

.9869i»55a3769897»»95385E      I 
♦0.0 
♦0.0 

.763296376825788590U92E   +0 
♦0.0 

l 
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( 

( 

m 

1 
2 
3 
h 
$ 
6 
7 
8 
9 

10 
11 

1 
2 
3 
h 
5 
6 
7 
8 
9 

10 
n 

i 
2 
3 
U 

6 
7 
8 
9 

10 
li 
12 

B: 

Table  2-1^  (Cont'd)^ 

ra 

n =• 21 

+ 0.0 
.2C27kbh\7CbiH7\\9UWkE      1 

♦ 0.0 
♦ 0.0 

. Ibruii0^i.-?V0»4U22/0!>12/E     2 
♦ 0.0 
♦ 0.0 

.U531irüCC7C»Ü2Ö6jb6690E      I 
♦ CO 
♦ 0.0 

.U76IV0U76190U76I9OI476E   -I 

n = 22 

.319«J02b?120V392l llbüfE   +0 
♦ 0.0 
♦ 0.0 

.l5UCS27899820bU9R9U92E      2 
♦ 0.0 
♦ 0.0 

. JU72IU»4V7607!>216 I liblt      2 
♦ 0.0 
♦ 0.0 

.rvOHrWS757oI3l2 !5.;i2 7E   +0 
♦ 0.0 

n = 23 

♦ 0.0 
♦ 0.0 

.9ütWmvi389067nHö50E      I 
♦ 0.0 
♦ 0.0 

.2VI9096C00706mibOb3E      2 
♦ 0.0 
♦ 0.0 

.bi4iW^9V6829Ul42U,D I 1692E      I 
♦ 0.0 
♦ 0.0 

.U3W«26Cb695652m913E   -1 

Bn 
n = 21^ 

t 

1 +0.0 
2 .297219,:>5U5372«*352UU32E      1 
3 +0.0 
Ü +0.0 
^ .36962U3S617UU21/MU169E     2 
6 +0.0 
7 +0.0 
8 .208^9U77b^52038H912l2E     2 
9 +0.0 

10 +0.0 
11 .8I583573518S5803M68I7E   +0 
12 +0.0 

n = 25 

1 .UlU0l2V88280516U76003t   +0 
2 +0.0 
3 +0.0 
li .3C0«3^1O57U237l67»ib6E     2 
5 +0.Ü 
6 +0.0 
7 .U9a»4Ü2ot>b36^92173893UE     2 
8 +0.0 
9 +0.0 

10 .6U2232'J3038C«4617ü6ü99E      1 
11 +0.0 
12 +0.0 
13 .UOOOOOCCOOCOOOOOOOOüOt  -1 

n = 26 

1 +0.0 
2 +0.0 
3 . l')2b3i422C79M9393079'DE     2 
'4 4-0.0 
^ +0.0 
6 ./bl l666U039n2U13U6ö»4E     2 
7 +0.Ü 
8 +Ö.0 
9 .2bUn6Ue)b96r603IU9U6VE     2 

10 +0.0 
11 +0.0 
12 .838631 l72t42/uÜ3732b91E   +0 
13 +0.0 
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Table 2~k (Cont'd) 

m 

n ■ 27 

B"1 

n 

n » 29 (Cont'd) 

1 ♦0.0 10 ♦0.0 
2 .ii389U6i»l90588C4238827E     1 11 ♦0.0 
3 ♦0.0 12 .851605626923321082365E     1 
U ♦0.0 13 ♦0.0 
5 .8193899156U8U061856Ö2E     2 1U ♦0.0 
6 ♦0.0 15 .3iiU82758620689655172Ur  -1 
7 ♦0.0 
8 .79893 lb/U5916265»»695UE     2 n - yy 
9 ♦0.0 

10 ♦0.0 1 ♦0.0 
11 .7UU55l20828S921380796e      1 2 .6520693IU5«»9»47902U577E      1 
12 ♦0.0 3 ♦ 0.0 
13 ♦ 0.0 U ♦0.0 
Hi .37037037037G370370370E  -1 5 .17398639U82«in075U19«»E     3 

6 ♦0.0 
n » 26 7 ♦0.0 

8 .268603»»2U0569U292JUii9E     3 
1 .5U799U727U«i60b2l06553E   +0 9 ♦0.0 
2 ♦0.0 10 ♦0.0 
3 ♦ 0.0 11 .U8UUC0309U50673263990E     2 
U .570öC99ii606J3666)20U6E     2 12 ♦0.0 
5 ♦ 0.0 13 ♦0.0 
6 ♦ 0.0 Hi .87900510658M8232G399E  ♦O 
7 .1502U0 12962 178i»630233E     3 15 ♦ 0.0 
8 ♦0.0 
9 ♦ 0.0 n- 31 

10 .376197673i»8»9070V1305E     2 
11 ♦ 0.0 l .737560U965U1037550570E   ♦O 
12 ♦0.0 2 ♦0.0 
13 
Hi 

.ü59t>VÖ690062509i*b75«»lE   ♦O 3 ♦0.0 
♦0.0 

5 
.105931337I5H86U1U2296E     3 

♦0.0 
n - 29 6 ♦ 0.0 

7 .U159I7190062626618097E     3 
1 ♦0.0 8 ♦0.0 
2 ♦ 0.0 9 ♦0.0 
3 
i .2b37UUU37799965565890E     2 10 .l78»i2U970«n 13090 I7669E     3 
h ♦ 0.0 11 ♦0.0 
$ * ♦0.0 12 ♦0.0 6 .I9UU2I833629856U87095E     3 13 .963I067026m58955029E     1 
7 ♦0.0 Hi ♦0.0 8 ♦ 0.0 15 ♦ 0.0 
9 .I21Ö5408358726292U3U3E     3 16 .3225806U516129032258ÜE -1 
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c TaDle 2-k   (Cont'd) 

m 

1 
2 
3 
h 
$ 
6 
7 
8 
9 

10 
11 
12 
13 
lU 
15 
16 

1 
2 
3 
li 
5 
6 
7 
8 
9 

10 
11 
12 
13 
1U 
15 
16 
17 

n = 32 

+ Ü.0 
+ Ü.C 

.M92Ud2:n66tmUU0»<.-Ui6f:     2 
♦ 0.0 
♦ 0.0 

.»4b7VÜ86Uü282»J«fllübbb0E      5 
♦ 0.0 
♦ 0.0 

.U53000U033U300U62U25E     5 
♦ 0.0 
♦ 0.0 

,6IOU^568^0V85b0v32060E      i? 
♦ 0.0 
♦o.n 

,dV7063^ür2Ul9l762712UE   ♦O 
♦ 0.0 

n => 33 

♦ 0.0 
>V731C5U10627U65VV7017F      I 

♦ 0.0 
♦ 0.0 

)3h72U6i4^ÜV3UV082r05?UE      3 
+ 0.0 
♦ 0.0 

,bk05lU30U3330!>U9/.tjlb8E      3 
♦ 0.0 
♦ 0.0 

,2b26VVI662i55360VV0»4lE      3 
+ 0.0 
+ 0.0 

1078H0h5322V5b9Ub60SlE     2 
+ 0.0 
+ 0.0 

5030303050303050303036   -1 

m 
n - 3U 

1 . IC065566U362lb6ü62203E      \ 
2 +0.0 
3 +0.0 
U . W3159ü7Uc<l 15716SUVÜ2E     3 
5 +0.0 
6 +0.0 
7 .iC7ä62l53G07BÜ7b3327lE     U 
8 +0.0 
9 +0.0 

10 .72H377r0i<10,>9b6V5br3bE      5 
11 +0.0 
12 +0.0 
13 .7bLi369l'627Ub673ö&75U6E     2 
lU ♦0.0 
15 +0.0 
16 .9l59U^b03l06b76693ülE   +0 
17 +0.0 

n = 35 

1 +0.0 
2 +0.0 
3 .6bbV5Cy5bU12U52t)VS71»*E     2 
^ +0.0 
5 +0.0 
6 . 103300 IG1C3S7976223U9E     «+ 

fl +0-ü 

9 . l5l6U566B9UdCV7,j687V6E     U 
1° +0.0 
11 +0.0 
12 .5U795b627b523U27rt3931E 5 
^ ♦O.O 
H1 +0.0 
--5 . lW8U82W5392V9997b72E 2 
16 +0.0 
^ +0.0 
18 .2.B5nU?b57IU2b57IU2bbE   -1 
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Table 2-^  (Cont'd) ) 

m B£ m BS 
n - 36 n - 38 

1 ♦0.0 1 +0.0 
2 .1U5855V72182003?2572:5E     2 2 +0.0 
3 ♦0.0 3 .n27033071901755789U6E     3 
h ♦ 0.0 U +0.0 
5 .7U072U57090325560U80E     3 5 +0.0 
6 ♦ 0.0 6 .225003818225715207750E     U 
7 ♦ 0.0 7 +0.0 
8 .2327U6H75958386U66983E     »♦ 8 +0.0 
9 ♦ 0.0 9 .U6780990U3029981V1936E     U 

10 ♦ 0.0 10 +0.0 
11 . ll25»«6659V95619«4b«*98UE     »♦ 11 +0.0 
12 ♦ 0.0 12 . 1681»» ISW3U9817696730E     U 
13 ♦ 0.0 13 +0.0 
Hi .9202258075U2393257765E     2 111 + 0.0 
15 ♦0.0 15 .110599106U6U3AU08781UE     3 
16 ♦0.0 16 +0.0 
17 .929?9UI7388023«»U81875E   ♦O 17 +0.0 
18 ♦ 0.0 18 .9i*U726l9b                 .,r637E   >0 

19 ♦ 0.0 
n = 37 

n- 39 
1 
2 
3 

6 
7 

.l388822»*b3302U50ei978E     1 
+ 0.0 
♦ 0.0 

.3U720860260156U697373E     3 
♦ 0.0 
♦ 0.0 

.265621I02200827879020E     U 

1 
2 
3 
ii 
5 
6 

+0.0 
.219305190621U89160779E     2 

+0.0 
+ C.0 

.139619178I6U6U7016059E     M 
+0.0 

8 +0.0 7 +0.0 
9 ♦0.0 8 .62232672r508l286U9U38E     ,U 

10 .2656006007093866261 ME     k 9 +0.0 
11 +0-0 10 + Ü.0 
12 +0.0 11 .Ul«l*6761UIU8«<5638932i»7E     U 

13 .U6r75326it383959057265E     3 12 +0.0 
11* + 0.0 13 +0.0 

15 
* W • V 

+0.0 1U .615905U9U956780323200E     3 
16 .132193093687U30132033E     2 15 + 0.0 

17 +0.0 16 +0.0 
16 

■Www 

+0.0 17 .1UU897636706678639639E     2 

19 .270270270270270270270E  -1 18 + 0.0 
19 +0.0 
20 •2S64I02S6U10256UI0256E   -1 
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1 

m Bm 

n 

n = UO 

Table 2-ij.   (Cont'd) 

m 

n =• ii2 

t 

20 

n = la 

1 . 19351 m878muU098ü8E      1 
2 ♦O.O 
3 +0.0 
U .616?b3n2i4l^319l 15503E     3 
| +0.0 
6 +0.0 
7 .627)«Ö637079385653U0UE     U 
8 +0.0 
9 +0.0 

10 .886558 ^5060 l»4822 1130 IE     U         10 
11 
12 +0.0        12 
13 .2UUCU2 162C085Ü1973662E      •♦         13 
1^ +0.0 
15 +0.0        15 
16 . 13136 lo905923U5V078Ö«4E      3 16 
17 
18 +0.0        18 
19 .9babU0oV0ü52710827U98E   +0 19 

+ 0.0 
.3306l^^2322»485U9a817fc     2 

+ 0.0 
+ 0.0 

.26801U'j36559658U99UUIE     >+ 
♦ 0.0 
+ 0.0 

8 . 1'J8^56M0311338162U72ÖE     5 
9 +C.0 

+ 0.0 
+0.0 U       . 15988303U29ÜU92282070E     5 

+ ^.0 
+ 0.0 

1U       .3l45U36IU2082U6U9a39UUt     U 
+ 0.0 
+ 0.0 

♦ 0.0 17       .15«+U023IG66U29U965:iU5E     3 
+ 0.0 
*0.ü 

+ 0.0 20       .V72221U^7916023C50730E   +0 
21 

- +0.0 
I +0.0 
3 . lh368565U29C3901U6056E      3 
^ +0.0 

I *0'0 
6
 .U76l62ti29V667231»4bn8C      U 

ft +0.0 
0 +0.0 
} . m^b/UlO?.:! 186yi668E      5 

1° +0.C 
11 +0.0 
12 .716»<U6Vl 3995236862058t     U H 
V                                                            +0.0        12 

15 .796U 7502137681t 760U672E      3        lu 
16 +0.0       15 
IJ                                                        +0.0 
1° .1579U57U23332687 178U9E     2        17 
19 +0.0 
20 vO.C 
21 .2U3902t«i902»43902»43902E   -1 

18 

+ 0.0 

n - 143 

20 

2-25 

.27 1877nU3058bü3662ü5E      I 
♦ 0.0 
♦ 0.0 

. lü8U6U5HbU19l8>4l46U07lE     U 
♦ 0.0 
♦ 0.0 

. 1U30 W'J26365U6U376930E     5 
+0.0 
+ 0.0 

10       .2 7.)'>6bJ06fc6Hniö72 72«4 7n     5 
+ 0.0 
+ 0.0 

13       . 1 !1673 :)H47623U589J4i4/lE     5 
♦ 0.0 
♦ 0.0 

16      . 101376ftb?b75827566633E     U 
♦ 0,0 
♦ 0.0 

19       .1713227vll530U29m;977E     2 
♦ 0.0 
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B m 
n 

n - U3 (Cont'd) 
m 

n - U5 (Cont'd) 

LOCKHEED  MISSILES & SPACE  COMPANY 

Table 2-1^.  (Cont'd) 
J 

21 ♦0.0 1U .169I197979088U3669737E     5 
22 .232558I3953U683720930E -1 15 ♦0.0 

16 ♦0.0 
n ' hh 17 .1272333M03713U1982U67E     U 

18 ♦0.0 
1 +0.0 19 ♦0.0 
2 ♦0.0 20 .I85015UU9U99883776U97E     2 
3 
i .298U2768707165112I298E     3 21 ♦0.0 
u ♦0.0 22 ♦0.0 

1 ♦0.0 23 .222222222222222222222E  -1 
.98358UU729761678U5907E     k 

7 ♦0.0 n - Ij6 
8 ♦ 0.0 
9 .3700228300UI062I98861E    5 1 .3bU70UU2«*U70165U71650E     1 

10 ♦0.0 2 ♦0.0 
11 ♦0.0 3 ♦0.0 
12 .276356»»0602956603U571E     5 h .lb9l26bbU21920507U072E     U 
13 ♦0.0 S ♦ 0.0 
1U ♦0.0 6 ♦ 0.0 
15 .U783Ulbl603>»U10585767E     U 7 .316688065iMH2892b0U03E     5 
16 ♦0.0 8 ♦ 0.0 
17 ♦0.0 9 ♦0.0 
18 .179809998611 n5UU175U3E     3 10 .8076U903U63533501820UE     5 
19 ♦0.0 U ♦0.0 
20 ♦ 0.0 12 ♦0.0 
21 .9bU9U0096971362322t»05E +0 13 .U60«*5267360n65755358t     5 
22 ♦0.0 1U ♦ 0.0 

15 ♦ 0.0 
n- U5 16 .6U9c.7069tl3U07U6Ö2898IE     U 

17 ♦ 0.0 
1 ♦0.0 18 ♦0.0 
2 .U99857I33083891529330E     2 19 .20767105692U9030ii2637E     3 
3 ♦0.0 20 ♦ 0.0 
14 ♦0.0 21 ♦0.0 
5 .50652U96291U8I8236122E     U 22 .9970b8337716530535067E   +0 
6 ♦0.0 23 ♦0.0 
7 ♦0.0 
8 .3880U3/971U 157803 I557E     5 
9 ♦0.0 

10 ♦0.0 
U .532587875016U92366581E    5 
12 ♦0.0 
13 ♦0.0 

) 

) 
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ü Table 2-14.  (Cont'd) 

m 

n ' hl 

m B ja 

n » li8 (Cont'd) 

( 

1 +0.0 
2 +0.0 
3 .Ub:?529H6b»*3615327b786C     3 
h +0.0 
5 +0.0 
6 .19Vü3165U9U28fa617313iC     5 
7 +0.0 
8 +0.0 
9 .96814 18836.-<002272U79U8e     5 

10 +0.0 
11 +0.0 
12 .9831 13LUn637858U5U3UE     5 
13 +Ö.0 
Hi +0.0 
15 .2*49707 I2271482UU369UE     5 
16 +0.0 
17 +0.0 
18 . 15769S0I6«478891751363E     k 
19 +0.0 
20 +0.0 
21 .19901lS033UI8093U699Ce     2 
22 +0.0 
23 +0.0 
2k .21276b91>7UU680a5l0638E   -1 

n = U8 

1 +0.0 
2 .7tj7206C7391U6äW4U667C     2 
3 +0.0 
^ +0.0 
5 .VUi4b6U»4h05UUSb6U67437E     U 
6 +0.0 
7 +0.0 
8 .9l7895H97862b322l8079u     5 
9 +U.Ü 

13 f n e o 
H . l665i40JU7102C7U271b9.S£     6 
12 +0.0 
13 ♦O.O 
lh .7U2936<069l7U70b377l2C b 
1^ +0.0 
16 +0.0 

17 
18 
19 

.8672b96299860475498U3E      U 
+ 0.0 
+ 0.0 

20 
21 
22 

.238069/'S0ii''17L2C^n.30h      ^ 
+ 0.0 
+ 0.0 

23 
2h 

.100862968b029231u2630E      1 
+ 0.0 

n - 1*9 

1 .t>i4776b9l737bb655ÜI32»*E      1 
2 + 0.0 
3 + 0.0 
h .3273U8V1236U2I663967UE     k 
5 + 0.0 
6 + 0.0 
7 .66?aS2U297210l0508636E      5 
8 + 0.0 
9 + 0.0 

10 .225309l3l882C8b33789S5E     6 
11 + 0.0 
12 + 0.0 
13 . 17ti3751069010023393t»8E     6 
11.. + 0.0 
1$ + 0.0 
16 .3605071389712bOI77U68E      5 
17 + 0.0 
18 + 0.0 
19 . 193263 I09553788W7056E     4 
20 + 0.0 
21 ♦ 0.0 
22 .2132997I98U0503289192E     2 
23 +0.0 
2h + 0.0 
25 .20U08l63265306122UUb9E   -1 
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m 

Table 2-ij. (Cont'd) 

% 

^■*j^ 

n - 50 

1 
2 

♦0.0 
♦0.0 

f     .rb1599207Ö9608696296UE     3 

6 

♦0.0 
♦ 0.0 

. 39566 1^668U222U857n3E     5 
7 +0.0 
8 ♦O.O 
9 .2U39U206931U35U378123E 6 

10 ♦O.O 
U- +0.0 
12 .326988U80982»i87738768E 6 
!? ♦CO 
ifi                                               +0.0 
15 . n652356U38l858609189E     6 
16 ♦O.O 
17 +0.0 
18 .nU0O82617nU7381531UE     5 
19 ♦O.O 
20 +0.0 
21 .2710859782353U6670236E     3 
22 +0.0 
23 +0.0 
2h . 101970086223180909526E I 
25 +0.0 

[r!ote added in proof:- The user who wishes  to conserve storage 

In an electronic computer may find it convenient to replace Eq. 
(2«22o) by 

-1) 

) 

1=1 

where,  if we let  [•••] be interpreted as "the integral part of", 

t» = (2n + 1) - 3[(2n + l)/3]    ,    K = [ (2n + l)/3] - [n/2] 

For example,  if n = 10,  we would have \i = 0, T. = 2}  if n = 11, 

we would have n- = 2, K = 2j   and if n = 12, we would have n = 1, 
K = 2.] 
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G As in the discussion following Eq.   (2-21),  we recognize the coef- 
-1 -1 flcionts in the expansion of x    tanh   x and observe that the 

( 

c 
^ 

behavior of -r (q)  for the cases in which the magnitude of T°? IS s s 
large is given "by 

'X. (q)  « < + 4=5 tanh-^V^/q)     ,     |v^/q|   < * 
V^s 

Since this result suggests that we must require that the magnitude 

of yt^/q. be less than unity in order to employ the expansion in s 
Eq. (2-22), we see that as the magnitude of T00 increases, the re- 

s 
gion in the q-plane for which this  expansion can be employed 
"shrinks" until it coalesces upon the "point at infinity," This 
is in sharp contrast with the expansion In Eq.   (2-21)   since it 
can be employed in ever enlarging regions  in the q-plane as  the 
magnitude of T° increases. 

We observe that the roots for q = 0 and q -»- co lie along the line 
arg(q)  = 60°,   and lie in the first quadrant of the T;-plane.  Much 
attention has been given in the literature  to the study of verti- 
cally-polarized waves propagated over the  convex interface between 
free space and a highly conducting homogeneous sphere.  In this 
case,   the impedance parameter has a phase of the order of l\.S0* 
We will refer to these as the "Watson modes" since this was  the 
type of problem in which Watson   (and later van der Pol and Brem- 
mer) was interested nearly fifty years ago.  Since World War II 
there has developed an interest    in the propagation of vertically- 
polarized electromagnetic waves over the convex surface of a per- 
fect conductor which is either 

a)   slightly rough 
"b)   covered with a thin dielectric layer,  cr 
c)  corrugated* 

These modes were discussed in a paper by Elliott  (Ref.  12)  and we 
shall therefore refer to these as the "Elliot modes."    The  very im- 
portant problem of absorbing layers upon a convex surface can be 
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often shovm to correspond to the case in which the impedance 
o 

parameter q has a phase of the order of 90 •    Therefore,  the 

applications which are being encountered are such that it be- 

comes quite important to be able to find the roots n;  iq) for 

an arbitrary value of q.    Therefore,  it has become important to 

study the behavior of the logarithmic derivative qta)  in order 

to understand the mapping specified by the functions T  (q) and 
s 

q(j)« The mapping is found to possess certain critical values 

T«(q) for which s 

J 

^s^c^V^/V^ (2-23) 

We often refer to these points as the "saddle points."    It will 

be observed that these points are singularities for the differ- 

ential equation for dt/dq given in Eq.   (2-18) 

Imag T 

2.0 

1.5   • 

1.0   • 

0.5   ■ 

W-LU") 

wi'(TJ)  - 0 

* Real rj 

) 

Pig, 2-1    The Logarithmic Derivative qk)  - W^TJ/W^T) 

(   phase , modulus) 
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c In Pig. 2-1, wo have attempted to illustrate some of these 

properties of the logarithmic derivative function qCx), with 

emphasis upon illustrating the saddle point, the Watson modes, 

and the Elliott modes. A more detailed illustration is given 

in Pig. 2-2 

( 

) QS 1.0 1.5 2.0 2.9 3.0 35 4.0 4.5 

Realr 

Pig« 2-2    The Logarithmic Derivative qk)  = w '(T)/W1(T) 

( ■        phase , modulus) 
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The critical points TS correspond to points at which two modes 
coalesce.    They are very important in determining the radius of 
convergence (in the q-plane)  of the series which we have given 
in Eqs,   (2-21)  and   (2-22),     The first two of these points have 
been located at 

qc « 1.73lexp(il9.290)        , qc * 2.135exp(123.52°) 

The approximate location of the first 20 saddle points (or criti- 

cal points) is given in Table 2-5« For s > 3, these critical 

points can be found from an asymptotic representation« From the 

definition given in Eq. (2-23), we see that the location of the 

critical points Is equivalent to the problem of finding the roots 

of the function ffo) = [W^T)]2 - 'ü[W1(T:)]
2
. We can show that 

Table 2-5 

THE CRITICAL POINTS T° AND s CORRESPONDING VALUES  OF qc 

s Real  T° Iraag 1:° 
S 

Mod q,. Arg qc   (deg.) 

1 2.3^ 1.869 1.731 19.29 
2 3.118 3.347 2.135 23.52 
3 3.771 4.573 2.433 25.25 
k H*2 5.658 2.672 26.21 
5 kM 6.658 2.875 26.83 
6 5409 

5.89iL 
6.358 
6.804 

7.591 3.053 27.26^ 
7 8.472 3.2n 

3.358 
27.586 

8 9.311 27.036 
28.036 9 10.114 

10.888 
3.491 

10 7.234 3.616 28.200 
11 7.651 11.636 3.732 28.337 
12 8.056 12.361 3.Ö41 28.1^53 
13 8.450 

8.Ö35 
13.066 3.945 28.553 

14 13.752 4.043 28.640 
15 9.212 14.423 4.137 28.717 
16 9.580 15.078 4.227 28.785 
1? 9.941 15.719 4.313 28. 8i;5 
18 10.295 16.3^8 

16.966 
4.396 28.900 

19 10.643 
10.986 

4.475 28.949 
20 17.572 4.552 28.994 
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i o v.. Tif)  is a solution of the differential equation 

^ . ^ <£ + 2f = 0 
dT^     dx 

This differential equation can be used to generate a Taylor series 

for tii).  If we then use the fact that fCxf) = 0, we see that the s 
finding of the roots is reduced to the problem of inverting the 

1 series «>  (n) 

f(T°)   =  0   =  f(T)   +  r(T)(T°   -  T)   +2    f n,       X   -  T)11 

P ' n=2 
Since f^T)  = -  [W^T)]     and fix) = -2w1 (T)W1'(T),  it is a rather 
straight foward calculation to find a more accurate value of T^ • s 
once we know W^(T) and w^'(T) at a neighboring point i:. 

0\ir study of the asymptotic location of the T« for s -> oo has indi- s 
cated that they can bo represented in the form 

Tg = S(s)exp[i(iii - T(s)] (2-2lj.a) 

where 

t.        SU) = (3A){X2 + Y
2)*  ' T(3> = ft^OfA) 

where X = X(Ji)  and Y = Y(s) possess the asymptotic behavior 

log(12ns) 
X(3) ■ 2its -     (2-2i;b) 

S  -+ oo 2its 

3 
Y(s) > log[l2Tis log(12Tis)] (2-2l;c) 

S   -♦•  oo TtS 

If we  study the behavior of the lines of constant phase in Pig.  2-2 
o o 

^ we observe that when 30 < arg q < 210    that  all the root loci which 
0 oo start from T move along paths that end up at T , However, for 

o " o ' S 
-150    < arg q < 30    there is a type of root loci which starts from 

♦ T^ but which "slips  away" and runs off to infinity.    We will desig- s 
nate this root as T0(q)»    Prom Pig,  1,  we see that the root T:0{q) 

corresponds to ^(q)  for -139«2    < arg q < 19.2 ,   to 12^ for 

-li|.3.i; < arg q < -139«2     and 19.2    $ arg q < 23#l4.0,  etc. 
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For the  special case of the surface wave modes which wo have 
designated as the "Elliott modes," the impedance parameter is 
characterized by arg q = 0 •    For this case we can compute T0(q) 
for q » 2 by means of the relations 

Real T0(q) « q2 + ii + 1_1+_6 JL+114,, +539 
2q V 32    7 32   10 

1    , 8337    1 
512   13    2048    16 

q q 

J 

, 9659    1    . 416349   1 
512    19       4096     22 

q q 
+ O(q-25) (2-25a) 

Imag T0(q)  « 2q exp .3 . 1 - 

6^27 

1536q 
T? 

7 31 

I2q3      kB^ 

21;8025 

15360q15 ] (2-25b) 

The asymptotic expansions which we have given in Eq«   (2-25)  for 
the case of q real  (i.e.,  arg q = 0 )  can also be  employed to 
obtain asymptotic series for T0(q)  for -IfjO    < arg q < 30° if 
we write 

) 

9      1 1 9 ^    7 
^(q)  «  [qd + - - + ...] + i2q expf- - q-5 - 1  -   ... 3      (2-26) 

0 2 q ^ 3 

where further terms in the expansion can be obtained from Eqs. 
(2-25a)   and  (2-25b)  where now the values of q are complex« 

In Pig«   2-3 wo have indicated the regions in which one  can employ 
the representations for T_(q)  which we have given in Eqs«   (2-21), s 
(2-22)   and  (2-26)«    The boundary for Eq«   (2-26)  has been drawn 

with dashed lines because this is an asymptotic representation 
and the  expansion does not possess an exact boundary outside of 
which it can be employed«  It is important to observe  that there 
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( 

( 

I 

as 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

Pig.  2-3    Boundaries  for Regions of Applicability of 
Eqs,   (2-21),   (2-22)  and  (2-26) 

are root loci   (computed on the basis of Eq.   (2-21))  which start 
from q = 0 at T      and which cannot be "Joined"  to the root loci 
vcomputed on the basis of Eq,   (2-22)) which start from q = » at 

T".       Since the expansions given by Eqs.   (2-21)   and   (2-22) be- 
come useless  (from a practical point of view)  before  the theoreti- 
cal boundaries are reached,   there are considerable "gaps" in the 
complex q-plane which cannot be reached by employing these clas- 
sical expansions« 
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2,3 The Root Locus for the Ground Wave Problem 
) 

Before we continue with the discussion of methods for the numeri- 

cal evaluation of the roots T-Cq)» let us consider in more detail 

the root locus which we have referred to as the "Watson modes," 

Up until ahout a decade ago the only interest in these roots was 

that which arose out of the problem of predicting the dlffract- 

tion effects associated with the propagation of the ground wave 

around the earth's surface» The rapidly advancing technology 

associated with the development of missiles and satellites has 

opened up a "broad new range of problems in which the microwave 

engineer requires the ability to predict the diffraction effects 

when radlowaves are radiated from (or received by) an antenna 

mounted upon a convex surface. Another broad.new area of Inter- 

est is that associated with the radar reflection characteristics 

of bodies whose shape includes include portions that come within 

the scope of the problem of reflection from and diffraction around 

convex surfaces. The development of the laser has provided physi- 

cists with a source of coherent electromagnetic waves and now 

(Ref, 20) there exists an interest In this diffraction theory 

even in the range of the optical wavelengths. The recent paper 

by Streif er and Kodis (Ref. 21) is probably only the precusor of 

the flood of papers which will appear within the next decade in 

which the logarithmic derivative of the Airy funcVion will play 

a prominent role. 

Prom the rotational property of the Airy functions, we know that 

q(t) = ilÜl = axpdno slüas&Mi 
w1(t) v[texp(i|ii)] 

= expfif*)  Ai'ttexpd&U 
Ai[texp(i|*)] 

(2-27) 

Therefore, by rotating the contour plot given in Pig. 2-2 and 

) 
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( 

( 

c 

by relabeling the lines of constant phase, we obtain the contour 

plot of the logarithmic derivative L(t) = Ai'(t)/Al(t) which is 
given In Fig. 2-4. 

Let us consider briefly a problem in which both the logarithmic 

derivative q(t) = w1'(t)/w1(t) and the logarithmic derivative 

L(t) = v'(t)/v(t) occur.  In the study of diffraction by circular 

cylinders we have to solve the two dimensional differential equ- 
ation 

[: ö"   . i a   . i   a4   a .2 ^ + — — + —w   ' w + k 
ap"    p ap    p   a<p 

'   ^(p,^) = (2-28) 

Let the electrical properties of the cylinder be characterized by 
k-L while that of the outside is described by k. The cylinder has 
a radius a. We will use an exp(-la)t) time dependence. Since the 
wave must be outgoing at infinity and finite at p = 0,  we choose 

-S.8 -9.0 -2.9 -2.0 -1.9 •0.9 0.9 1.0 

RIAL f 

Pig,  2-i|. The Logarithmic Derivative L(t)  = Ai'(t)/Ai(t) 
(—  phase , modulus) 
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a solution proportional to 

exp(±iu(p) H^^kp) »  P > a 

where 

exp(±iu<p)  Jyd^p) 

, 2        2 

p < a 

p > a 

2        2 
ICL = w e1ii1 + ia\i1a1      ,  p < a 

(2-29a) 

(2-2913) 

In electromagnetic diffraction problems which involve a circular 

cylinder, there are generally two cases of interest: 

(a) T = E_ , electric field parallel to the axis of the cylinder 

(b) ^ = Hz , magnetic field parallel to the axis of the cylinder 

The continuity requirements on the electric and magnetic field at 

the interface p = a lead to an eigenvalue problem for the deter- 

mination of the roots u definad by 
s        v 

l^k J (k1a)H
(1)'(ka) - ^J' (k1a)H(1) (ka) = 0 , f = Ez   (2-30a) 

s     s s     s 

^ J (k1a)H^ ;'(ka) - ^kJ' (k1a)HuMka) = 0 , ? = Hz   (2-30b) d) 
's 

) 

If the magnitude of k* is much greater than that of k, we can 

show that the magnitude of k^a is much greater than the magnitude 

of us (for small values of s if we order the u_ and let u^ be the 

root with the smallest imaginary part, up be the root with the 

next smallest imaginary part, etc») and then we can use the ap- 

proximation 

Ju(kla) 

~  « -i /(^a)2 - of /{*,*) 
s 

(2-31) 

) 
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( 

Therefore, we find that we have to solve the problem defined "by 

H^'Oca)   f -KnVVlk^l*)2 ■ "I /(kla) ' ? = EZ  
(2"32a, 

H{1)(ka) -i(li1lc/li(k1)v
/S^02 - u2 /(V) » ^ = Hz  (2-32b) 

When ka is very large,  there are roots n    which are In the vicin- 
ity of \3    - ka.     Therefore, we can uee  the Lorenz-Nicholson asymp- 

5 
totic approximation 

H^^ka) « - (i/v^)(ka/2)"*w1(t) 

where w1(t) is the Airy function and t is defined "by 

u = ka + (ka/2)3t 

Therefore, we can employ the approximation 

(2-33) 

(2-3l|.) 

H(1)'(ka) 
J^s  

H
y8  (ka) 

, n    ^-'(t) 
« -(ka/2)^ —  

w1(t) 
(2-35) 

to obtain the following problem which Is  to be solved for  the 
roots t_ 

ts =  (ka/2)   a{Us  - ka) 

defined by 

V(t0) i 
J: 2-.« i(ka/2)*< 
wl^s) 

, f = E 
k (k. a) z 

likj^ ^(kj^a)    - u 

^1 

^k /(^a)2 - of 
(^a) 

, f =He 

(2-36) 

(2-37a) 

(2-37b) 

If we make the further approximation of replacing u    t>y (ka)  in 
s 

the radicals of Eq, (2-37} we can express the eigenvalue problem 
in the form 
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w/UJ K      ^=E
Z 

(2-38a) 

WlUs) Qu       ,    f = HB (2-38b) 
3* 

where the Impedance parameters are 

qv = i(ka/2)*(k/k1)v/rilkA^T5 (2-39a) 

qh = i(ka/2)^(k1A)>A -  (k/^)2    = (ki/k)^      (2-39lD) 

Although we have derived Eq.   (2-38)  for the case of a circular 
cylinder,  the analysis for the lossy dielectric  sphere leads to 
an identical equation in the limit as ka -+ »,    If the diffracting 
ohstacle is lossless,  we observe that 

arg(qv)  = arg(qh) = 90° 

However, if a^ » we1, we find that 

arg(qv)  = ij.50 

arg(qh)  = 135° 

Therefore, we observe that 

k? <  arg(qv) < 90° 

90° < arg(qh) < 135° 

Most of the papers published to date have dealt with the eigen- 

value problem defined by Eq» (2-38), This approximation is gen- 

erally adequate for the problem of studying the propagation of the 

ground wave around the earth's surface« However, in problems 

which arise in the applications of microwaves, the condition 

that ^a be much larger than ka is not satisfied in many of the 

situations for which data on the propagation phenomena is desired. 

Let us sketch a method which can be employed under much less 

stringent conditions than those which must bo satisfied in order 

to have the problem reduce to Eq« (2-38). 

2-I4.O 

J 

) 

■ 
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( We need an asymptotic approximation for the Bessel functions 

which is valid when both ka and 1c, a are large, hut the relation 

Ik^al   » | ka|  need not hold.     A suitable  asymptotic estimate is 

that which was employed in the raid-l930,s by Langer and which has 

been employed in the more recent studies made by Olver   (Ref.  22), 

In order to simplify the asymptotic formulae,  let us make a few 

definitions.    Let ^ = ^(z) be defined by 

| ^3/2 = log[(l + yfi. - z2)/z]  - y/l  - z2 (2-l4.Oa) 

and then define 

^)  =  [kK/i1 " z2)]1^ (2-ii.Ob) 

?^)  = 2/[z#^)] (2-Ii.Oc) 

The Langer-Olver asymptotic estimates  are  then given by 

V£ HJ
1
)   (oz)   « -i§(^)u^w1(o*^) (2-ip.) 

V^Ho
(1)'(u2)   «    i^)u^wJ(o% (2-ij.2J 

V^T J'(oz)  « -v?(^)u,^v'(u^) (2-[|4) u 

In order to use Eqs. (2-^1) through (2-ijij.) in Eq. (2-30), we de- 

fine the quantities z and z^ and <; and £^ by means of the rela- 

tions 

z = ka/üs ,        z1 = ^a/ug 

K  = S(z) *        ^i = ^(zi) 

and then observe that the logarithmic derivatives  of the Bessel 

functions which occur in Eq.   (2-30)  can be expressed in the form 

c 2-if.l 
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HJ^dca) 

J^j 
^^a) 

, /    w((u^) 
- 2u^(üAa)V[l -  (ka/o)V(lK)]    -^-a- (2-^5) 

- aoHco^a)^! . (l^a/ü)2/^!)] ^^y     (2-1^6) 

J 

The subscript s on \3a has heen suppressed in writing Eqs.   (2-i|.5) 
s 

and   (2-i|6),    we can then replace Eq,   (2-30a) hy the asymptotic 

app roxima t i on 

w1(u^) 
= r 

v'(uf «l) 

v(uf ^) 
V>3   -    (kla)2 

u? -    (ka)2 

„ 1 

(2-47) 

where 

We can replace Eq, (2-30b) by a similar equation in which the only 

difference is that r is replaced by r • 

Eq. (2-1^7) provides an example of the direction in which future 

work will undoubtedly be directed. In Eq. (2-38) the right hand 

side is a  constant, whereas in Eq. (2-47) we not only have a right 

hand side which is variable, but it has the interesting property 

of involving the logarithmic derivative of the Airy function v(t). 

In some situations we may expect to find roots for which üa « k^a 

and k* a and ka tre widely enough separated that we can use an, 

asymptotic estimate for the left hand side of Eq. (2-i|7) and then 

find that the problem to be solve is 

) 

*'<4si> Ai'b* q) 

v(of Si)   Ai(u* Si) 
- P(ua,k1a,ka,r) (2-46) 
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I 

where PCugjk^ajkajT)  may in some problems "be so slowly varying 
that we can consider it to he a constant and  therefore ilnd that 
the problem to be solved is 

v'(t)  - P v(t)  = 0 (2-I|.9a) 

xirtiich is equivalent to 

wj[t©xp(i^0] - Pexp(-i^rt) w^texpU^)] = 0  (2-^9b) 

We want now to turn away from this more general problem and look 

more closely at the classical ground wave propagation problem» 

However, we hope that the reader sees from the discourse above 

that there exists many more reasons to study the roots of 

w1'(T) - q W1(T) =0 

than merely the fact that this equation plays a fundamental role 

in the problem of propagation of radio waves around the earth's 

surface« 

The calculations made by van der Pol and Bremmer (Ref. 6), Norton 

(Ref, 13), Wyngaarden and van der Pol (Ref. 9), and Johler, et. 

al« (Ref. 15) have all been made for specific frequencies and 

electrical properties of the earth«  Such calculations play an 

important role in specific engineering applications. However, 

from the point of view of making calculations which can be adapt- 

ed by the potential user to a class of problems, there are advan- 

tages to be had by following the procedures which were employed 

by Domb* (Ref. 19) and Belklna (Ref. 17). 

Although the reference is to a paper by Domb, the author would 

like to remind the reader that this work was primarily under the 

technical direction of M. H« L. Pryce. The calculations were made 

in 1914.2-ij. by the Admiralty Computing Service and the contributors 

included J. C. P. Miller, L« Pox, D. H. Sadler, R, H. Corkan, P. 

H« Haines, R. 0. Taylor, and E. M. Wilson. 
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In the tables of Ref.  19,  it is  assumed that the impedance para- 
meter q is of the  form 

q = QexpUi^S0) 

where Q is real and positive» Calculations were made for the 

first five roots for 

J 

Q = 0,0(0.1)1,0 , and ^ = 0,0(0.1)1,0 

In Tahle 2-$ we list the values that were obtained for the first 

root ^i (q) "by Domb and his co-workers. The "tic" marks that ap- 

pear on the locus for 1^5 (the "Watson modes") correspond to the 

entries in Table 2-6» 

The present author feels that there is a definite advantage in 

the presenting of the results in terms of dimensionless parame- 

ters in the manner employed hy Pryce and Domb (Ref, 25), Pryce 

(Ref. 210 and Domb (Ref. 19)»  In order to emphasize this point, 

we present in Table 2-7 the values for the root ^(q) which were 

obtained by Johler, Walters and Lilley for the case of propagation 

over typical land (t^ =  15, o^ = Q,00J? mho/m) and over typical 

sea (e^ = 80, a^ 5 mho/m) for frequencies between 0 and 2000 kc. 

Table 2-6 

THE ROOT tx  AS CALCULATED BY ADMIRALTY COMPUTING SERVICE 

Q Real Ti 
0.0 0.509 
0.1 0,604 

0,698 0.2 
0.3 0,790 
0,1]. 0.880 
0.5 0.967 
0.6 1.050 
O.Y 1.128 
0.8 1.201 
0.9 1.267 
1.0 1.326 

Imag T-, 

0.882 
0.862 
0,850 
0,814.8 
0,85k 
0,868 
0,891 
0,921 
0.958 
1.002 
1.051 

1/Q 
0.0 
0.1 
0,2 
0.3 
0,ij. 
0.5 
0,6 
0,7 
0.8 
0,9 
1.0 

Real T^ imag T-L 

1.169 2.025 
1.24.0 1.953 
1.311 1.877 
1.383 1.790 
l.W I.685 
l.ltfY 1.559 
1.510 1.1420 
1.1^86 1.293 
1.14.39 
I.383 

I.I69 
1.110 

1.326 1.051 
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c Table 2-7 

TABLE OP ROOTS ix(q) OBTAINED BY JOHLER, WALTERS AND LILLEY 

( 

f 

el = 15 el = 80 
Frequency 

(kc) a = 0« 005 mho/m 0 = 5 rtiho/m 

Real T^ Imag T^ Real T 1  Imag i 

0 0.509li 0.8823 0.509U 0.8323 
0.1 0.5115 0.8811 0.5095 0.8823 
0.2 0.5131 0.8813 0.5095 0.8823 
0.5 0.5173 0.8802 0.5096 0.8822 
1.0 0.5235 0.8786 0.5098 0.8822 
2 0.53li6 0.8759 0.5102 0.8821 
3 0.51^7 0.8735 0.5105 0.8820 
h o.551i2 0.8711 0.5108 0.8819 
5 0.56314 0.869li 0.5111 0.8818 
6 0.5722 O.8676 0.51114 0.8818 
7 0.5808 0.8659 0.5117 0.8817 
8 0.589? 0.86Ii3 0.5119 0.8816 
9 0.597ii 0.8628 0.5122 0.8816 

10 0.6055 0.861U 0.512U 0.8815 
20 0.6801 0,8519 0.51U8 0.8809 
30 0.7ii77 0.8Ü83 0.5170 0.8803 
50 0.8696 0.85U2 0.5210 0.8793 
60 0.925U 0.8625 0.5229 O.8788 
70 0.9782 0.8739 0.52l;8 0.8783 
80 1.0281 0.8879 0.5266 0.8778 
90 1.0753 0.901^5 0.528k 0.877li 

100 1.1197 0.9233 0.5301 0.8770 
200 l.Ulll 1.19Ui 0.5U63 0.8731 
300 I.I1628 1.U552 0.5612 O.8698 
hoo 1.U573 1.6096 0.5752 0.8669 
500 l.hl73 1.6992 0.5B86 0.86Uii 
600 l. 38.35 1.7538 0.6016 0.8620 
700 1.3569 1.7906 0.6112 0.8600 
800 1.3361 1.8171 0.6261; 0.8581 
900 1.3193 1.8373 0.638U 0.8561i 

1000 1.3055 1.8531 0.6502 0.85ii9 
1100 I.29I4O 1.8660 0.6618 0.8536 
1200 I.28I43 1.8766 0.6732 0.852li 
1300 1.2759 1.8856 0.681i3 0.8513 
HiOO 1.2687 1.8933 0.6951i 0,8501; 
i5oo 1.2623 1.8999 O.7062 0.81;97 
1600 1.2566 1.9057 0.7170 0.81i90 
1700 1.2516 1.9108 0.7276 0.8^85 
1800 0.2U71 1.915U 0.7380 0.8ii8l 
1900 1.2U30 1.9195 0.7hBh 0.81i79 
2000 1.2393 1.9232 0.7586 0.81;77 
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40.69 
!      T? = 0.50914- + 10.6823 

io.87                                  "^tr—^^ 
1                                                            •• ko 

X» 
^__^-Q = o.l 

+0.85 

1 1 1 1  —1—  1 1  

0.50 0.52 0.514. 0.56 0.58 0.60 0.62 

J 

••0.85 

O.63 

•0.65 

0.65 

20.0 

Q a 0.2 \ 

0.67 0.69 

0.76   0.78 

0.71 0.73 

-*- 
3o.a Mt/j 

0.75 

Pig. 2-5 The Root Locus of T^L [ Qexp Uij.50) ] f or 0 < Q < o./j. 

In Pig. 2-5 we have presented (in  strip form) a greatly magnified 

version of the root locus for arg(q) = 1;50 which has been illus- 

trated in Pigs. 2-1 and 2-2. Over this range it is not possible 

to distinguish between this locus and the locus of points which 

are obtained from the tables of Ref. 15 for f -equencies up to 

Ref. 15 con be used to extend Table 2-6 to 10,000 kc. 
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SO  kc over "typical land" and up to 3000 kc over "typical sea," 

The portion of the locus which is given in this figure is an in- 

teresting region "because it contains the "minirnuin" in the imagi- 

nary part of ^[Qexpd^0) ] which occurs between Q = 0,25 and 

0«30«  This occurs for a frequency of the order of 30 kc over 

"typical land" and of the order of 2000 kc over "typical sea." 

The data given in Ref« 15 reveals that when the frequency is 

10,000 kc that the corresponding value of Q is of the order of 

unity in the case of "typical sea." If one plots the data of 

Table 2-6 for the case of "typical land" on a scale such as em- 

ployed in Pig. 2-5, it will be observed that as the frequency 

continues to increase that the locus pulls slightly away from 

the locus for arg(q) = I4.5 • The reader who is interested in the 

relation of the impedance parameter to the frequency will find 

tables in Ref. 15 for quantities denoted by K and \|/ .  The rela- 

tion to q is 

q = 3rexPCi(t + ^)] 
e 

In Fig, 2-6 we have plotted several sets of data which are related 

to the behavior of the root locus for high frequencies when ^(q) 

approaches u^ =  l»i69 + 12*02$  as the magnitude of q tends to in- 

finity.  The lowest set of points (labeled NBS DATA) is taken from 

Ref, 15 for the case of "typical land," The highest frequency 

considered was 10 Mc, The highest set of data in this figure is 

the root locus for arg(q) = 45 •  Over the range covered by this 

illustration these two loci are virtually parallel. The reader 

will observe that the magnitude of q on the locus based on the 

data of Ref. 15 is of the order of l0 at a frequency of 3 Mc. 

The CCI.R» atlas of ground wave curves which was prepared by 

Wyngaarden and van der Pol does not overlap with the data of 

Ref, 15 since the frequency range is taken to be that from 30 Mc 

to 30° Mc, Furthermore, the electrical parameters are not the 
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T:* = 1.169 + 12.025 ) 

Pig.  2-6    Loci of Roots in Vicinity of T" = 1.169 + 12.025 for 
Propagation Around the Earth's Surface 
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( same in the two sets of calculations. The parameters employed 

were as indicated "below. 

Source 
Johler,  Walters 
and Lilley 
Ref.  15 

Wyngaarden and 
van der Pol 
Ref.  9 

"Typical Land" 
e1  = 15 

a^  = 0.005 mho/m 

t'i = 10 

o^ = 0.001 mho/m 

"Typical Sea" 
£! = 80 

OA   ^ 5 mho/m 

e1 = 80 

a*   ~ k- mho/m 

I 

The curve for "typical sea" in Fig, 2-6 is virtually parallel over 

to the curve for arg(q) = i\.S0»    The frequency has not "been taken 

to "be large enough for us to see how the locus of the roots for 

propagation over the "typical sea" approaches the limiting point 

at TJ. However, the curve for "typical land" in the C.G.I,R. 

atlas do show the manner in which that locus turns and heads into 

the limiting point along the locus for arg(q) = 90°.  The atlas 

prepared hy the Radio Research Laboratory (Ref, 23) covers the 

frequency range from 30 to 10,000 Mc , hut the roots which were 

employed to make the calculations have not been listed in the 
report. 

Except for the "tic" mark which is used to mark the location of 

the root for q = 0.1exp(i[i.5o), all the "tic" marks on the locus 

for arg(q) = I4.5 are taken from the data published by Bolklna 

(ref, 1?)•  The method employed by Bolklna deserves further study 

because it is perhaps the most useful method of presenting data 

which has been developed to date.  In Eq. (2-39) we have given 

expressions for the impedance parameters for vertical and hori- 

zontal polarization.  They depend upon a, u, e1, n1, and o1.  In 

the ground wave problem the radius a Is fixed (although it also 
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varies if we talct  into account the fact that tho concept of an 
equivalent earth's radius  is employed  to  take  into account  the 
rate of change of the index of refraction at  the earth's  surface«) 
but we still have the three variables co,  e^#   and a^ even in those 
cases for which n^,   = 1.     Following a suggestion make by Pock, 
Belkina used   the approximation 

) 

y/l   - (k/k,)2  * 

Vf + (k/k^2 

v;hich is valid when the magnitude of (k/k^) is small« Belkina 

then observed the manner in which the frequency o enters the ex- 

pression for q of Eq» (2-39a) and assvimed that q could be re- 

presented by an expression of the form 

q =  *n (2-50) 
Vi + on 

This expression has the advantage of containing only two para- 

meters and therefore it is possible to conceive of making computa- 

tions for a range of values of a and n which will servo to cover 

a range of values of co, e^* and a^-       This is a very clever 

transformation since we have two adjustable parameters at our 

disposal in Eq« (2-50) and the physical problem consists of two 

basic variables, the \^avelength and the physical nature of the 

earth's crust over which the wave is being propagated.  The fact 

that the properties of the earth's crust requires two real para- 

meters, e^ and a^» for its description forces us to consider the 

diffraction phenomena to depend upon at least three variables 

(three only if we assume ^i to be constant and equal to the value 

of [i  in free space)« The advantage of the form for q given in 

Eq« (2-50) is that we have only 2 parameters to vary and hence it 

becomes feasible to attempt to compute some universal data which 

can be used in a variety of physical problems« In Table 2-Öa we 

have reproduced Belkina's table which shows the combination of 
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I Table 2-8a 

TABLE  OP VALUES OP THE PARAMETER  log n SHOWING DEPENDENCE UPON 

PHYSICAL NATURE OP THE SOIL OR  SEA AND ON THE WAVELENGTH X 

Physical Very- Slight ^Slight- Marsh Damp Dainp 
Nature Salty ly iy Soil Soil 
of Sea Sfllty S&lty and and 
Soil Water Sea Sea Meadow Meadow 

Water Water Soil Soil 

i 80 80 80 15 15 15 

23. 2.10» 1.10« 2.10» 1.10» 1.10» 2.10» 

3 0,010 0,018 0,024 0,010 0,023 0,031 

X 
(meters log n 

10 0,425 0,844 1.021 1,44 2,04 2,22 
20 0,124 0,543 0,720 1,143 1,744 1,924 
30 -0,052 0,367 0,544 0,967 1,568 1,748 
40 -0,177 0,242 0,419 0,842 1,443 1,623 
50 -0,274 0,145 0,322 0,745 1,346 1,526 
60 -0,353 0,066 0,243 0,666 1,267 1,447 
70 0,420 -0,001 0,176 0,599 1,200 1,380 
80 -0,478 -0,059 0.118 0,541 1,142 1,322 
90 -0,520 -0,110 0,067 0,490 1,091 1,271 

100 0,575 -0,156 0,021 0,444 1,045 1,225 
200 -0,876 -0,457 -0,280 0,143 0,744 0,924 
300 -1,052 -0,633 -0,456 -0,033 0,568 0,748 
400 -1,177 -0,758 -0,581 -0,158 0,443 0,623 
500 -1,274 -0,855 -0,678 -0,255 0,346 0,526 
600 -1,353 -0,934 -0,757 -0,334 0,267 0.447 
700 -1,420 -1,001 -0,824 -0,401 0,200 0,380 
800 -1,478 -1,059 -0,882 -0,459 0,142 0,322 
900 1,529 -1,110 -0,933 —0,510 0,091 0,271 

1000 -1,575 -1,156 -0,979 -0,556 0,045 0,225 
1100 1,616 -1,198 -1,020 -0,597 0,004 0,184 
1200 -1,654 -1,235 -1,058 -0,635 -0,034 0,146 
1300 - 1,689 -1,270 -1,093 -0,670 -0,069 0,111 
1400 -1,721 -1,302 -1,125 -0,702 -0,101 0,079 
1500 -1,751 -1,332 —1,155 -0,732 -0,131 0,049 
1600 -',779 -1,360 -1,183 —0,760 -0,159 0,021 
1700 -1,806 -1,386 -1,209 -0,786 -0,185 -0.005 
1800 - 1,830 -1,411 -1,234 -0,811 -0,210 -0,030 
1900 -1,854 -1.435 -1,258 -0,835 -0,234 -0,054 
2000 -1,876 -1,457 -1,280 -0,857 -0,256 -0,076 

Note:Belkina expressed the conductivity of the earth In the form 
a /a where a is the conductivity of the earth and a0 is-the con- 
ductivity of mercury which was  taken to be 10l\k.O  (2 cm;« 
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Table 2-8b 

THE FUNCTION q(a,n)   = 

) 

in 

y H-on 

\mm |      a »0.03 1            •' = 0.01 lg« 
|    Re? «Im? 1       Re« |       InW 

-1.0 |   0,1037891 }    0,1037371 - 0.1038409 
-0,9 1   0.1257434 ,1256642 |    0,1258225 
-0,8 0,1523415 0,1522206 i    0,1524621 
-0,7 0,1845660 1    0,1843816 0,1847498 
-0,6 |   0,223607 |    0,223325 I    0,223887 
-0,5 . \          0.270906 1    0,270476 0.271333 
-0,4 1   0.328210 !    0,327555 0,328861 
-0.3 j   0,397635 0,396635 0,398628 
-0,2-. 0,481746 0,480219 0,483259 
-0,1 0,583649 0,581317 0,585953 
0 C 707107 , 0,703545 ;    0,710616 

0.1 0,856679 0,851236 0,862020 
0,2 1,037891 1,029569 1,046016 
0,3 1,257434 1,244705 1,269788 
0.4 1,523415 1,503929 1,542180 
0.5 1,845660 1.815804  ' 1,874132 
0.6 2,23607 2,19027 2,27921 
0.7 2,70906 2,63873 2,77429 
0,8 3.28210 3.17393 3,38050 
09 3,97635 *3,80968 4,12430 
1.0 4,81746 4,56015 5,03891 

1,1 5,83649 5,43841 6,16599 
12 ! 7,07107 6,45394 7.55738 
13 ! . 8.56679 , 7,60847 9,27653 
14 10.37891     ! 8,88952     i 11.39862 
15 12.57434     1 10,26164 14.00751 
16 1 15,23415 11,65625 » 17,18642 
17 18,45660 12.9648     ! 20.9998 

»8 | 22.3607      | 14.0434     \ 25,4659 
19 27,0906      | 14,7388 30.5303 
20 32.8210 14,9365     j 36.0599 

21 39.7635      | 14,6074 41.8749 
22 48.1746      { 13.8223 47.8098 
23 58.3649     | 12,7195     1 53.7664 
24 70.7107 11.4522 59.7293 
25 1 85.6679     | , 10.1478     | 65.7465 
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Table 2"Öb (Cont'd) 
a 

THE FUNCTION q(a,n)   =-?=== 
• /-ha« 

Ig'il 
a > -0.02 a *s 0,03 

Reg |     Im 9 Rtq 1     Im 9 

-1,0 0,1036851 0,1038927 0,1036330 0,1039444 
-0,9 0,1255848 0,1259014 0,1255018 0,1259836 
-0,8 0,1520995 0,1525824 0,1519780 0,1527024 
-0.7 0,1841967 0,1849331 0,1840111 0,1851159 
-0,6 0,223043 0,224166 0.222760 0,224444 
-0,5 0,270045 0,271758 0,269612 0,272182 
-0,4 0.326896 0,329509 0,326232 0.330152 
-0,3 0,395628 0,399613 0,394613 0,400591 
-0.2 0,478678 0,484757 0,477123 0,486240 
-0.1 0,578958 0,588229 0,576573 0,590476 

0 0,699931 0,714070 0,696268 0.717469 
0.1 0,845695 0,867256 0,840058 0.872384 
0,2 1,021061 1,053939 1,012373 1.061652 
0,3 1,231620 1,281748 1,218199 1.293298 
0.4 1.483770 1,560182 1,462987 1.577381 
0,5 1,784680 1,901119 1,752413 1,926529 
0,6 2,14211 2,31944 2,09188 2,35658 
0,7 2,56400 2,83385 2,48563 2.88730 
0,8 3,05767 3,46777 2,93526 3.54298 
0,9 3,62843 4,25036 3,43735 4,35271 
1»0 4,27717 5,21731 3,98016 5,34946 

1.1 4,99680 6,41087 4,53962 6,56711 
1.2 5,76723 7,87812 5,07600 8,03403 
1.3 6,54979 9.66574 5,53436 9,76282 
1.4 7,28329 11,80968 5,85280 11,73901 
1.5 7,88683 14,31989 5,98001 13,91601 
1.6 8,27453 17,16533 5,89537 16.22415 
1.7 8,3824 20,2709 5,61860 18,59365 
1.8 8.1948 23,5356 5,2007 20,9779 
1,9 7,7519 26,8668 4,7034 23,3633 
2.0 7,1316 30,2098 4,1810 25,7645 
2.1 6,4198 33,5565 3,6717 28,2121 
2.2 5,6878 36,9341 3,1979 30,7423 
2,3 4,9835 40,3885 2,7700 33,3909 
2.4 4,3338 43,9710 2,3908 36,1908 
2,5 3,7502 47,7310 2,0588 39,1718 
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a and n which are required to describe the variables e., o^  and 
X which enter into  certain diffraction problems.     In Table 2-8b 
we reproduce the   table given by Belkina which presents the values 
of q which result from use of the combinations of a and n which 
are contained in the  tables»     The reader will observe that nega- 
tive values of log n  (i.e., n < 1)  lead to combinations of the 
real and inaginary parts  of q which are  almost equal and  there- 
fore the  argument of q is  of the  order  of b.5 •     However,  for 
large positive values of n   (and a > 0),   we  see  that the imaginary 
part of q grows much faster than does the peal part«    Therefore, 
these data reveal  that the family of root loci which are based 
upon Eq«   (2-50)  will parallel  the locus   arg{q)   = [\.S0 for small 
values  of n? but  then will pull away from this  locus and turn to 
approach T^  along a line  which is parallel  to  the imaginary axis. 

Diffraction theory needs  the ingenuity and inventiveness T.-hich 
leads to  the recognition of the importance of models such as  that 
contained  in Eq.   (2-50)«     Since  the  electrical properties  to be 
assigned  to an obstacle are often not known exactly,  it would be 
a great  advantage  to have  the calculations  which  are published 
have their basis  in a relationship  similar  to that   of Eq«   (2-^0) 
which will permit  the  construction of a family of universal  curves 
which can be relatively easily adapted  to  a wide  variety of ap- 
proximate physical models« 

The importance of seeking universal curves  is  clearly indicated 
by the C«C«I«R.   atlas   (Ref«  9)«     It is not possible  to plot  the 
roots for horizontal polarization on the graph given in Pig.   2-5 
because they are all closely clustered around T^

0
.     This suggests 

that the approximations suggested in Appendix E  (see Eq.   (E-7) 
and  (E-8))  could be used  to obtain the data for horizontal polari- 
zation from the universal functions computed for q = «,    The im- 
portance of these  concepts was apparently appreciated by Pryce 
and Domb   (Ref.  25),  but later writers have apparently not been 
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( 
influenced by this relatively unknown work which was carried out 
in England during World War II, 

The papers of Norton  (Ref. 13)  and Pryce and Domb  (Ref,   2^)   are 
seldom referred to "by recent writers.     However,   these papers  are 
a "must" on the reading lists of those who undertake   numerical 
work in diffraction theory.    These men were not writing a paper 
just to add another paper to their list of publicationsj   they 
were writing to try to guide engineers towards the obtaining of 
numerical results for the practical problems  that they might 
encounter. 

Our discussion of the root loci for  the ground wave propagation 
problems have led us away from our development of numerical 
methods for solving for the roots and associated functions.  HOVJ- 

ever,  we are   entering   an era in which we  can expect an increase 
of interest in diffraction phenomena.     Even if scores of atlases 
are prepared v.'hich will illustrate tr.e dlffraction phenomena 
associated väth dielectric spheres   and  circular cylinders,   the 
chances  are quite  large that the engineer who wants an ansxjer will 
'nave difficulty in interpolating when the  oxisiting data have been 
obtained for a set of values of the  electrical parameters,   the 
radius  a,   and  the wavelength.      Even with the ability to employ 
the  electronic computer to make calculations,  it is  still worth 
keeping in mind that if one  can find a means  of computing a 
"universal" function that one might not need to get back on the 
computer to make  a completely new computation when one is  faced 
with the problem of changing the parameters  of the problem. 

In Appendix C we have given some coefficients which will enable 
the user to calculate  (on a desk calculator)  the roots for arg(q) 
in the vicinity of 1+5° and for arg(q)  in the vicinity of 0°.  These 
two cases  appear to bo the ones in which there is the most in- 
terest at present« 
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2#^ Nxmerlcal Values for the Classical Expansions 

The expansions which are designated as Eq« (2-21) and Eq. (2-22) 

have teen employed in the papers of many writers since the first 

several terms were given in the classic papers of van der Pol and 

Bremmer (Ref. 6).  Norton (Ref. 13) gave the first several terms 

with numerical values for the coefficients,  Howe (Ref* 11^.) dis- 

cussed the ohtainlng of numerical values of A^  and Bn on an elec- 
tronic computer. Johler, Walters, and Lllley (Ref. 15) have given 

(in a slightly different notation) the explicit dependence of the 

coefficients upon %  for terms up to and including A1O(T) and 

If one wants specific numerical values for the A (T) and Bn('r)* 

the use of the explicit forms for these coefficients as a func- 

tion of T is to be discouraged since the coefficients (as has been 

shown by Howe (Ref. lij.) and by a group at Leningrad University 

(Ref« 16)) can be readily obtained by means of recursion formulae. 

Per n > 2, the recursion formula for the An is 

^o^ = -C^-^AlVl + ^n-2)^2 " 1)An-2 + (n-3)A3V3 

+  ...  + 2An-2A2 + An-1A1] 

n-1 

= (n.2)An.2 -^iaAraVin '     (2-51) 

m=l 

where A0 = ßsexp(i^ii)   and A^ = 1.    For n > 3,   the recursion for- 
mula for the 13    is n 

^n '" BlBn-3 + 2B2Bn^ +--«+^-2)Bn.2Bl +  ^-l)Bn^B0 

n-2 

^^^-»-2 (2"52) 

m=l 
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( where B = asexp(i^), B1 = 1 and B2 = 0. 

Since the A^(T) and B (T) are complex quantities, the calculations 

"based upon Eqs, (2-51) and (2-52) are somevjhat more involved than 

one might suspect. However, one can readily see that each of 

these quantities must be of the form of a real number times the 

factor exp(ijratt), where m is an integer. This is quite obvious 

since each of the explicit forms is representable as an integral 

power of T multiplied times a polynomial in z = T in which the 

t coefficients are real.  Since t = a exp(i-^]i) or -r ^ ß oxp(i^ji), 
3    3    3    3 s s 

T = -a„ or i    =  -ß„, and hence the polynomial is real.  If one s s 
"plays around" with the explicit forms for a while, it becomes 

clear that a suitable set of real coefficients can be defined 

by means of the relations 

Cn(ß) = An(T)exp(-i^)exp(ifmi)  ,  T = ßexp(i^)      (2-53) 

Dn(a) = Bn(T)exp(-i^)exp(-i#nn) , -z  = aexp(i^Ti)      (2-510 

Eqs.   (2-21)   and   (2-22)   then take  the forms 

c 

CO 

Ts(q)   =  [   ßs  +]£ Cn(ßs)q
nexp(-ifnn)]exp(i^i) (2-55) 

n=l 
00 

xa(q)   = [  aa + Y] Dn (a3)q"nexp(ifnit) ]exp(Iju) (2-56) 

The expressions in the brackets   [•••] hecomes purely real when 
q = Qexp(if7t)  or q = Qexp(-i^Ti),  where Q is  real and positive. 
In this case  the roots T. (q)  lies  along the  ray arg(T)  = hi and 
we observe  that this  is illustrated by  the root loci depicted in 

Pig, 2-2#     In Table 2-9 we present values  for the coefficients  C 
for use in Eq,   (2-55)   for s = 1(1)5,    Similar tables   of   the 
coefficients Dn for use in Eq,   (2-56)  are given in Table 2-10, 

(Text continues on p,   2-6i|) 
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Table 2-9 

COKPPICIENTS IN TH£ EXPANSION OP T (q) IN SERIES OP POWERS OP q s 

8-1 

; 

n cn 
0 0.10l879279l6ii7h7108902E 
1 0.98lc;536^93h56561i33h97E 
2 -O.U7283779^25397li03UlOljE 
3 .13hhO«313929hü7296E 
h -.71602938P859209580269E 
$ -.98771428212063769602U7E 
6 .201288ii7l68iiU997li7356E 
7 .13U6211803^0 263637829E 
8 -.566681835101367906905E 
9 -.1919U5a8h8676593l239$E 

10 .l55571l57li351i53h98596E 
11 .l89l6689089679lli3lU38E 
12 -.U08702510997938817908E 
13 .2ia79O8l4285059739UO22E 
Ik .10051iIa2li693377Ü37802E 
15 -.2U60[il27l^3l58l3l4l821E 
16 -.2 232577296 269529li3829E 
17 .1081i57l40096Uoi9667067E 
18 .J4O97096668Ü9016856983F, 
19 -.380091iil6h7h586776771E 
20 -.Ü232222252U2223595'775E 
21 .11617 5l7hl571700ii8886E 
22 -.10Ü9l80ii636ll55007696E 
23 -.3IÜ82I4 30296256 J68 517 3E 
2li .92U5296l6068753951i93üE 
25 .737928h6770l56l020502E 
26 -.Ul8h23398ll879769ii258E 
27 -.13U77li620393338729UiOE 
28 .l5l2li6lia57li5878l508lE 
29 .98706365l58l3198aoi66E 
30 -.ii72963i<52703912O22557E 
31 .6572528323318507U5U67E 
32 .129Ü 3890327127 3956629E 
33 -.U613Ü2576725111W6893E 
3h -.299la065860il3875279U6E 
35 .20lUii823552l6207383U2E 
36 .503723lil365009U383ü8lF 
37 -.71968806609m023U3l87E 
38 -.739ii09839l68562907067E 
39 .2229111096U1159852383E 
UO -.U3U50039839U768561335E 

n 
1 ho 

+0 l4l 
+0 UZ 
+0 h3 
-2 hh 
-2 US 
-2 h6 
-2 hi 
-3 he 
-3 h9 
-3 50 
-h 51 
-U 52 
-5 53 
-h 5a 
-5 55 
-5 56 
-5 57 
-6 58 
-6 59 
-7 60 
-6 61 
-7 62 
-7 63 
-8 6h 
-8 65 
-8 66 
-8 67 
-8 68 

-10 69 
-9 70 

-10 71 
-9 72 

-10 73 
-10 7h 
-10 75 
-11 76 
-11 77 
-13 78 
-11 79 
-12 80 

0n 
-.li3U50039839U76856l335E -12 

-0.5993658372OO3519722U8F, -12 
.2577626O0026li3i435788hF -12 
.132779836380198636363E -12 

-.107UU29138 36100U657 95E -12 
-.19lU2?288013fJ78239OO6E -13 

.37U3907913h68762659U5E -13 
-.17666U37h633hll73ijOl8E -lli 
-.1133710761i570359588ll|E -13 

. 290137 ?li0005Ui4lli85875F. -Ik 

.295l9U8528Iil013236586E -Ik 
-. 15 2 30115 3U 266ii9 31307 OF -lU 
-.611338778961273750177E -15 

.606l5l93o909ö89276592F -15 

.66506395Ü0809U9U87951E -16 
-.20ii9525327l5l89013238E -15 
.2l678887050098l05l550E -16 
.60237l5ii078ii8U58366ii7E -16 

-.195119U6278U6379U3738E -16 
-. I5oi9li59909 321402 3156 2F -16 

.928U55715668)4973U9781F -17 

.282h);5?308929?9076226E -17 
-.35367^3U9Ui7950502971E -17 
-.l580 3605765732h02l670F -18 

.ll5736298ü79553011iia0E -17 
-.19l8l76655671900a6526E -18 
-.328336U29li37.36)4979l83E -18 

.129851a 29913717537579E -18 

.77[i86[il871üB3178ll008E -19 
-.5766a8l0893608u78U2U5E -19 
-.126511778667U23999569E -19 

.?107li3U9h62059793Ul85E -19 
-. 376i!li689028[l6B?7 3U860E -21 
-.666167U92773U029636UE -20 

.l5l8771lU266209778liil4E -20 

.l8lii3l8l729565l?269l5E -20 
-.86768 67 U 31 .663U096336E -21 
-.39931899U693012515689E -21 

.36222565i;5675l3220069E -21 

.5199U7252851616508885F, -22 
-.127232J1I976377352U608E -21 
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Table 2-9   (Cont'd) 

COEPPICIENTS  IN THE EXPANSION OF T   (q)   IN SERIES  OP POWERS  OF q 

s = 2 

n 

0 .32ii8l975821798 3653788E 
1 .307B630U5l48903360881i2E 
2 -0.ll5895765B5lli3720362 E 
3 -.30?lOii?3227l6698O9li76E 
h .50T636U0151679U28U515E 
5 .Ii96357li8 316817 315UW1E 
6 -.16 300168^1'3U79iili796J4E 
7 -. 867500.^17^35101')9251E 
8 .U93ii6h3Uii3117006U2769E 
9 .13iil378722039752l;3362E 

10 -.lUl3U597983lUUl9ii0990E 
11 -.1135236Ii8020lil9922238E 
12 .38096788 30377U8295575E 
13 -.3U181U629228917655617E 
lh -.9^1536690790386831721E 
15 .25857 311ii727559952U03E 
16 .2128998052ü262Uii63328E 
17 -.109777188099395559095E 
18 -.39007077117699U339800F 
19 .3807505ii99337U09780U2E 
20 .3866922276058929107 35F 
21 -.115967611967868557819E 
22 .lll5h5U920101226d36?3E 
23 .31362ii352U3l622371733E 
?h -.93616 39 ?0Uli7 2059768 21E 
25 -.73ii933h5l691h03001706E 
26 .i(203752h222967669355UE 
27 .13li01l61i9965973U37688E 
28 -.151552226809119708002E 
29 -.96925889li7l678985ii955E 
30 .Ü73391658285887383021E 
31 -.66ll66927h69U86ii06l8iiE 
32 -.129li35hii59ß639i:öii5358E 
33 .ü6?l6299liU0958e25O939E 
3h .299Ü22979722732188682E 
35 -.?0l6l?935661i3:i57650U3E 
36 -.5035^612789976318 3811E 
37 .7200OU5'U890996Oll5O2E 
38 .7335?35765iill23i496U35E 
39 -. 222969009666513222ia8E 
UO .h3h6766968h6899579207E 

E = 3 

n n 
1 0 . U8200992111787 35639Ü0E 1 

+0 1 .207U6u6093753ln 88666811; +0 
-1 2 -0.]ii6U8006ii5975l91658   E -2 
-1 3 -.lUl55oi60hhli320033007F -1 
-2 h .10703302li6lOU7620853ltf -2 
-2 5 . 1702818613iiii96l51i08 37E -2 
-2 6 -. 2lai 21909196 35U7 5ii901S -3 
-3 7 -.2372l4O232898OU5l60655E -3 
-3 8 . 523878l05U099U26860li9E -h 
-3 9 .3U720586U561U81U25397E -h 
-3 10 - .1108li729320666862019nE -h 
-h 11 -.509262971019762066958E -5 
-h 12 .2293Uiili32003U35231376E -5 
-5 13 .7199279902U5891298779F -6 
-5 Hi -. li6U6758 36922533221622E -6 
-5 15 -.926805103766U39269921E -7 
-5 16 .921857331996273102090E -7 
-5 17 . 939977i4ii9l8oU6565562ljE -8 
-6 18 -.17883258U0177l8981i382E -7 
-6 19 -.226866192977U92983902E -9 
-7 20 .3383liOÜ27iil9252037liU7E -8 
-6 21 -.2539878U98UU268536819E -9 
-7 22 -. 6 2157569U0102 38 39860ijE -9 
-7 23 . 10U37^O82050OU7 31252E -9 
-8 2h .11010 360 3200657 OU1250E -9 
-8 25 -.302 32657019 321717U59I4F -10 
-8 26 -. I058I0I0957867060172I4E -10 
-8 27 . 761675U50137 2i;0960198E -11 
-8 28 .29222052257793U860157E -11 

-10 29 -.1770275581178 299 35726E -11 
-9 30 -.li0788806l67839688l451i9E -12 

-10 31 .3886a386269919582222^ -12 
-9 32 .I4 3621*7386021380888751E -13 

-10 33 -. 8111142705578 2162970277E -13 
-10 31 -.82 2Wi987U867lU9U7ia70E -15 
-10 35 .l635293Ul266589l6U2liliF, -13 
-11 36 -. Iii2868 310022 2851407985E -lh 
-11 37 -. 3lU3U6l27li891l9969692E -lh 
-13 38 . 5959270l806U8U259270liE -15 
-11 39 .575205522 2222262 38022E -15 
-12 liO -.177196226505388955337E -15 
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Table 2-9 (Cont'd) 

COEPPICIENTS IN THE EXPANSION OP T (q) IN SERIES OP POWERS OP q 

) 

s ■ ii s = ^ 

n Cn 

0 .6163307 3556 39li8651i761jF, 
1 .l6225o51i8657936lO2033E 
2 -0.21356U2360567h5068l   E 
3 -.87l885888l08ii83636903li; 
U .li02Ul06l98ü28?5876??7E 
5 .8 351690615791607 38271E 
6 -.7l51ai7172979l8Ub3230E 
7 -.9hoU'3U57760li9k75J4866OE 
8 .12325080669lil4l967ü755E 
9 .1135561$ 36006185256 38E 

10 -. 207 9U29li6l 38092999 ?31E 
11 -.lUl552083lli838959iiOh5E 
12 . 3ü528893ao80386U28785E 
13 .178310l535761i532298llE 
lU -.565714 3U68169250793020E 
15 -.223398o?378596h98328lE 
16 .9l586ii6l3690261|05795l4E 
1? .27li00383332279258l555E 
18 -.lU65809l4l261i089365525E 
19 -.322l567669U6l5657Ui82E 
20 .23195U836896550163320E 
21 .3Ü987618 5077911130826E 
22 -.3628lU929O5901O13OOii7E 
23 -. 3208160106 36808886667E 
2h . 5605857 a9l05978553231F 
25 .16617U6372561453008339F 
26 -.85U7217250Ua55760li28E 
27 .23856ii6U92056081i5l232E 
28 .120UO37878O2OOO396711E 
29 -.11112U6255 26267 ii36876E 
30 -.1896570557 351i0362127OE 
31 .28226292 357253la7322l4E 
32 .27U576 3601661127777114E 
33 -. 5988799779211708 30U55E 
3U -. 38787 8Ul61i28699593968E 
35 .1161122U3130160990110K 
36 .53093252725658021380iE 
37 -. 2128 350137 314951366795E 
38 -.696lU37966330ii5599963E 
39 .37li87086672Ui77213762E 
UO .856136183U99375Ü99007E 

n 

1 0 
+0 1 
-2 2 
-2 3 
-3 h 
-3 5 
-h 6 
-h 7 
-h 8 
-h 9 
-5 10 
-5 11 
-6 12 
-6 13 
-7 lh 
-7 15 
-8 16 
-8 17 
-8 18 
-9 19 
-9 20 

-10 21 
-10 22 
-11 23 
-11 2h 
-12 25 
-12 26 
-13 27 
-12 28 
-13 29 
-13 30 
-111 31 
-Ik 32 
-15 33 
-15 3U 
-15 35 
-16 36 
-16 37 
-17 38 
-17 39 
-18 UO 

n 
.7372177?550l4777017709E 1 
. 1356^51378U7885376500E +0 

-O.12I479083712U633133I   E -0 
-.61102UO121U52966726O6E -2 

.196956720l5U579785lokE -3 

.1*926 363955PUO?93ö712l4E -3 
-. 2937 39U7879lloliöo6902F -h 
-. ll69iaa35570?789üG017aE -U 

.U25278U2539589003U599E -5 

.ii628986IiUU3ii376956019E -5 
-.60142107U3853502578962E -6 
-.5172559235U93U3302118E -6 

,8lj680795l8ii5l075875l9E -7 
.5662222U830737716826»E -7 

-.117li08786069l555l87UüE -7 
-.62601ü5l2li6927117253üE -8 

.161306 389701828703652E -8 

.692921199U7117U813863E -9 
-,2198l70728l3ia3395l25E -9 
-.7618796038Ü25U0392693E -10 

.2972B5U8575ij0833U7592E -10 

.825l671l4036626l595929r -11 
-.3991269701iUi8Ji>l8l272E -11 
-.870853U773O7795U989ii9E -12 

.53199ii5667309l5210OO3E -12 

.88079013677591U933886E -13 
-.703920256953288535l90r -13 
-.8279317502821463915706E -lU 

.92li391820918759622175E -lli 
,672761927061615099381E -15 

-.120h30U23707U091lU5U2E -lh 
-.35855911i2730li92700989E -l6 

.1555692259593h2660292E -15 
-.19^05975168616173696E -17 
-.1991105129560051I52571IE -16 

.109889316153168559930E -17 

.2522U20722U033U733227E -17 
-.25069168323850U9ii8922E -18 
-.31588O90O6Ü96259202O2E -18 

.U626557614337535659503E -19 

.39031;3629727189369135E -19 
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Table 2-10 

COEFFICIENTS IN THE EXPANSION OF x (q) IN SERIES OP POWERS OP - s q 

8-1 

n 
0 O.2338l07laol69767O38a9E 1 
1 -0.100000000000000000000E 1 
2 O.OOOOOOOOOOOOOOOOOOOOOE 0 
3 .779369l368l99223ii6l63E +0 
h -,250000O000000OOO0OOOOE +0 
5 -.10933U92$25693755t)787E 1 
6 .909263992956576070523E +0 
7 .l61»7li0570689507l£Wi22E 1 
8 ..26lt226069370932laliUOIE 1 
9 -.213710ii0551i6052l832li9E 1 

10 .69l693lal2752889231$6E 1 
U .112297788720957886992E 1 
12 -.l66366387lt32300987771E 2 
13 .656326l8b'51i50653l6075E 1 
lit .3635U91138bCGla81a5laE 2 
15 -.36651»9831925517812206E 2 
16 -.69016031»52055705261A25E 2 
17 .1316150U56058U39IK)331E 3 
18 .96l3862l9lU76086389laE 2 
19 -.393l»08li08913159305757E 3 
20 ..2136719962£2882l*55892E 2 
21 .10328l5l51i36985573212E U 
22 -.557005Ui05853982l75U5E 3 
23 -.238l019ii6iaih83l8O5OlE h 
2li .289l»71311i67U802657l61E U 
25 .11585120061818597525 33E U 
26 ..10li80212lt890582268055E 5 
27 -.59616902586551i623599kE h 
28 .317985515060398198593E 5 
29 -,318078127520901200706E U 
30 -.81i2338l71333703320929E 5 
31 .599331JI»1288006U20111^: 5 
32 .19315128215863685901J6E 6 
33 -.28191J92899963U9905166E 6 
3U -.357111i653la25l2609012E 6 
35 .99ül3733782927656879liE 6 
36 .37 387 381*157 308876107 9E 6 
37 -.2976067097 30805582319E 7 
38 .797089li811675U89713151E 6 
39 .776lt5l2l8363028956l«U3E 7 
UO -.7006916313078259159UOE 7 

n 
ho -.70069l6313078259l59liOE 7 
Id -0.1729263B51205682109714E 8 
12 .302lj0269l*9098l2081»630E 8 
lt3 .296000O71565O89620851E 8 
UU -.102975125398930052371E 9 
1*5 -.191061717U92799559388E 8 
Ii6 .300923950953512690U32E 9 
1*7 -.13323236638790li713760E 9 
1*8 -.761222912713176726357E 9 
l49 .8509913291337017 80251E 9 
50 .16267588O891976768802E 10 
51 -. 31417883857 liU768603123E 10 
52 -.2|ffOli3062983368563710E 10 
53 .11219U5146138271726615E 11 
51* -.81531713li72223736281jl4E 6 
55 -.318350972971930095218E 11 
56 .1989782U9303328lU7561iE 11 
57 .780657 2061169369579U5E 11 
58 -.105ij6ll20000807U22780E 12 
59 -.15632972065935010U2Ö2E 12 
60 .3985237 35722135716625E 12 
61 .l963080li067l8763li20l6E 12 
62 -.1260911J661I1*3172167816E 13 
63 .229775799379091896537E 12 
6li ,3l)6lU9996770127l67665E 13 
65 -.2830017li993019l761i780E 13 
66 -.813561*32600507 35852laE 13 
67 .132197 256989378198077E lU 
68 .l50225ll881i7528990lili3E Hi 
69 -.li737li5720389li6lli39785E lU 
70 -.133li33575875li02257li7li£ Hi 
71 .llJili9ti561ili73025958993E 15 
72 -.525601236919508639310E Hi 
73 -.3825l80lil958l23898398E 15 
71 .3920936562li86l9l76020E 15 
75 .B51ili857569658982li8908E 15 
76 -.166790003306127 3li075lE 16 
77 -.llill9396700li0108228l9E 16 
78 .56999825 3336990 313lil5E 16 
79 .U799669li92717028ll900E 15 
80 -.l67565li76382liOlil05l72E 17 
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Table 2-10 (Cont'd) 

COEFFICIENTS IN THE EXPANSION OF x (q) M SERIES OP POWERS OP ~ 
s q 

J 

0 O.liO879li9liliUl309706l661iE 1 
1 -O.IOOOOCOOOOOOOOOOOOOOOE 1 
2 O.OOOOOOOOOOOOOOOOOOOOOE 0 
3 .13626U981L71032353888E 1 
U ..25OOOOOOOOOOOO0O0OO0OB +0 
$ .. 331*226613l55hlli233100E 1 
6 .l589758ll7l620l*lil2869E 1 
7 .9$8072li98l87l»66ll8l53E 1 
8 -.80771I*3l5l25581i396657E 1 
9 -.2896063239ii7006886556E 2 

10 .3769821292967 3685 38U2E 2 
11 .87799588209$U70272155E 2 
12 -.l67760105O2O3laIi2li762E 3 
13 -.255967606U932lt7866609E 3 
lit .721539U2689197U386250E 3 
15 .67U08ll232087l53U23laE 3 
16 -.30lU9li237U0l87$U27363E h 
17 -.13536l69U56la29la9UlaE h 
18 .122526U852802814000809E 5 
19 .157li767l668l860290l»09E 3 
20 -.li835235526l3lU25656UiE 5 
21 .20006U782665822597609E $ 
22 .l8Ui960027l9801956776E 6 
23 -.160211U£91821377U909E 6 
2li .•6752711i0633lt8361£66l8E 6 
25 .9li5821006563287773898E 6 
26 .2336586O8898229907O82E 7 
27 -.U90l9li3889l38651jUOOli9E 7 
26 -.7U2563511396239639021E 7 
29 ,2351a73292li6281J6l6321E 8 
30 .2020665696277 308910 38E 8 
31 -.106819168797585985831E 9 
32 -.36083l99951i8602782712E 8 
33 .l»62U23861195158l13ü0725E 9 
31* -.58l3521065Ut805958278E 8 
35 -.19lU99li5l90ll693581iU7E 10 
36 .11152 31668096U965U370E 10 
37 .75687 3375 397621.319870E 10 
38 ..8l68705l95l502371la01E 10 
39 -.283192995670739B77330E 11 
UO .U7636693O5O37814312220E 11 

0 0.552055982809555105913E 1 
1 -0.100000000000000000000E 1 
2 O.OOOOOOOOOOOOOOOOOOOOOE 0 
3 .181I01866O936518368637E 1 
U -.2500O000O0O00000OOOOOE *0 
5 -.60953l6l63116li7605221E 1 
6 .211j6881i377592711i30O77E 1 
7 .2385682682117 30906 38UE 2 
8 -.llj7303h739lil98l50U595E 2 
9 -,100Uo8o8li5793li0719111iE 3 

10 .93089li88066l5l59l6773E 2 
11 .li3699la7676693l869203E 3 
12 -.56351575 3786133821636E 3 
13 -.1923li8223313878665179E U 
Ih . 33190967 981i033li8361i91E U 
15 ,Glt220li5639l*6376258303E I» 
16 -.19156026667 31*67278722E 5 
17 -. 360831*01*152007 3565891E 5 
18 .10873I9l8893099lt81i2Ul*E 6 
19 .11*7971*67 3976llaU*2l5lE 6 
20 -.6o8o6OOl5755li9Ol*l*0192E 6 
21 -.5581il4261J53l695755255lE 6 
22 .335250812599213363659E 7 
23 .17586350760320351*2119E 7 
21* -.l822176008bll!jlO2297OE 8 
25 -.287O7072OL9l*862561*ltl*9E 7 
26 .9756386l320080920L211iE 8 
27 -.195l300389l6713la3993E 8 
28 -.5138738357328l713111aE 9 
29 .289882551*726960li39069E 9 
30 .26566l51*lB9056lli36602E 10 
31 -.2530L55llOl*22O9585852E 10 
32 -.13l»3523795992ö836l076E 11 
33 .l8652896l6li3li3077la35E 11 
31* .66l26b65733360568h3ö6E 11 
35 -.1260Ö526886612937893UE 12 
36 -,311a697001ü551*9980136E 12 
37 .806910306330725607 2li9E 12 
38 .lli2076288l39l*7656OO57E 13 
39 -.1*961*86728517105679651*E 13 
1*0 -.5952761*310771*7 3231U51E 13 
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( 
Tatle 2-10 (Cont'd) 

1 
COEPPICIENTS IN THE EXPANSION OP T<s(q) IN SERIES OP POWERS OP - S 4 

n D, n D. 

( 

0 0.678670809007175899873E 1 
1 -0.100000000000000000000E 1 
2 O.OOOOOOOOOOOOOOOOOOOOOE 0 
3 .226223603002391966626F 1 
h -.250000000000000000000E +0 
5 -. 921188133996909257102E 1 
6 .26392753683612396106UE 1 
7 .UiU;7739258l9637973U53E 2 
8 -.222620U65715919737132E 2 
9 -.23228352üU2201209735aE 3 

10 .173097283218019533699E 3 
11 .126U83119UG022^81|8301E h 
12 -.1291193iie07U697a9795l4E h 
13 -.70U;356656279ii05l3355E h 
lh . 9389088561396 37652it59E h 
1$ .396ii53872687ia;28U3ii53E 5 
16 -.6707l86865ll;87^77695E 5 
17 -.223liUU958939l£L8630ü2E 6 
18 .U72652hl73875l7293896E 6 
19 .12^109?h856069787U78lE 7 
20 -.3293h63212ü075Ia50219E 7 
21 -.689937578h7U802978072E 7 
22 .22723090h69hl4?8226376E 8 
23 .3706015602^8901527 36I4F 8 
2U -.155351878 3902 58h956lJ4F, 9 
25 -. 190612090l9556a51i5633E 9 
26 .1O52820259038B11598O7E 10 
27 .909 31*79637 ?5712870k2liE 9 
28 -.7072990l4lU97 392062528^ 10 
29 -.37292133126h62lUi5658E 10 
30 .U709508 398600016 3hhiiUE 11 
31 .9729903535165U5271368E 10 
32 -.3106561i9608l978U7179liE 1? 
33 .33iilOOl6397h23107lilh9E 11 
3h .20286911897967158776UE 13 
35 -.860188381526750810370E 12 
36 -.1310238798l2981i766356E lh 
37 .985üOü8977li2123353667E 13 
38 .8 3576911862 23005 3ij071E lh 
39 -.92l5U73276655238hl005E lh 
ho -.525531653958306525130E 15 

n 
0 0.79Ua33587120853123lliE 
1 -O.IOOOOOOOOOOOOOOOOOOOOE 
2 O.OOOOOOOOOOOOOOOOOOOOOE 
3 .26U8ohlt5290U028ii37U38E 
h   -.250000000000000000000E +0 
5 -.1262l85l69öOOii3266556E 2 
6 .308938528388033177011E 1 
7 .71^2625673015338 3981E 2 
8 -. 30502808 ?508U3789U178E 2 
9 -.ü3850981i0023860337373E 3 

.277722387611299512983E 3 

. 28l5970a 3881791580871E i; 
12 -.2ii2736672093095Uoo322E h 
13 -.l85773887oa725ll89273E 5 
lh     .20699851il9l806li75U035E 5 
15 .12Ü5U27J95656143700008E 6 
16 -.173599803803909220190E 6 
17 -.812217 3553930lh79890UE 6 

.1Ü3802ÜUU978587U72313E 7 

. 571296131911ii810630U8E 7 

. 11795878607 67800561i27E 8 
21 -,386839l68525765089033E 8 
22 .95968h3ii05U035ii019398E 8 
23 .2602ii2873753620300697F. 9 
2h -.775166338622123638896E 9 
25   -.173028616833558957695E 10 

.6?20179li8U53909056987E 10 

. 1129U0731678008807032E 11 
28 -.U96) 39157176117 2U86 2 3F. 11 
29 -.716856606 3061U633U992E 11 

. 39320 3952651806751U6UE 12 

.U35617688768703U77689E 12 
32 -.30983U8l32h3O9292886lE 13 
33 -.2U6l78iilii79U792126796E 13 
3h     .2l4267319li6U210232li360E lh 
35 .120705188769981359165E lli 
36 -.188891710891867397151E 15 
37 -.3968997639556613966 35E ll; 
38 .lli607U712U67919800538E 16 
39 -.1066U17372O12U32576U3E 15 
liO   -.1121830Ü09638U5279888E 17 

10 
11 

18 
19 
20 

26 
27 

30 
31 
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By using Eqs, (2-55) and (2-56) In Eqa, (2-21) and (2-22), re- 

spectively, i1 

sion formulae 

spectively, it can be seen that the Cn and Dn satisfy the recur- 

n-1 

nc«cr, = -(n-2)C„ 9 + >  mC G „ (2-57) on        n-2 ^^       m n-m -^'' 
rPT 

where C = ß and 0 C1 =1. In Program 2-1 we show an algorithm 

which will permit one to compute these coefficients. In order to 

relate the FORTRAN variables to the mathematical variables, we 

let N denote the largest value of n for which the G are desired, 

and we let the C be denoted in the FORTRAN program by 0(1),where 

n = !• Finally, we denote the value of ß_ by the symbol BET, The 

subroutine to accomplish the setting up of the array G(l), 0(2), 

C(3),•••|C(N) has been written to yield double precicion results. 

However, the author wishes to direct the attention of the reader 

to the manner in which the constants 0 and 1 have been inserted 

in a DATA statement. This feature is important because the use 

of 0.0D0 and 1.0D0 has been avoided in the program's executable 

statements and therefore the only changes that must be made to 

Program 2-1 

SUBROUTINE G0EPSQ(BET,N,C) 
DOUBLE PRECISI/N BET. C(N),ZERMNE,DFL0AT 
DATA ZER0,j(NE/O.ODO,i.ODO/ 
DFli(AT(KK) = DBLE(PLOA?(KK)) 
0(1) = ONE/BET 
0(2) = -O(1)»O(1)/(0NE + JZ(NE) 
DJ 1 I » 3,N 
HP = X - 1 
0(1) « DPI^AT(I-2)«C(I-2) 
TW 2 M = 1 MF 
0(1) » C(l5 + DPI^AT(M)«C(M)»C(I-M) 

2 CONTINUE 
0(1) « - C(I)/DPLOAT(I) 

1 OfNTINUE 
RETURN 
END 
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( 
convert tho program to single precision is to delete the DOUBLE 

PRECISION typo statements, the arithmetic statement function 

DPLCAT, and insert "DATA ZER0^NE/0.0,1 • 0/" in place of the DATA 

statement that appears in the program. 

In order to chock on tho numerical stability of the recursion 

formula in iio, (2-5)7), the calculation of the Cn(T°) in Tatde 

P.-9 was repeated in single- precision arithmetic.  The results are 

listed in Table 2-11, The process seems to be "self-correcting" 

since there are some entries which are good to only four figures 

in the middle of bhe table, "but the result for n = 80 displays 

agreement to six figures (after round off is used to write GQ0 = 

-0,l2723:,.ij]-2l). 

In order to obtain the recursion formula for the coefficients D n 
of Hq. (2-56), we need merely insert Eq. (2-5[(.) in Eq. (2-52) and 

find that 
n-2 

nDn =-2
mDmDn-m.2 (2-58) 

m=l 

where Do = a , D1 = -1 and Dp = 0.  In Program 2-2 we present an 

algorithm for the obtaining of the array D^jDpjD.,, • • • JDJ*. However, 

before we consider this program, we will make a digression in or- 

der to emphasis the importance in practical problems of the case 

It is a good programming practice to avoid the use of constants 

such as 0.0, 1,0, and 3.11115927 in the "body" of any program in 

which there exists the possibility that one might need to go to 

DOUBLE PRECISION since one would then have to replace many of the 

executable statements with new statements containing 0.0D0, 1.0D0, 

and 3.11^15926535097932DO, respectively. The use of devices such 

as ZER^,0NE,PI in the executable statements and the inserting of 

the constants by means of a DATA statement permits one to readily 

convert a program written in double precision to use it in single 

precision, or vice versa. 
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of q very large. We v/ill then introduce another array which is 

important in practical problems, and use Program 2-2 to set up 

"both of these arrays. 

In Fig« 2-5 we have presented several curves v.hlch show that for 

vertically polarized waves the cases in which q tends to infinity 

plays a vital role include virtually all cases of propagation 

) 

Table 2-11 

THE COEFPIGIEKTS 

n 0 n 

0 0,l0l8793OE 01    . 
1 0.9Ö155367E 00 
2 -o.:L72b3778E 00 
3 0.l5UUCS2it-00 
k -0.716027076-02 
5 -C.98774«i9He-02 
6 C.2012903bt-02 
7 C. 15«46l9S6E-02 
6 -0.566668626-0^ 
9 -C. I9l9557bt-03 

10 C. 155S7887L-05 
11 0. l8vn07U6-0U 
12 -C.U0{)66278t-0U 
13 C.?Ul5I776E-0b 
Ik       0. l'!C5623Vt-0U 
15 -C.2i46l6357fc-05 
16 -0.223l8IU0fc-05 
17 0. lC8i409b6e-0S 
18 C.'»lC0C339E-06 
19 -C.380268314L-06 
20 -G.U2217U50E-07 
21     c.n6nunt-06 
22 -0.1C4S678VE-07 
23 -0.5IS02187E-07 
21|       0.92b62826E-08 
25 C.7 3 7325U7t-Ö8 
26 -G.14I8G967IE-08 
27 -0. HU9»49Wt-08 
28 0.15li3817E-08 
29 a.982263UE-10 
30 -0.»4727l572ti-09 
31 0.65b9b900E-IO 
32 C.1295C?5dt-09 
33 -G.U6I6599'JE-I0 

«n^l' AS  COMPUTED  III SINGLE PRECISION 

n n 

3^ -0.29925379E-10 
35 0.201571361-10 
36 0.bOi+C9587t-n 
3? -0.7I986632E-n 
38 -0. 73(mU66t-13 
39 C.222871C7E-n 
^0 -C.U3i«31269e-12 
iji -C.S99US25CE-12 
ij.2 C.2578C2I3E-12 
^3 C.13276179E-12 
ijil -C. I07U3U66E-I2 
^5 -C. mu«)93UE-13 
ij6 0.374»40696E-lä 
kj -C.17673U79E-1U 
J8 -0.113367921-13 
ij.9 0.29012308E-IU 
50 0.29S2C079E-1U 
51 -C.15230350E-IU 
§2 -0.611328 7 76-IS 
53 C.606H»715E-lb 
5iJ. G.66b08U72E-16 
55 -C.20U9532CE-1S 
56 G.21679091t-16 
57 C.60237G29E-16 
§8 -0. I9t»l 1H66E-16 
59 -C.IS&I9U82E-16 
60 C.92bU5S2 7t-l7 
61 0.2H2UU5U5L-17 
62 -0.353675CbE-17 
63 -0.158037986-18 
61+ 0. llS73625t-17 
65 -C.1918169bE-l8 
66 -0.328336U5t-l8 
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67 
68 
69 
70 
71 
72 
73 
7^ 
75 
76 
77 
76 
79 
8c 
81 
82 
83 

85 
86 
87 
88 
89 
90 
91 
92 
93 
9k 
95 
96 
97 
98 
99 
10c 

n 

0.129Ö^392E-16 
0.77U86U586-19 

-0.5766l<7Uüt-19 
-C. >265l2nt-l9 
C.?1G7U336L-W 

-C. ■576I43S01L-21 
-C.666I6721L-2C 
0. 151876616-20 
0. lHlU3l8bE-20 

-O.H676aS27t-21 
-0. 399519U0L-21 
0.3622252 56-2 1 
C.51VVU96CE-22 

-0. l27?3IVAc-21 
G. 10C6C»423L-22 
0. i8?7?U12E-22 

-0.ll39UU86t-22 
-0.lCG7322dfc-22 
C.S7rt78818E-23 
C.202UC678E-23 

-0.229057356-23 
-G. l695UlU5f-2U 
C.77I4ÜH635L-21I 

-C. 10H5C7256-2»4 
-0.226837396-24 
0.rt?M'j5G39t-25 
0.55/536ii2t-2b 

-0. iH52G65lt-25 
-0.988333686-26 
0.1U53*477rt-25 
0. l26tlU5776-2^ 

-0.47271UUUL-26 
0.957212256-27 
0. 1327SOO0E-26 

• 

) 

' :'  ■-!'•&'' 
BtHSKa«» 



over land when the frequency exceeds several megacycles and all 

cases for propagation over the sea when the frequency exceeds 

several hundred megacycles. For the case of horizontally polar- 

ized waves, the case q = oo plays an important role throughout the 

wavelength range from the infra-red to the longest waves for all 

the values of the conductivity and dielectric constant which oc- 

cur in nature» These circumstances certainly justify our giving 

this case special attention.  It is noteworthy that Pryce and 

Dornt devoted their entire paper (Ref, 25) to a consideration of 

the limiting case in which q = «, 

■ 

i 

In mrny  cases,   the magnitude of  q xd.ll "be  so lavgu   that one need 

only used  the  approximation of En,   (E-7),  namely. 

cxp(i^Ts)   ~ exp(i^Tgjexp(i£/q) 

:imate the functions V/(x,y,y ,q 

in Eqs, (E-25) and (E-26) in the foil- oing manner: 

(2-59) 

to  approximate the functions V/(x,y,y  ,q)   and P(x,y,q)   defined 

W(x,y,yo,q)  « exp(ix/q)W (x,y,yo,oo) 

P(x,y,q)  a exp(ix/q)F<x,y,co) 

(2-60) 

(2-61) 

V/hon Eq. (2-59) is not sufficiently accurate, we can often evalu- 

ate the functions for large q by means of the expansions given below. 

Since this case of q -»• oo is so important, let us evaluate the 

coefficients Fn(a) in the expansion 

c 

dT;s(q) 
= 1 +^Pn(as)q"

nexp(i3-nT[) 

n=3 

(2-62) 

The reader will have to "look ahead" to the discussion in Section 

5 of the Olver relation and the "normalization constant" to grasp 

some of the reasons why this expansion is so important.  However, 
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we will assert   (without a demonstration of the method of proof) 
that the importance lies in the fact that the following relation- 

ship 

1 1 dTgCq) 

U  - vV^Hwf^n2    " [w^k")]2      d^ 

1 d-r   (q) 
5    —5  (2-63) 

l+n[Ai'(-a jr    da 

permits us  to  express   the  diffraction function V11(^,q)   in the 

form 
00 

"^ eXTDd^'I, v-^ expu 
V11(^,q)  = -2V^I^   2.    £ 

3=1     (T0  - q 

exp(i^:H) 

^    (TS  - q")[w1(Tg)]f 

J^    expd^J     dTg(q) 

S ["! (Tg)] dTg 

Therefore, with the aid of the coefficients D which are needed 

in Eq, (2-56) to compute T = T (q) and the coefficients P which 

are needed in Eq. (2-62> to compute d-r (qj/dT* , we can evaluate 

the diffraction function V11(^,q) for the case in which q is very 

large. Since V1l(^,q) is the diffraction function which is re- 

quired when both source and receiver are at a very great height 

(in terms of wavelength) we observe that this function will "be 

very frequently encountered in practice since the case of large 

values of q occurs in the high frequency range and it is there- 

fore going to generally be the case that the antennas for trans- 

mission and reception are at a "great height," We should also 

make the observation that the diffraction function V0(4,q) can 

be readily evaluated for the case of q -»• oo by expressing the 

residue series representation in the form 
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1 

v0(^q) = -i-fin <i  Li : r 1 - ^../q 

= -i -T.^exp(i^s) -f— (2-65) 
q  ^^        d(-) 

» Therefore, only the coefficients D are required in order to com- 

pute V (^,q) for very large values of q» 

By suitably combining the ideas employed to arrive at Eqs, (2-6L|.) 

and (2-65)» we can als0 evaluate the diffraction function V^^q). 

Since 

v-*  expd^-u ) 
S Vi^.q) = 2^2-»  T-2  ^-66) 

we need only observe that 

[(1 - Tg/q^'Ug)] 

to see  that we can express V^(4,q)  in the form 

1    rdnrjq) dTs(q)"l 

2) 

1 

v,(c,,) =. f^ y exptl^B' rfV£ ^i5    (?..66), 

These results reveal that the knowledge of the coefficients Dn 
and Pn permit one to evaluate the three types of diffraction func- 

tions»  Let us therefore return the to the development of the 

background theory for Program 2-2 in which these coefficients 

are to be computed. 

2-69 

LOCKHEED  MISSILES &  SPACE COMPANY 

Älfctf«*«»«^»*«' Vr.. - 



S^pfÄWWÄ&^V;-^" 3SB9IQRmS&3A8RWag^^^ ■ ... .■ ..-.■,        .      . ■   . ■ ■ 

) 

Since Pn(a)  = dDn(a)/da,   Eq.(2-58) leads  to 

dD (a) J^2 

p  (a) = —£  = -    >      niKK «. 5 + Dn,p« «. 5] n    ' j fc^rf     l m n-m-2        m n-m-2J 

da m=l 
n-2 

(n - 1) 
SPn,Dr,   «    ? (2-69) m n-m-2 

where P    = 1,  P1 = 0 and Pp = 0«    Program 2-2 has been used to 

set up an array for each of these coefficients.     In writing this 

program we have done what is  so often required in translating a 

Program 2-2 

SUBROUTINE LARGEQ(ALP,N,D.P) I ^ _, 
DOUBLE PRECISION    ALP,D(N),P(N),DPLjZfAT,ZER0,^NE,AN,ANl 
DATA ZER^.^NE/O.ODOJI.ODO/ 
DFI^AT(KK)   = DBLE(PI^AT(KK)) 
D(l)   = ALP 
D(2)  = -0NE 
D(3)   = ZER^ 
p(i) = ONE 
P(2)  = ZERO 
P(3)   = ZERO 
DO 1 I = k,N 
AN = DPLOAT(I-I) 
K    = 1-3 
D(I)   = ZERO 
P(I)  = ZERO 
DO 2 J = 1,K 
L        = K-J+l 
ANl    = DPLOAT(J) 
D(I)  = D(I)   + ANl*D(J+l)*D(L) 
P(I)  = P(I)   + ANl*(D(J+l)*P(L)   + D(L)^P(J+1)) 

2 CONTINUE 
D(I)  = - D(I)/AN 
P(I)  = - P(I)/AN 

1  CONTINUE 
RETURN 
END 
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mattiematical expression Into FORTRAN instructions - we have di- 

mensioned the arrays D(N) and P(N), but since we need a place to 

put D0 and P0, we have used the following convention 

D0 = D(l) Po = P(l) 

\  = D{2) P1 = P(2) 

D2 = D(3) P2 = P(3) 

DJJ^ = D(N)       PNä1 = P(N) 

The quantity denoted by ALP in the subroutine's argument list is 

the Airy function root a_ which is required in order to determine 

the coefficients for the root T0{q)» In Table 2-12 we give the com- 

puter output which results from running the subroutine contained 

in Program 2-2.  The case given in the table is that for s = 1, 

These tables were actually computed with the subroutine given in 

Program 2-3 rather than the one which is designated as Program 

2-2. We take this occasion to present the instructions contained 

in Program 2-3 in order to permit the reader to have an example 

of a program which employs the NPREC subroutines which have been 

discussed in the Preface. There is a one-to-one correspondence 

between the instructions in Program 2-2 and those in Program 2-3, 

but the use of the NPREC subroutines requires that one put in a 

number of additional instructions which enable one to employ the 

computer software which permits the working with 21 decimal digits. 

The reader who is unfamiliar with NPREC will notice that in order 

to store the numbers one needs three conventional 36-bit "words," 

it is necessary to set us an array such as D(3»51) in order to 

obtain 51 values of D, Also, since this is a PORTRAN II program, 

the use of adjustatble dimensions in the arrays is not possible 

and therefore the integer 51 appears explicitly because we set out 

to obtain the coefficients for n = 0, 1, 2,•••,50. 
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Table 2-12 

THE COEFFICIENTS Dn(a1)  AND P   (a^ 

J 

n Dn(a1) 

0 .2338107U10US976700COOE 1 
1 -.1C000C000000000000000E 1 
2 ♦O.O 
3 .779369136819S22332222E 40 
«I -.25OO0O000OO000OOOOOO0E 4-0 
5 -.10933U9252569375U7187E 1 
6 .909263992956S7Ö0SSS5UE +0 
7 .16U7U0570689507UU5l»Oi»E 1 
8 -.26U226069370932UQ5702E 1 
9 -.213710U055U6052163332E 1 

10 .691693Um27S288888169E 1 
11 .112297788720997851922E 1 
12 -.166366387U32300976017E 2 
13 .6563261855U50653i<i«eii2E 1 
lH .3635U91138»»00«*1806875E 2 
15 -.3665«»9831925517799523E 2 
16 -.6901603U5205570U26 150E 2 
17 .1316150U56058U3931255E 3 
18 .9813862191U7Ö08U377U8E 2 
19 -.393U08U08913159267568E 2 
20 -.213671996252882116077E 2 
21 .103281515U36985S6018UE U 
22 -.557005i»U058539823i»U08E 3 
23 -.238101946U11U831U2016E k 
2h .289i47131i»67i»802638095E U 
25 .U58512006U81859653U60E U 
26 -.10U80212U89058225627 1E 5 
27 -.S9616902586S5U6022592E U 
28 .31798551506039815U20E 5 
29 -.318078127520901523529E U 
30 -.81»2338171333703163827E 5 
31 .59933M»1288006U196210E 5 
32 .193151282158636813687E 6 
33 -.28l9i»92899963l»9875198E 6 
3% -.35711U653H12512«i95799E 6 
35 .99«I137337829276H10111E 6 
36 .37387 38i»«*573088530982E 6 
37 -.297606709730805521U8UE 7 
38 .7970891*81*67 5ii90000935E 6 
39 .776i»51218363028760U65E 7 
HO -.700691631307825876177E 7 

Fn(a1) 

.100000000000000000000E 1 
4C.C 
♦0.0 

.333333333333333333333E +0 
-C.C 

-.9352U296U183906799999E +0 
.388888888888888888888E *0 
.22»i2e«1S555C«6CH5£25EE 1 

-.2260170U9677777l»76666E 1 
..517U6UU91527850323975E 1 
.SCSCU18071362521780U0E 1 
.9ini27U5519882U51207E 1 

-.3053e6585U966558>»U333E 2 
-.7U73058831537l»U299052e 1 
.90068086568U22I«7£9 79 3E i 

-.329562820U317619U8952E 2 
•.23U5U6326U22511212139E 3 
.22!eif2«(»i!mi2n7?26E i 
.5227309l9U6e29996U612E 3 

-.992323025066159018309E 3 
•.EB^EUEJCCMnEJdCSSSHE I 
.33853U769300161UU809E k 
.i*37853i»76U01823925701E 3 

•.9SS96C11i»3eCC66323676E k 
.U95U93922692861108129E k 
.257U20606271768706578E 5 

-.30361*5112186U88398690E 5 
-. 55l»i»5l»61903272853268>» E E 
.12258586333»*508983208E 6 
.838693002088812U01608E 5 

•.it082ltliC7122«;E€ii77221E t 
.1281i»8U2U303529659982E 5 
.11786U8916220U367665UE 7 

•.77€S1122212iiS€!E2CESCE i 
•.29M66033377288326956E 7 
.«♦12U02065801852U56725E 7 
.597E2C2e«»<72»<6U23S376E 7 

-. 158099112391683853018E 8 
•.7475235258U095398903E 7 
. 5 C929 3688 3i»79065886i» IE 8 
.103l*38»*9303837555«»85»»E 8 

) 
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Program 2-3 

SUBROUTINE LARGEQ(ALP,D,P) 
DIMENSION ALP(3),D(3,51),C(3,51),AN(3),AN1(3) 
C^MM^N AN,ANl 
CALL SP2NP(0.0,D(1,3)) 
CALL SP2NP(-l#o ,D(lf2)) 
CALL NPREC 
D(l,l) = ALP 
CALL NP^UT 
CALL SP2NP(0.0,P(1,3)) 
CALL SP2NP(0.0,P(2,3)) 
CALL SP2NP(1.0,P(1,1)) 
DjZf 1 I = 4,51 
AN = PL^ATPd-l) 
CALL SP2NP(AN,AN) 
K = I - 3 
CALL SP2NP(0.0,D(1,I)) 
CALL SP2NP(0.0,P(1,I)) 
D^ 2 J = 1,K 
L = K - J + 1 
ANl = PLOATP(J) 
CALL SP2NP(ANl,ANl) 
CALL NPREC 
D(1,I) = D(1,I) + ANl^D(l,J+l)^D(l,L) 
P(1,I) = P(1,I) + ANl*(D(l,J+l)*P(l,L) + D(1,L)^P(1,J+1)) 
CALL NP^UT 
CALL NP2SP(AN1,AN1) 

2 CONTINUE 
CALL NPREC 
D(1,I) = - D(1,I)/AN 
P(1,I) = - P(1,I)/AN 
CALL NP^UT 
CALL NP2SP(AN,AN) 

1 CONTINUE 
RETURN 
END 

Before leaving the subject of these clasEical expansions, we will 

present the numerical values for the coefficients for further 

terms in the explicit representations for A^CT) and Bn(T)» The 

data which we have obtained in presented in Block 2-1. This is 

a PORTRAN IV BLOCK DATA subprogram and the data are placed in 

a labeled COWdlS  which we have designated as BREMM. The data 

consists of the arrays BREM(l8,9) and BR(20,3)« The computations 

which led to the obtaining of these data were undertaken because 
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Block 2-1 

oooo«4Mio«in^oh>coo«o*4CMio4>inoo«or>«o>o»4fMio4-ioa}h'«o«o«40i 
w4*4*4w4*4w4 tH *4 M *4 (U (M M (M M (M CM (M (M (M lO 10 lO 

zzzzzzzzzzzzzxzzzzzzzzzzzxzzxzzzxzxzxz 
bJUIUJhJliJUJbJUJUIUJUJIiJUIUIliJUIliiUiliJUJUJIJUJUJbJliJUJbJtUliJUJUJbJliiüiUliilii oc(raz(rococ(to:(Loca:(rococ(z.<x:oc.a:oca:(r(rai{rct(£(ra:tt<£(r(L(rccK.<roi(t 
CD ffi ffl CD flp ffi CP ffl CD ffl CD CD CD ffi flD tt flD CD CD CD CD CD C CD ffl CD fl) flD flD CD CD CD C C C flP CD flu 

; 

^O^^CM«-ICMOCM«^lOCMlO>0*4   •.       lOlOOd-IO^^-JtCM^d-^-dUtmiOO 
M w M OOOOOOOOOOOOOOOvH      ooooooooooooooooo 
-I z » ♦ ♦ + ♦♦♦ + ♦♦♦♦♦♦♦♦11    ♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦ 
• UJ o OOQOOOQQOQQOQOO»-«      OOOOOOOOOOOOOOOOO 

^- K-l or-iooocMo^oinr^flOof«-^ •    oininvor>-4-ro\OioooohvOoco<Hto 
w OD« ovoiooocMor-o(0\o<Moh-«H-»    o^-^-vomcMOCMtfooocoocooio 
z — z o^oiooocMomocMvO^or-^»-!    omin^o^cMiocMioooch^ocM^K) 

o\OiooocMo<oo^-vo^oh-<H •     o4-4-«o<-4^4roin\Oooo(roo^coK) UJ      UJ 
a «. a: O^tOOOCMOCMO^OOOOh-^IO      OininvO«0(MOd)-COOO(MOO<-<<MlO 
03-. 00 ovOiooocM04-or^\Ooor>^^    od-Jt^omcoioh-cMooeoto^ino 

K)^ o«oiooocMo«Hoinvo<Moh-«4w    c)ininvOofoio<oioinoo«i-toco(MO 
*.   » ovoiooocMor-ocoxOvooh-^z    o^,4-^ooo»K)a>^-r>-ooioin«o*»o 

<-« ^  *. ovoiooo(MO(nocM\04-or»<-iuj    oiou>voin<Mioeo»ooooa>voi^<Mr*»o 
CM II ^ ovDiooocMoeood'\0*or^»Hoc>so^-^-*o*^eo»4\0»Hoo«oco^<M»^ 
• •-• IO o\oiooocMocMo^4>^mh>«-tffi    oinin«-»o^o»o^ia3CMtno»o»^-«oK) 

IO  »  * o^iooocMo^or-^od-cj^^«    od-d-o^cocor^^-cMo^h-or^cM^oofo 
—' ** ^1 o^rooocMo^Hoinvom^h-M •.    mmmcMioioh'toio^-tocr^-O'inioio 
Z •» II 0»OIOOOCMO^oeO«-«0»eOh-«-l-»      CM^-^-CMIOO^^vOd'O^d-or'^-MtOlO 
UJ    »  H« o^oioooMoinocMd-r-h-rxH^o^^mincococMiointocviKXM^^-Jtfflio 
a:%o * o«olooln(Vloooln4tor^lncM«H»eoaod-{r•-4cvl<-«r^ovDcM^-lnlOln*^^-',) 
(D ** ** o\oiooh>cMO(Mr^«-i\OJtcMvo<-4^4*>r^coinin\0(r<Hincoinio«)inor>'<MK> 

Zi-i o«oK)oiOCMin4-ior^cMi^4-«-i«Hii^\Os04>oioco^-«ocMao\oin«Or4-^>o 
» UJ  • o>oioo«cM^«-i4-tnh>cMo4-ioiHii\0(Mn«ooK)cM(r«04'N\Oh>^'<Mr»io 

Ä GCO» in«oioiod-cMin^o^rk>(rcoh-'4«HicMi04-h>io^r^ood-«OvO«-i>of>co>o 
^« CD** 
•> ^ Z 

lO       UJ 

•H<OCM\O«HlO»OIO«)*^*H^CMin*-.*00CMin^NsOlOCM*CM<r*Hh-«^^«l'' 
OOOOOOOOOOOOOOO«MOOOOOOOOOOOOOOOOO 

«M w » a ♦  1  ♦   1 ♦ ♦   1   1   ♦ ♦   1    l+ + + CM*l    I   I  ♦ ♦ ♦   1    1   •♦♦ + +|l    1   • 
lO Z^ CD 

UJIO — ***> 
o 
CM CD «H«« OOOOOOOOOOOOOOOUJZOOOOOOOOOOOOOOOOO 
«^ II * ♦ ♦♦♦♦♦♦♦♦♦♦♦♦♦♦a:u+ + + + + + + + + + + + + ++ + + 
o: * i-i  » ooooooooooooooomarooooooooooooooQoo 
CD -.    « <H oooooovocMoooooinroo — ffjooh-orovOoio^cooa^vOoinin^ 
• (T^^ II oooooa«ocviooor>tnio^«-'OocMoioK)oio4-K)o\o^oinnK) 
*• CD «.  t-« »H oooooo«ocMoooh>infOo«%    oor»oio\OoiocMir>o^«4otnoo 
<r * CM  •  • ooooo(rocMooor>iniO\0\o»oocMOK)tnoioio<Ho*44'oino«c> 
» X w in'» oooooo«o(Mooo^inior»»^ooNoio<HOi04-\Ooiocooincor>- 

COUJZ*-' •-• oooooo«ocMoooh-tnior»^r^oo(Moi04-oioeo^-oa><ooinflOcvi 
-iOCUJ z * oooooa«o(Mooor>tniooii »oor»oioiooiocMcoocoinininin^ 
w cDQf UJ «0 oooooo«ocMoooh-inioeoM^oocMoio(MniooK)o«o^cMif)^^ 
z m a« oooooo«ocMooor>inio«o • 11 oor>-inio^r*»o«oino^«»-i»otf)r,*in 
UiZ ADZ oooooo«ocMooor>iniO(\i^MOO(Mr^io^eoroeo<Ho«-4d-ininioo 
QCO • '-ujvoooooo»ocMooof«-iftioai'»H»inor-K)ioh-^ooo»sOinioeo^<««>*o 
CDM —     ce oooooo^ocviooor-meo* •.-.r-oojcMoo^cMoiojtr-eocointnind- 
Nin^ »to oooooovocMinoinr^inioh-'HHKooNinoooocrrocoooioooinioincMr» 
Zi-i »<>««« ooooo9>ocMr>or>r«miod-^»»-iocMioind-4-r^inro4-<-t<Ho>nooeo 
ZU^CM oooooo*ocMrooio<MiniOK)w^-{Mor»ro(M^rf\oioinro<7>»HH<M^o» 

< Uilii «^ % » ooooo(MncM^'0(Mninoo(rx<HO«ocM^-(0\Oood-*Hr^eod><HiocMo 
H ae cr z^'MMoooooo«(M(Mi|OU,)o^tr>ooui^^'in^o«(MiOsOotnvO(MU)vOco^''0(o 
<oDQ.uj-'4-inooininoo^<HCMr-r>vo^-ino^«0(tz4-^cM^(M«40tooo^-inK)^io<M<M<-4 
ON. <£ Z  » • oor-r^oioooeocMsOcrroin^romujjtxßooo^i^^fl-HfocoroinvDfOTio«) 

ZüJODijj«-t^o(nioeoosOvo<-io«o^-o(neo(M<-'a:4-o^covOh-cMM<Hcoroooh-oh><M'04- 
^O-l ac ii i i»H(M*N»o«H<M^inioo»^inior^    a}fOvocM\o<-i^»H4>4-u)r^incM4-(Minin 
UZffi<ffiMI-l** • <*» ,.•• 
OZDK OOOOOOOOOOOOOOOK      oooocoooooooooooo 
-JOO< ll + ll + ll++lll+ + <     III+ + +I  1 1  1 ♦♦ ♦ 1 1  t t 
OOOO o 

<(OUOUJU.U>XiH->^_IZZOQ.0ir      <CQUOUJ1I.OX»H-)^_|XZOQ>0K 

2-71; 

LOCKHEED  MISSILES  &  SPACE COMPANY 

^ 

          .:sfmmmmmmimmi |||yga!)|fclJ^iÄä^-l(lt/'^>»;r->,..^,6KÖ*«,.i^ 



Block 2-1  (Cont'd) 

( 

( 

I 

OK>3'invor^coo*or4aiK)ä-moooo<-i<Mr04-in<or>>-coo*o<-i<\iio4-in<o 
io fo roio mm to ^ * d-^-* * »^^^i^^^^ 

^^^r-i^l^^^^^^^H^^CÜCVKViCJCNKVJCMAiCVjrvlcyCMCUCNitMCMrvjCVICVKM 

liJUJUJUJUJUJUJUUJUJUiüJUJUJUJIiJUJUJIiJUJUJIjJUJUJIiiUJUiüJUJUJUJUJIJUJ 

ODOOCDODODOOCDODODOOCDCDQDODCDODCDfflffiCQCDOQCDCOODODCDlDCDCDODCDCDCD 

«^ ««« * o 
<M <M — Q 

V ^    »  tH 00 
•^ K> vO  » 00 
0^ » <H T-l O CO 
«-iinind-rHininin(MtnvO\Od->-i(MQ£Q:^'OOoo«-iO'4*-ioo«-«(\j<H<-i(M(M<H 
ll ooooooooooooo »mmacoooooooooooooooo 
•-i++ + + + + +-f4-f + -f+0* ^ •(Ü0O+ + + + + + -»>-f-f+ + + 4' + -f 
•.QQQQQQQQQQQQO^^—— 00QOOQQQQOQQQQQOQ 
'^oeoeo«Hotnmr>*inr,-oovO\OQi'H«H»oor~*«HO»o*«-iK)r>-<x)o^i^i**in 
•-lorovor-ocvi^iocMvoioo^^cD •■ •'^co\o^-ioo«vO(Min\OvO(M4-r^od-a> 
«.od-cO^-oind-invO^O^-cOO »rOvOrocOvOd-<-ieor^ocO\OK)Osd-4-ooh-rO 
coovOio^Hinco»-i^-ovOCT>o»in'-''-i»-t*eo\0-*iocooinoovO<H«-ioococMio<\i 
^•in<\j«ocor^<M»no^'vooom«-i«-"«^«Heo»o*«-i\OiO\or^voroc\iro(Mo^or^ 
— r«-oinoro*o^^^«o*rs-o»o:aiioovO*roco<vieocvivO\oeoK)^-cM*co 
zaoin'-i^>o^«-iinroo«akcor>v09>cocDH4oovod-'^<\ia>\09>vOcovoioo^vooo 
ujvooor-tnh-cj^ivor^r-r^co— • » »covOJ-rocsjvotNJinvOvOinootOd-ioro 
(ro>c\jood-roin«-tooo^,*^«HQi«^^'-»oovOd-«-««Hh-a>in\OrocMr^«-tK><vivO 
tD<Vllf)0^»-tCOeOvD»HOO^«-i«-»OOtD<\llOt-«OOvO^-IO«-IO\D<\l%D«HC\Jh-in<^h-0 
w.^^ocO'H^'Hcod-d-inino^ • • » »(OvOd-<-ia>io(Moo\omvoino^oovo 
^incviinoio^cocvi'Hinr-ooo — ojino^oovOd-fOocovocr^DvOvO^-oo^od- 

^»^•ctr»-*»HOiHd,oo«Hinr~io«-4»Ht-i»HfOvOd-«-tio<r«-»<M\oeor^ovoo4oo«-4 
o^romwr^oO'^iiniowr^a'O^ •«-»«--•- •\o^-tOd-\oiovOvO\oincooat(Mo 
• ro\oo*4-^<\jo*o^chi»-ir)or^oocr:Q:Q:ovOd-«HK)r-cocvivOK>rovoeo<^^^ 
»^<VI»-«s0^or-<MrOeO\OOJvOh- — CDCDCD»xOifK)lOOOOvONO«-ld-CM»Hr»-Oh> 
II <-! vO (T1 00 vO to 4-rOCOeDmoo»HOi  «»   »«-'Ov0^'<-i<-itO(S00v0>O<Hi0>0«00«(0 
•-i^-oovoo<-t(Mtoo<-iioa>o(ra3'^'^ *Qvo*roK)ojto»-ivD\oo^vor>-toovo 
»<M(\|Od-(MOxotnvOOOCM(\l   •^(\J«*v04-^<Vlt0^1d-\OCOK)0><VIOh-0 

»••••••••   •••••»«-IvHv^»»»*   •••••••••••• 
NOOOOOOOOOOOOOf-^^MOOOOOOOOOOOOOOOO 
-i* + -f + i  i  i   i-f-f + >f+'«-'ö:a:Mo-f + + + 4 + + + -f + + 4 + + "f 
w a m CD * io 
X»«»*«o»*»*»*»CD*»^IO»>'»»«»*«>»»»»»»>' 
iij*minK)invOin<MOvOvOinfO»-*»^>-irooo»^o^to^»H<M»Ho<M(MocM 
aooooooooooooo-^<v«-t»ioooooooooooooooo 
(D"f+"»-++ + + -f+4""*- + 'f^-.*00lO*-f"f + + + + 4>-»'>»- + + "f+-f 
^ooooooooooooo »^m^Hiooooooaooooooooo 
oinootoooocvi^om^-ovO'H'H^'Oo^vo.i-if^-^HOd-^'ocoio^tioio 

• ojnd-oinooco^ooxoi^ — — — ocKXMo^-tinwxoinioosomd-j'h-o^ 
•^inminh-h-oomo^oin^-cMcccrQ^cDtod-ini^^-vO^oa'ocoocM'H^-vO 
eor-mcosoroinoa><\iooocgr^cDOQCD"-'fO^(^ininooco\OOvOcot>-c\j4-(^h- 
• ioininvo*r*oinino^vOh- • • » •■ror,»iooo^ioK)in^a>Ki*cMrHoo* 
^^■o4-\ocoioor^ioinoojin^<~-~->roinoo(MtnK)in<Hd-ONi^voo^'Hr»i^ 
niooooooff'O^o^cvih-^o^o^^cMiorocoojit^-d-^io^ior-r^ooeoineo 
•-•cvivorvieocotnooooroiovoin • ■> • •.io<\ir-«-<ir)<v)voa'oo(\i^«cvjoo«-»ct- 
*»noo(NJ«-«iniom\oeo*ioo*oin^4-^io4'^Nd,\o^,tH\oovo^d-r^ioa> 

— •-tmor*-(^to<\i«-imio»Hvoio«^«H^iiiorHvo»n«f>oocoK)h-voa>d,r*tM\o* 
•-i\Of^oin(Mit»^oor^oeMiOQi'-»-*-iror*oeo^-io»o»-ir^a>«-ia>or^(Moo 
•.ocoin(oioo>cocor>-oj^d-(\ima:cr*''Ointn(\iir)K)inooo«K>(M^4inir)(X) 
voeoco^^-in-irvivO^-oiocvKM •-cDcQ^iOco(^4-^-d-tH\oaoiO\Oin4-*-io<-i 
<-tcoootvO(Md-d-osooo(N)<H>-i'-* » ••-•io<Mio«Hm(M\o»osOo^-io«-«r^'-«a> 
— oor^h-vOocgoot^f^cvj^-vOii-^'^-» •»od•oo^'*vOd■fOcMor^cM^o-^cyJ^,» 
2»nr«-oh-ovoovN«-ir>-r»-«-ia> •.^••Hf- ••H<Minmoocoo^-\0(\ico<M\o^'CM 
uj^-Hf^m^cMiocr^oinoinro • •^or»-fs-co*r0(or,*d,^oofl0io<\jooh- 
Qe^i^H*oo^oio*r^K)\oco — od-«-'sin^<Mir)roineo<^or^ir»invOvO* 
(nr^ro<HmeovO(0»HO*r>-d'oo<y'Cc»-»«HQ:«-»oovO\Od-4-«-ieo«Hvooor«-r^roio 
'-'^H^\0^r-^voi/)<M^-.*o^»ntn,-"-'CDio<Movoind,so<M\OocMr*-*(Vji,^o* 

o^tf)«^»OM-H*^«in^cvito^-     0:0:'-' **ir)M*<M^-iooo»-tvO^-c\j<M*i*- 

KOOOOOOOOOOOOOK IIOOOOOOOOOOOOOOOQ 
<++ + +l I I I !•»■♦ + +< ►-i+ + + + + + + + + + + + -f + + Z 
O O 111 

<(Duaui\i.ox>-~>*-ts     <oououju.oxi-i')^jzzoa.o(ri/) 
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the author was interested in obtaining an asymptotic expansion 

for the function VoCOjq) which describes the 'Toward scattered 

field" vrtiich has attracted so much attention in the literature. 

This function can be defined by the relationship 

) 

VT 
V2(0,q) = lim [V^iZid)   - —— 

^0 2yJ% E, 
] (2-/0) 

An expansion in powers of q can be found "operationally" from the 

divergent series representation 

00 

Vp(o,q) =-2\/3nr 
dTs(q) 

s^r TTI^Tör dT0 (2-Y1) 

s 

and an expansion in inverse powers of q comes from the divergent 

series representation 

00 

d<(q) SI dT~( 
 £ ST [w/UJ]    dT0 

(2-72) 

Therefore, the quantities which were sought in the computer pro- 

gram and which have been prepared for re-entry into the computer 

with the aid of Block 2-1 were the derivatives A^Tg) and Bn(Tg) 

which appear in the expressions 

*cs(q) 
T o  """ dx. 

* /   Oi Ox   2 = 1  + Ai(Tpq + Ajkpq^ +  .. (2-73) 

dTQ(q) 

dT, 
*   "   ^ + Blk^q-^ Bj(^)q"2 + (2-71V) 

where the explicit forms for the first few coefficients are 

2-76 ) 

LOCKHEED  MISSILES  ft  SPACE COMPANY 

.;•■.. 
Ifill'SBIM'IKatirri iiirtr 



• 

A~('t) 
1 Bl_ ('t) = B2('t) = 0 = - 't2 

, 
3 

Bj('t) 
1 

B4('t) v A2('t) =3 = 
= 2't4 

J. , 

5 2 2 
Aj('t) = - -:::-1) - 3't3 

, B_5('t) =~'t 
2't 

35 7 Bb h) 
_.]_ 

A4('t) =-;:;-c)+-::'3 , - 18 
8-t 3't 

'l'he array BREM(18,9) in Block 2-1 contains the numerical values 

of the coefficients ~in the expansion 

~ (-r) = '<~ [ £; ~ '<3m] , K = ( (n-1)/2) (2-75) 

where the ( ••• ] deno t e that K is the integral part of the expres­

sion enclos ed in bra cke t s . The data g o as far as n = 18. The re­

lation between t he no t ation in Eq. (2- '(5) and that in Block 2-1 
is ( = BRDI( ,M). 

In Table 2-13 w gi.ve val ue s fo r Cn( (3 ) = ~h)exp(i-! (2n- 1)] 
and En( (3 ) = A~('t)exp(i!nn) for the case in whic h (3 = (31 and 

0 't = 't1 = (31 exp(i!n) . 

The numb ers whic h app ear in t he array BR(20,3) contain the non­

zero coef fi ci ents Hhich appear in the expansion 

, K = ( (n-1 )/2] (2-76) 

m=1 
In Table 2-14 we give values of t he ~ for n ...; 38 . The ar1·ay 
BR( 20,3) can be use d to set up an array F(20,9) vJhic l'l is r e lated 

to t he coeffi cients ~by means of the r elation ?; = F(N, M). This 

array can be s e t up by the fo l lo \.J ing s e t of FORTRAN sta tements: 

(Text continues on P• 2-84) 
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n 

0 
1 
2 
3 
k 
5 
6 
7 
8 
9 

10 
11 
12 
13 

15 
16 
17 
18 
19 
20 
21 
22 
23 
21; 
25 
26 
27 
28 
29 
30 
31 
32 
33 
3k 
35 
36 
37 
38 
39 
ko 

Table  2-13 

THE GOEPPICIENTS   C^^)   AND En(ß1) 

J 

.10187929 

.9815^68 
-.U72b3779 
. 13UU052»! 

-.71602938 
•.9877»42H2 
.20128ÖU7 
.UU6211H 

-.66668183 
-. 1919M5Ub 
.15557115 
.18916689 

■.U0870251 
.2U1790b»4 
.1005MM12 

•.2U60UU27 
-.22325772 
. 108»4 57UC 
.U0970966 
•.3b0Ü9Ul 
.U2322222 
.11617517 

•. 10U918CU 
•.3|Ub?«<30 
.92U5296I 
.M7928»46 

•.UI8U2339 
-. 13«<77U62 
. 15l2«461l 
.98706365 
•.U72963U5 
.657252b.< 
.129U3b90 
.U613U257 
.299UI065 
.201UU823 
.503723'n 
.71968806 

■.739ü09b3 
.22291110 

•.U3U50039 

716U7U7108V02E 1 
93U56!)6U33U97fc +0 
525^^03U105E +0 
5313V29UU72V7C +0 
8b5V209580331E -2 
12063769601971: -2 
168»tU997U731 IE -2 
03502H3637869E -2 
510I367907230E -3 
U8676593I21U3E -3 
7«43:JU53»«98»406E -3 
0896791U32830t -k 
099793881889 IE -U 
2b5b697U007U5fc -5 
i»693377»437353E -U 
«4U3 15813368 761: -5 
762o9529U5715fc -5 
096U0I96682U6E -5 
68U90168U9750E -6 
6U7U'j86772U10E -6 
52»t2223621635E -7 
M157170Ü503y2E -6 
63611550163lbE -7 
29625606a03ü8E -7 
6Ci6b753927830E -b 
770I56IÜ35388E -8 
81lb7977023llE -8 
039333b7251i42C -8 
057Ubb7bl28l2E -b 
l5öl3l995b735E-10 
27Ü39l202b67IE -9 
233lb5077656bfc-10 
327I2739S5062E -9 
67251 IlU7905Ufc-10 
860»i3b7531830E-lC 
55216207U02UCE-10 
365ÜÜ9U37U329E-11 
6C9UÜ233879UE-1 1 
9I6H1J63117529E-13 

96Un59853378E-l I 
839U7685659U5E-12 

.100000000000000000000E      1 
-.963»4U76«*5C68069»*159 71E +0 

.1392 3U 70U 718081299 30UE 
-.1605305U1253U»»25<1730C 

.16U3638IOI36019Ui»8228t 
-.1563953U2rj030oU6591 IE 

.1U0U33001O2U760U76667E 
-. 1 196390U08 il4776l39250E 

.97200U60070773U501909E +0 
-.757717557bi«96685U52U5t +0 

.569/UG0S5713202685596E ♦O 
-.»♦lU67ülU609907902685l4t +0 

.292b6U5U6d71529579316E +0 
-.2ul1U8220818662611706E +0 

.13U661U07109539702616E +0 
-.880U533H»035690«40G9H6L - 

.563U61dU217195336»4019t - 
-.352627V322UU3U5050180E - 

.216S232991UU13193H9UIE - 
-.1305C8U19632632016660E - 

.77297532U12165772Ö8U1C -2 
-.«4502276U39U089775r868E -2 

.2b8073Ulöo35l7Uö99U69t -2 
-.l»<568b6ÜU16957U106685E -2 

.8l06013172U2295926351b -3 
-.UUM78953V10721U67867IC -3 

.2U0b05606621087977668E -3 
-.12h6896996U7300672l13E -3 

.679/4b9UÜ»i81U39168R5IE -k 
-.35U287393Ü7UUU0126080E -U 

.lM267522927603778bH50E -U 
-.93133V7b9873563380912E -5 

.U696761U6b73087925519E -5 
-.23UU07892285999801765C -5 

.1 15b2U55U865677U6V28UC -5 
-.566671662757563U0'J209E -6 

.2/Ub3bV2031U720872368E -6 
-.1317666392323NU328269E -6 

.626d96C37U^0605635857C -7 
-.29569778ö310Ub0»4l30U5b -7 

. H8259u2V55U6«»V13m5E -7 

2-78 
) 

LOCKHEED  MISSILES  ft  SPACE  COMPANY 

:■ msmatuusui .■;   » 



Table 2-14 

m 

1 
2 

1 
2 

1 
2 
3 

1 
2 
3 

1 
2 
3 
4 

1 
2 
3 
kr 

1 
2 
3 

5 

COEPPICIENTS FOR  POLYNOMIAL 

n = 3 

.333333333333333333333E +0 

n = 5 
+0.0 

.l+OOOOOOOOOOOOOOOOOOOOE +0 

n = 6 

.38888888888888888888ÖE +0 
+0.0 

n = 7 
+0.0 
+0.0 

.4285Yii|-2857il+2857i[].28E +0 

n = 8 

+0.0 
.966666666666666666666E +0 

+0.0 

n = 9 

.506172839506172839506E +0 
+0.0 
+0.0 

.J|)|)|l|)|li'i'i)i'il|)|J|MiiiMil|Ji'iE +0 

n = 10 

+0.0 
+0.0 

.1662857li|-28571i;2857UMi    1 
+C.0 

n = 11 

+0.0 
,l9l3l3l3l3l3l3l3l3l3lE   1 

+0.0 

REPRESENTATION FOR  F^-u) 

n 

n = 12 
1 .6V2*mU5091 122B68Ö9VE   +0 
2 +0.0 
3 +0.0 
k    .2UU4i862U:«862U33862UE      1 
5 +0.0 

n = 13 

1 +0.0 
2 +0.0 
3 .Uti323076V2^0769250769E      1 
^ +0.0 
5 +0.0 
6     ,U6UJ3HU6I538U61538U61E   +0 

n = Ik 
x +0.0 
2 .5S13b8t)3l62692686S02lE      1 
3 +0.0 
4; +0.0 
5 .328a70336013193156050E      1 
6 +0.0 

n = 15 
1 .97Ul86262982S592r8853E   +0 
2 +0.0 
3 +0,0 
4 .86l9i4U26b077601UI093UE 1 
I +0.0 
6 +0.0 
f .U666666A6666666666666E +0 

n = 16 
1 +0.0 
2 +0.0 
3 .106ÜU6C03996003996003E 2 
k +0.0 
5 +0.0 
6 .U18631368631368631368E      1 
i +0.0 
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Table 2-llj.   (Cont'd) 

m p"1 

n 

n = 17 
1 +0.0 
2 .620782rU63W627738860E      I 
3 +0.0 
k <-0.0 
5 . lU3VI43b7662256H21^0E     2 
6 +0.0 
7 +0.0 
8 .•4/0b8b23529»»I176»»möE   +0 

n = 18 
1 
2 
3 

.139632680i»57783338i»UIE     1 
♦ 0.0 
+0.0 

1+     .2U75326IUI07U289222U3E     2 
5 
6 

+ 0.0 
♦ 0.0 

7     .bl2761fc06095l39U28471E      I 
8 +0.0 

n = 19 
J. ♦ 0.0 
2 ♦0.0 
3 .2276261715727881 IUU1E     2 
i; ♦ 0.0 
5 + 0.0 
6 .2203679929093U62V280UE     2 
7 + 0.0 
8 + 0.0 
9 .W368II210526315789U73E   +0 

n  = 20 

1 ♦ 0.0 
2 . 107090 12b007230U037imE     2 
3 ♦ 0.0 
i; ♦0.0 
5 .U93U72 79Ib8U9U87U7693E     2 
6 +0.0 
7 +0.0 
8 .6l0637l01U60630e72395E     1 
9 +0.0 

P"1 
n 

n = 21 

1      .2027UÜU17063871WUU9UE      1 
2 
3 

♦ 0.0 
♦ 0.0 

^    .6297ol!3356176908205 ME     2 
5 +0.0 
6 +0.0 
7 .31722«460»«907l»»i«b8V6blE      2 

♦ 0.0 
♦ CO 

8 
9 

iO     .U761901476190U761V0U76E   +0 

n = 22 
1 
2 
3 

5 
6 
7 
8 
9 

10 

♦ 0.0 
♦ 0.0 

.U62l5836V9»4616UV68U7üE      2 
+ 0.0 
+ 0.0 

8832869Rb6U51296682b7E     2 
♦ 0.0 
♦ 0.0 

7ll78U761fll8536093795E      1 
♦ 0.0 

n = 23 
1 ♦O.O 
2 . 1bJ79563B277813i*23770E     2 
3 +0.0 
ij. +o.o 
5 . 1»4595U800035339569026E      3 
6 +0.0 
7 +0.0 
8 .U359B3Vr»4635539609353E     2 
9 +0.0 

10 +0.0 
11 .U7826086956b2l739l30UE   +0 

J 
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( Table  2-li).   (Cont'd) 

m P111 

n ^ 

n = 21; 
1 ,<>972\9^U5if2klcn>kki2t      1 
2 +0.0 
3 +0.0 
1+ .\bfVk9,Ujk6-Jföe7\iö61C      5 
5 +o.o 
6 +0.0 
7 . Uft IT6 >U.SC26U2 7?2.58U6E      3 
8 +0.0 
9 +0.0 

10 .öl58;?5/,35l8'j,JM03a681ÖE      I 
11 +0.0 

n  = 25 
1 +C.0 
2 +0.0 
3 .9G2ijl2ü3172üniSC25/1E     2 
If. +0.0 
5 ^o.o 
6 .2990»4 I MSI ld355CU336ir      i 
( +0.0 
8 +0.0 
9 .5780ÜV2/'r^U2»4l'j!555UH9h     2 

10 +0.0 
11 +0.0 
12 .U79999V9999V999V99999E   +0 

n  = 26 

1 ♦O.O 
2 .30'jÜAbUU I'JB2 787H61!J9ÜE      2 
3 +0.0 
ij. +0.0 
5 . <V0583H20l9Hb62067332E     .3 
6 +0.0 
7 +0.0 
8 .22?'7/'3I6U77i«0ö?blVb75fc      3 
9 +0.0 

10 *0.0 
11 .922U9U2h96<S/r0l»10b8t)IE      I 
12 +0.Ü 

n = 27 

1 ,M89U6tn905a8ÜU238827E      1 
2 +0.0 
3 +0.0 
k .3277t)b9662S9362U7U27JE      i 
5 +0.0 
6 +0.0 
7 .5S9252lü221un8b82868E     3 
8 +0.0 
9 +0.0 

10 .7i4UbSI/C82a!j9213fi0796E     2 
11 +0.0 
12 +0.0 
13 .Utm»möIU81»48U4öJU8IE   +G 

n = 28 
1 +0.0 
2 +0.0 
3 , I712U29838190I0!>856|I»E      3 
h +0.0 
5 +o.c 
6 .9GUU0777/307C77M|i4C2E      3 
7 +0.0 
Ö +0.0 
9 .,;36677vC613:in63<i2 17I4E      3 

10 +0.0 
11 +0.0 
12 . lC3l51öU2B07b0n3U90bE     2 
13 +0.0 

n = 29 
1 +0.0 
2 .50 7i4 88h7^D9993ll3l/BCE      2 
3 +0.0 
i| +0.0 
5 .972109 löhlU92b2U3,5U75E      3 
6 +0.0 
7 +0.C 
8 .97U67266869610 339I4 7UUE      3 
9 +0.0 
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Table 2-II4.  (Cont'd) 

m n 

n = 32 
1 +0.0 
2 .838U96U63337bb8ö08775E     2 
3 +0.0 
1^ ♦0.0 
5 ,22897932OIUl?UU0b29U0E     U 
6 ♦0«C 
7 +0.0 
8 .J62»400i2267»4U03eb73b0E     U 
9 ♦O.C 

♦0.0       i0 ♦0.0 
♦0.0         11 .671U792SeC0bU3902b267E     3 

12 ♦0.C 
13 +0.0 

6 +0.0         ij. .i25588e6^0l3b6BU67797E     2 
7 .lb80223968398600»*501UE     k         {^ +Q.0 

n 

n = 29   (Cont'd) 

10 +0.0 
11 .936766189615653190600E     2 
12 +0.0 
13 +0.0 
II).     .»»b27?>b620689655l72UI3E   ♦O 

n = 30 

1      .65206931U5U9i»7902Ub77E     1 

3 
[(.     .6V5VU5S79296UJ43016777E     3 
5 +0.0 

8 ♦O.O 
9 +0.0 

10 .UhUU003C9U50673263990E     3 
11 +0.0 
12 +0.0 
13 . nU2706638555b3701652E     2 
15. +0.0 

n = 31 
1 
2 

♦ 0.0 
♦0.0 

n = 33 

1 .97330bU|0627U659970l7E      I 
2 ♦O.O 
3 ♦O.O 
1+ . lU28^Ö57237396^3üe22VE     U 
5 ♦o.o 
6 ♦O.O 
7 .S7U360013C3.:iI38»4476l0E     U 
8 ♦O.O 
9 ♦O.O 

3     .31779»*0nU6U592U268b8E     3 10     .2^2699 1662S45360VV0M2E     k 
k ♦O.O 
5 ♦o.o 
6 .2U95b03li4037S7S970858E     U 

8 ♦O.O 
9 .l60t>82»47337ür(r8n5902E     U 

10 ♦o.o 
11 ♦O.O 
iS .m5730»*U31U33t>ü7U603E     3 
13 +0.0 
ik ♦O.O 
15 .Ub3870V677U|935U83870E   ♦O 

11 ♦O.O 
12 +0.0 
13 . U02i*!> lü9l9hij66341867E      3 
ik ♦O.O 
15 ♦O.O 
16 .U8UbU8Ub»4bUftU8U8U8UdUE   ♦O 

n = 34 
1 ♦O.O 
2 +0.0 
3 .579»»7^.2»»i4 3»«n«496i<707e      3 
4 ♦O.O 
5 +0.0 
o .6U7W2vlhCX6b»*5199628E      U 
7 ♦CO 
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Table 2-1^  (Cont'd) 

' 

n = 3lj.   (Cont'd) 

ü +0.0 
9 .6';.!j'jiJvV?;i695:?88262ö6'4F     U 

iO +0.0 
11 +0.0 
12 .VO6UU-5.-5',,J29«J4C8U250,35E     3 
^3 +0.0 
11; +0.0 
15 . li^Ovlr6/Gi+660^lc0395r-     2 
16 +0.0 

n = 35 
1 +0.0 
2 . 1377H6IVI682UVCblVIU2t      5 
3 +0.0 
k +0.0 
5 .blö'iCC^Ubl/tWtlbl I l/UbE     U 
6 +C.0 
7 +0.0 
B . ^niös^sise^recbsoirE   'j 
9 +0.0 

10 +0.0 
11 .Sii?^! 190307577062i23E     U 
12 +0.0 
13 +0.0 
lij. .167767SC7?5SOmv7021t     3 
15 +0.0 
16 +0.0 
I? .U6571Ukh,371i*?867|i*2bUC   +0 

n =  36 
1 
2 
3 
i; 
5 
6 
7 
Ö 
9 

t 

l»4S8b5v72182003225723E     2 
+ 0.Ü 
+ 0.0 

2b562öVh2b?6 130?2«< IV2E     U 
+ 0.0 
♦ O.C 

l62v22M3I7C870lj268b8E     Ü 
♦ 0.0 
+o»o 

10     . ll25J46ftS9991>6 l9l<bn98UF     5 

12 +0-0 

7. +0.0 
13 . ll962V'5b»*9HÜ5MI23b09e     U 

n 

n = 36   (Cont'd) 

Ik +0.0 
15 +0.0 
16 . ll48767C67b2C837b I7 1o0t     2 
17 +0.0 

n = 37 

1 +0.0 
2 +0.0 
3 . lC»n62WC70U69i4Ü92l IE     »4 
If. +0.0 
5 +0.0 
6 . rj9372ö6l32t'<96727U12E     5 
7 +0.0 
Ö +0.0 
9 .2:S9n4C,>i4C638»4U796?!>00E      S 

10 +0.C 
11 +0.0 
12 .bo HO ^9 1726071^687 I 8E     k 
13 +0.C 
llj- +0.0 
15 . 1Vy2896n0b3l li4Sl V80!>CE      3 
16 +0.0 
17 +0.0 
10 .Ub6U86iJ86U86U86U86U85E   +0 

n = 38 
1 +0.0 
2 .22,i»4066lti380 3S1157893E      3 
3 +0.0 
it. +0.0 
5 . 11250 IvOV 11285760 38ir5E     5 
6 +0.0 
7 +0.0 
8 .37U2'47^23UU239bS535UVE     5 
9 +0.0 

10 +0.0 
11 . lbU955702C8U799i+66U03E     5 
12 +0.0 
13 +0.0 
li|. . I5U8387U9050IG97229140E     U 
15 +0.0 
16 +0.0 
17 . l60603ii531830378l6598E     2 
18 +0.0 
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C^MM^N /BREMH/BREM(18,9),BR(20,3) 
DOUBLE PRECISION P(20,9),BREM,BR 
Dp 1  I = 1,20 
1$ 2 J = 1,9 
P(I,J)   = 0#0D0 

1 CONTINUE 
2 CONTINUE 

P(3,l)   = BR(3,1) 
P(5,2)   = BR(5,1) 
D^ 3 K = 2,6 * 
10 = 3*K 
11 =10+1 
12 =10+2 
P(I0,1)= BR(I0,1) t 
P(I1,3)= BR(I1,1) 
P(I2,2)= BR(I2,1) 

3 CONTINUE 
P{9.3)  = BR(9.2) 
P(li,5)= BR(li,2) 
D^ 1^. K = i+,6 
10 = 3^K 
11 =10+1 
12 =10+2 
Dfl 5 J = 2,3 
JO = 3*J - 2 
Jl = JO + 2 ; 
J2 = JO + 1 
P(IO,JO)   = BR(I0,J) 
P(I1,J1)   = BR(I1,J) 
P(I2,J2) = BR(I2,J) 

5 CONTINUE 
h  CONTINUE 

As an illustration of the usefulness of the results given in the 

relations which have heen labeled Eq. (2-75) and Eq« (2-76), let 

us consider Eq. 12-72J in further detail.  We can show that the 

function Vp(£,<») is an entire function of ^ which can be expanded 

in a Taylor series of the form 

00 exp(i^)   A  5
n 

V2(e,«) = 2^ 2J      % = 2^ •,,- (2-77) 
a=i [^(Tg)]   JrS m 

Let us now observe that 

2-8[j. 
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Therefore,  we can express a function of the form 

V8^ ? m    exp(i^O 
P(?)   = 2^   2^     Cco + cl^ +  C2^S

)   +---+ cm('c
S
)   1   r   .f oo,^ 

* in terms  of the function Vp(^,oo)   according to the rule 

r d d2 dm     i 

L0    ^(i?)    2 d(i^2 m d(icimJ 2 

If we now use this rule in the representation which results from 

using Eq. (2-76) in Eq. (2-7^), we find that Eq. (2-72) leads to 

/ V2(0,q) = V2(0,oo) + \J  A^q"11 (2-78) 

where 

*„ = >  (-l)"-1^ ^ (2-79) 
m=l 

The coefficients FT are those which were defined in Eq. (2-76) and 

the coefficients a, are those defined by Eq. (2-77). 

The form of the result in Eq. (2-79) provides an excellent example 
fc        of a situation which occurs frequently in numerical analysis. 

Since we know a recursion formula which will permit us to compute 

the quantities B'(T) = P (a)exp(i-|mi) without having to talce re- 

*        course to the representation in Eq« (2-|6) it is tempting to dis- 

miss this representation in the form of a polynomial in i  as be- 

ing "useless." However, we see in Eq, (2-79) that the coefficients 

in the polynomial representation can play an important role in 

C       analytical work* 
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2.5 Programs for Step-by-Step Integration 

In this discussion we want to present some methods by which one 
can compute the root t(q)  of 

w^Ct)   - q W-LU)   =0 

"by integrating the differential equation 

1 
1 

dt „ 
t  - q 

with the initial conditions 

(2-80) 

12-01) 

% = t(%) 

We can use the differential equation to compute 

Ldq Jq=c 

and use these expressions in the Taylor series  to obtain for t(q) 
a representation of  the form 

00 

t(q)   = t0  +    yV(q -  ^o^ 
n^ 

The explicit form of the first few A are 

(2-82) 

A,   = 

'o^ 

An =  - s- 
*% 

i^o^f (to-^r 

2-86 
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I 

c 

iftsaBfeiM«»*?*^ 

2 
1 1 5 % 4 % + =- 1 1 

A3  ~   ~ 2 2\5  ' 3 / 2\4 + 3 / 2\3 T 3   /    "      9\2 

(^ - %) (^  " %) (to  - %) (to  - Qo2) 

2 3 

A    -      ^           1            .   35          %             13           % ^ 0        % 
4 8   , 0x7 + 12 : ^6 " T  ~ + 2 

7 1% 

A    - 7 1 105 % . 34% 
5       8   , 0v9  "   20   1 7^ + ——— 

('o-%2)    (t0-^ 3^-0' 

(l6   4     49 \ 
IT % " 15 j "o + 

('o - ^) 

5       5 

12 / 
('o 

2\4 

(to 
2\3 

V20 
154 n3\ 

■   15  qoj 
1 

(to 
2\6 

n2 
12          % 

5   It          2\4 
Ito -%) *i<o 

1 

2\
3 

-%) 

2 
A     =      21 1 157 % 364 % 
A6 "  " 16   , 2X11       24   , .10 '   18 9 

(to-%) (to-%) (to-%) 

/2134    3      231\ 1 .  /709 1128    4\  1 
+ \  90    qo ~   20 / , „.8     \ 90  % "    90    %) 

('0 " "o) 'o - " 
2
7 

x/16    5     1006\ 1 . /    58  .16    3\ 1 % 
+ \3  ^    90   / . „«e +\~ 90 +   3   %/ /     '      9X5 + / 9X4 

(to-%) (to-%)       (to-0 

Since t    and q    are complex quantities,   the programming of these 

coefficients would he quite tedious«    However,  we can develop a 

much simpler method for the    computation  of the iL if we insert 

üq,   (2-62)  in Eq,   (2-81)     and obtain a recursion formula for the 

coefficients« 

2-8? 
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We observe that 

H = A, +   2j    (n + D^^C, - ,0)n 

and 

35 
n=l 

t  - q2 = t  -  [qft +   (q -  qo)]2 

= *<> ' % *   Ul  ' 2(l0)(q " qo)  +   (A2 - ^^ " clo) 

00 

2 

J 

n=. 

The differential equation 

(t " q ^ - 1 

then leads to the relationships 

(t0 -q^ClA,)   =1 

(t0 - qo)(2A2)  +   U1 - 2qo) (1^)  = 0 

{t0 - 4)(3A3)   +   (Ai - 2qo)(2A2)  +  (A2 - 1)(1A1)   = 0 

(t0 - q^)(^)  +  (A-L - 2q0)(5A3)  +   (Ag - 1)(2A2)   + A^l^)  « 0 

The general term in the  series  can be evaluated from the relation- 

ship 

(t0 - dfHnV = -[(*!- 2q0)(n-l)An.1 + {A2 - DCn-aj^.g] 

- £ (»-^Vta-«) (2-83) 
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It would "be rather straight foward to construct a computer prograin 

to evaluate the A • However, since the terms which appear in Kq, 

(2-62) are of the form 

Bn = V* " %)* <2-0^ 
it would advantageous to have the program evaluate B directly 

and to stop the summation x^hen a sufficient number of terms have 

"been summed. This is much better computer practice than to first 

construct the A and then go back and sum the polynomial which 

results when Eq,   (2-82) is truncated. 

Although it is wasteful of storage space in the computer, a sim- 

plication is obtained in programming this set of relationships if 

we define an auxiliary set of coefficients C by means of the 

following statements 

U = (q - qo)/(to - q^) (2-85) 

Cl = Bl " 2%V (2-86a) 

C2 = B2 - U
2 (2-86b) 

Cn = Bn    ,    n > 3 (2-86c) 

The recursion relationships  then take  the form 

(t0 - qo)(lB1) = 0 (2-89a) 

(to  - q2)(2B2) = - C1B1 (2-89b) 

(t0 - qo)(3B3) = -  (20^2 + C^) (2-89c) 

or,  in general 

^o-^^n)  ="   £    (n-J)CJBn-J (2-Ö9d) 
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Program 2-lj. 

SUBROUTINE CMRTSM(QO,TO,Q,T,EPSI,C^NVRG) 
LOGICAL C^NVRG 
COMPLEX Q0,T0,Q,T,B(5O),C(5O),U,P,TEST 

C LjfelCAL VARIABLE C^NVRG = •FALSE, IF SUM 0F LAST THREE 
C- TERMS FAILS T^f BE LESS THAN EPSI*CABS(T). 

C^NVRG = «TRUE, 
U = Q - QO 
P = 1.0/(T0 - Q0»QO) 
B(l) = Ü»F 
C(l) = B(l) - 2,O*Q0*U 
T » TO + B(l) 
TEST = B(l) 
B{2) = -(F/PL0AT(2))*C{1)-»B(1) 
C(2) = B(2) - U-:rU 
T = T + B(2) 
TEST = TEST + B(2) 
B{3) = -(FL0AT{3))<*(2,O»C(l)^B{2) + C(2)^B(1)) 
0(3)  = B(3) 
T     = T + B(3) 
TEST  = TEST + B(3) 
D^ 1 I « 1^,50 
B(I)  = 0,0 
INDEX « I - 1 
D^ 2 J = 1,INDEX 
B(I)   = B(I) + PI^AT(I-J)*C(J)*B(I-J) 

2 C/5NTINUE 
B(I)   = - (P/PL0AT(I))*B(I) 
0(1)   = B(I) 
T     = T + B(I) 
T^T  = TEST + B(I) - B(I-3) 
TMAG  = EPSI-»CABS(T) 
TESTMG = CABS(TEST) 
IP(TESTMG,LT.TMAG) G0 T0  10 

1 CONTINUE 
C0NVRG a .FALSE, 

10 RETURN 
END 

In Program 2-[|. we present a FORTRAN subroutine which will evalu- 

ate Eq, (2-82) by employing the recursion relation given in Eq. 

(2-89), The relation between the mathematical variables and the 

FORTRAN variables are 

ty = TO ,       t = T 

q0 = 00 ,       q = Q 
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The user will have   to supply  the valuo  of EP3I x^hich is used to 

control  the exit from the  D^-loop.     The author generally enployed 

RPSI  = 1.0E-8 

However,  for some applications in which less  accuracy is required 

a smaller value of EPSI will  cut 6o\m on the  amount of work which 

the  computer is  asked  to perform.     The LOGICAL variable  G^NVRG is 

employed   to permit  the user   to know whether  the  scries  converged 

irtien fewer than 50  terms  were  summed.     The  criteron for  convergence 

to  the  accuracy specified "by EPSI is hajed upon whether  the last 

three   terms comhine to have  an ahsolute valuo  which .LJ   less than 

EPSI  times  the absolute  value  of T, 

When qo and q are very large, the representation in Eq. (2-02) 

becomes quite useless» When this is the case, one can replace 

Eq,   (2-Ö2)  with the  alternative  form 

^= ^+ ]C v*"1 -%)n (2"9OJ 
n=l 

It will he convenient to define 

1 1 
XQ

~% ' X = ^ 

and observe that Eq. (2-81) takes the form 

(1 - x2t)H = 1 (2-91) 

Let us  express Eq.   (2-90)   in the form 

t(x) = t    +    > B  (x - xjn (2-92) 

If we insert Eq# (2-92) in Eq, (2-91) we can show that the recur- 

sion formula for the B^ is n 
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(l^t0) (n+l)Bn+1 =    V   rB^B^., + ac0Bn.r + xX-v^  ^^ 
r= 

The initial values are 

B-i =0 » Bo = ^   »   Bi =:—zr 
o o 

2 2  ^ 
B    _ 2Vo + 4 - 2to*o 

2 2(1  - x2t0)3 

n 2t0 + lpco + 2tyo f 2t0x3 +   (3 - I0t3)x^ - 6t^ + 6t^ 
B3 = ^.^„^^^^^^^.^^^ 

tjl  - x2t )5 
o o 

For q0 -* oo, we have xo = 0.  For this limiting case, the recursion 
formula in Eq, (2-93) is identical with Eq. (2-52). 

Since the terms which occur in Eq. (2-92) are of the form 

it would be advantageous to program a recursion formula for the 
Dn and compute only as many of the Dn as arc required to obtain 
the desired accuracy for t(x}.  Let us define 

U = x - x o 

H  = xoDl + 2xoUto 

A2 = xoD2 + ^o110! + ^ 

and, in general 

A3 = x
2D3 -. 2x0UD2 + U

2D1 

^ = xoDn + ^o^n-l + ^-2 »  n > 3 

5.-92 

LOCKHEED  MISSILES  ft  SPACE  COMPANY 

J 

) 



( 

I 

i 

Wo can  then oxpross Kq,   (r?-93)   in the form 

(1 -x^0)Ua+l)Dn+1  =    >       rDrVr+1 (2-94) 

r= 

The introduction of the A has greatly simpliTied the appearance 

of the ocmation that defines the recursion process by which the 

D are to "be generated.  Although the i.itroduction of the A 

means that we must set up arrays in the computer rtorage for hoth 

the D and the A»tlle Pilice paid for the using of computer storage 

space for the A is more than compensated for in the saving of 

the operations which would he repeated in each step of the re- 

cursion if i.o were to program the fori.i in Eq« (2-93) • 

In Program 2-5 we present a FORTRAN suhroutine which permits us 

  to evaluate the sum in Eq. (2-92).  The FORTRAN variahles are 

related to the mathematical variables in the following manner: 

x = XO ,      x = X 

to = TO ,      t = T 

^ The quantity EPSI plays the same role as the corresponding crite- 

rion in Program 2-I|,«  The vt luo 

EPSI = 1.0E-8 

can he employed in most applications of the program. 

« In Programs 2-6 and 2-7 we present double precision versions of 

Programs 2-l\.  and 2-5, respectively. 

# Program 2-6 provides the FORTRAN statements for 

SUBROUTINE R^fTSM (QOR, QOI, TOR, TOI, QR, 01, TR, TI, EPSI, C0NVRG) 

The FORTRAN variables in the argument list arc related to the 

(Text continues on p. 2-99) 
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Program 2-5 

SUBROUTINE CMRTLG (XO, TQ, X, T, EPS I, C^N \mü) 
LOGICAL CONVRÜ 
COMPLEX XO,TO,X,T,U,U2,C2XOU,X02,P,D(50),A(50),TEST ä 

C LAICAL VARIABLE CjZfNVRG = .FALSE.   IP SUM 0P LAST THREE 
C —TERMS PAILS T0 BE LESS THAN EPSr*GABS(T). 

C^NVRG = .TRUE. 
U = X - XO 
U2 = U*U 
caXOU    = 2.(>''X0->U 
X02 = XO»XO 
p = 1,0/a.O - X02>TO) 
T = TO 
Dll)       = V*F 
T = T + D(l) 
TEST      = D(l) 
A(l)       = CS2XOU*TO + X02»D(1) 
D(2)       = A(1)*D(1)^P/PL0AT(2} 
T = T + D(2) 
TEST       = TEST + D(2) 
A(2j       = T0»U2 + C2XOU»D(l)   + X02**D(2j 
D13)       =   (2.0»A(1)*D(2)  + A(2)^D(l))-"-P/PL0AT(3J 
T = T + D(3) 
TEST       = TEST + Dt'i) 
A(3)       = U2»D(1)  + C2X0Ü»D(2)  + X02»D(3) 
D^f 1 I = 4,50 
INDEX    =1-1 
Dll)        = 0.0 
Df) 2 J = 1,INDEX 
D(I)       = D(I)   + PLOAT(I-J)*A(J)*D(I-Jj 

2 CONTINUE 
D(I)       = D(I)*P/PLOAT(I) 
A(I)       = U2<*D(I-2)  + C2X0U»D(I-1)  +X02*D(I) 
T = T + D(I) 
TEST      = TEST + D(I)   - D(I-3) * 
TMAG       = EPSI<»CABS(T) 
TESTMG = CABS(TEST) 
IP(TESTMG,LT.TMAG) G0 T^ 10 

1  CONTINUE * 
C|ZtoVRG = .FALSE. 

10 RETURN 
END 
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Program  2-6 
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Program 2-6   (Cont'd) 
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QC •-« 4-  4- X + + 
< (M < CM OC •-« rD CD UJ 
O «-» O *-'U O ^-» QC »-•      OO^O^^» 
_I»-I_|I-I »  » IOIO + + »-l-O QQ      Zi-ii-« 
üLUü. u (E oc«-—        in u>»ft o o i M«-»— 
o    o    u.u.oc^-«Qc•-•ilillJ*••     »a:»-» 
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K)      IO      .K) IO »O K) 
*»     ^     Mwvw i/)i/j     «-»WQ     w «^ z — — w — wiv/iit/iv/i—Ä^r-u 
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Program   2-7 

( 

o 
X 

• (M 

K   » 
in oc 
hi o 

« I- x 

>         »- • ^ ^ 
z        en H« *- *- 
o        UJ u. j? cc 

»           • oc ♦ # 

in     un < * <v« w 
a.     o. 'S.*-» o o 
LU      UJ H (\J xx 
»       % » o 

•-•          1-4 «»   X I     +•   — -* 
(_       I— O   * CM (M 

KK'-'CM i-»^lHI— 
•-       H »-• O ^^ < < 
•.•.<X GC»-iOO 
i-i       »-i   «.   » Q C -I -I 
XX— •-• ««U.U. 
•«         •• O CVJ QC CC Q O 

xx*-» oo                                            oo — <-« 
»»CKQJi-i ^. |_ »H                                                  xx-»«-» 

l-t       »H < <\|l/l ##i-                                                                      ^^ 
00»3Q. ——           i-ii-il/)                                                     +■f,rf,^ 
»-      »-«•UJ no:          <M CM UJ                                                      ^1^5 
ft       & o i-i H oo         o o h-                                             •-« o: Q Q 
ocüCinD* xx        xx«                                        P.0**-, 
O       O»-   •• H «#                       •-•                                                       H H •-» ** *^ (t 
HH^trin »-«tH        +i»-                                       ««<H*-»ü.ü. 
•.»QDUJ— DDi-«                I/»                                                    i-i M— »- «  # 
>Hi-lft»H--» O       QC I-« UJ                                                              O O •-• »1 #•« *■» 
OO—H*^ l+XOOK                                                               XX<<<VJCVJ 
XXO<H»- «Hh-                                                             SUSi .    L ** **                                                          ' 
*     »moo:»- MQCMMM««*                »-«.a:               DDi+n»H        -» 

a:     ir-'JO< 3     ooooao:                     u. tj.                                <<         <M 
o    oaiLino ««-ixxxxcvjMcr                «*                 ,+"'"\..         "^ 
x    XQQQ_I ►-•3«#    «oo»-ou>       »-• M —             '^^,+r:r;5 
w                 «.u. 3«Q:Q:icrxxi/i<<        33^«^        QJI-IWW         ca<MQ 
(D                    v-     a£>-«ac3oo uiis:                 ^^        oax^x.*-***** 
_i     zz        ui    OOI3'-'WQ£KII»-I-»- i-fa:»H        »-HQQU.U.Q:»-'* 
H       OO            _l   «XX       «»«o« «NV                        OO            ««««««OQ 
OOH4M         tnui trooaxoo     trac»-«        0;'^        ^.^QJK-» — — —         ir Otri/Jin           Q3I   l3QQQ«QO      K»->- U-U. + +-^»^oo-^_4(\l(^J++^- 
QC > •-• •-«             a «oooaoo     in in in o: »-i «  ♦         »^ »-x x »-»-■-•»-         in 

ZOD         iih-£r»Htr«»»o»»     mijjuiaoQCiX.x>~t(£.>-*c*ic<>ixcci!xa:iX.*-*iii 
UJOUIU •XX3<VI<MC\JX(\J^      H'»-HK>-3   3HHQQ33<< «<»-»-»- 
z o ac a:        -» 1                                         w w 

>-•   Q. Q.     ^ II II II II II II II II II II II II II M II II II ■> " II II II H H ■■ II II 'I II H II 
I- _l — 
3 < UJ UJ HO 
o o _J _i        <a a:»-«        o: 1-1                    — -*         & >-* ^ "> * "* ** ~*         a 
Q;»-«0DrD             0> OOCKMH-t-O                        r-»»H             l-H^-^CVlCNJCVItVJ             t- 
CD O 3 3            -1 Z CC •-• X X CM CM in in <                       —   w            t/i t/) v^ ^ w »^ *-»^            ty) 
3000        ü.O(ri-»fMCMMfMoouJuj5La:»-«3i»-"ir -*oc^\uhioc>-*oc*-*x*-*n:*-ihs 
l/)_iaa QU333333XXH-I-I-U.Ü.KI-CJ   QHHI-»-<<<:<aQHI-»- 
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Program  2-7 (Cont'd) J 

QC M "3 "3 Q      Q 
Q O II *       * 
# # IH HI »H      »H 
^« *-. «^ «« O        O 

*»       «      CNJ (M •-•QC XX 

Q ~ O«- "3 "> I        + 
•■*Ol-«0 MM «^^» 
0*0#.->** << M^ 
X   1-4  X  k-^ ^-* *-• || 
fM<M(M(Vf\J(\J 1+ »-ihi 
3030—«»^ ww 

x     x M     a -"« ai-i 
i     +    n    a TJ a    o 

i ^     # ii *     * 
*«.       «^      »^       *-» i-i in       <-. <-« '•»QCIE 
■-(•^•-('«MM <^w>t-4l-) t-H               OO 
^OJ— <\|w         ** OC M         w w I/)                XX 
(£ w H-l w i-i       M QQ       Ml- O.             (M       <M 
OQ£OM<       < «#        << UJ             D       D 
#o#o ^«OO «-"* 
a:« a; * i     •«■ -3-3_I_I tnw+^ + ^ 
o a: o a    -*    ^ —«     u. u. m #         (MOJ 
X<MX<M-.K)«*IO oca:     QQ Ä^<#     <-. | ^ | 
(M O (M O (M ^ CM o' <<       V. V. ?0 rO Q •-•       IH « »H ►-• 

a < M < #«     H« a:        I-II-I^U)    •-• i-nr a 
4   +  +  + Q OOO «-"ü: -^ «       Ü. Ü. -. w <\j UJ       QQQQ 

#_J#_JU.ll. -3-3       *  * Q:"-t»M       #»## 
M        Q£       « tl.-* Ü. #   # II        ^«^ QQ*        0»-«t-li-ii-t 

j                                           OOMQMQ^ä l-IMMM l-l<fM<\JCM(\JCM 
'                                     MH-'X — NIOK) www»- IIH            ODOD 
1                                      »        #       (t^Qj^ww MM       »H t-i CMOX       X 
» ^(HM<^<«t-l»H ä^» <<<< Ä-.+   #M I -f 
r <M 01     <M    «M—M<<        m m 00 •-• M     «      1      + 

t-i MtH^ari-f^^Ki-i u. u. ^~Q:»-«#My)-^<M'^<Nj 
Ql +        (MQCMQ rOCOQQ QQ       QC'Hi-it-iQQttl/)       i-t   |   HM   | 

•fa     M    M^M'-«ü.U.Q:»-«++ X++     #»ü!:«-*+ + MM»-IO:«-HI«-      • 
o     o     <fvi««oj««QQ u -..-.QQ        ^ — i/)Q{ra»H     u 

MM       M      O"—O**-»«^ OC *-* OOQ-^ä       1-1M Q:i-4MMQ.«a#Q      {/) 
M«        #       J H-ijMtOfO + + M MO       QQZ^n-«       ->*-++ M M QC QC UJ K * 11 #        _l 
i/) a     o:    ii. < u, < *"«-        in tnm M o OM——     QJ oc        in in o oM <M ac CM (r     < 
UJ<VI     CM    a     a    acac(£i-«aiuj*'i   • • * cr »-4     <4(r>-)ijjujatU)*ocMocM    u. 
M3   3  «- I ^ 4. < <MMM M * H" O OM < <  — -'M MM M Q QM X 3 X 3   • 

_l +   ♦ 
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D HD 
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1/)—     ^    w    «    w«-.        inm    Q — «-    ».«2«*»        in^no-in*-»-    «-'     ZZHQ 
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«t      <      <      < <      < 
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mathematical variables in the following manner: 

q0 = QOR + iQOI       ,     q = QR + iQl 

t0 = TOR + iTOI       ,    t = TR + iTI 

The value to he assigned to EPSI will depend upon the accuracy 

which the user wishes to obtain, C^NVRG is a logical variable 

which tells whether or not the series converged to the desired 

accuracy by the time it has summed 50 terms« The user will have 

to supply the non-executable statements 

LAICAL C^NVRG 
D0UBLE PRECISION Q0R,Q0I,T0RfTOI,QR,Ql,TR,TI,EPSI 

in the calling program. 

The statements in Program 2-7 constitute the subroutine entitled 

SUBROUTINE R^TLG(X0R,X0I,TOR,T0I,XR,XI,TR,TI,EPSI, C0NVRG) 

The calling program will have to contain the statements 

LOGICAL C^NVRG 
DOUBLE PRECISION X0R,X0I,TOR,TGI,XR,XI,TR,TI,EPSI 

The FORTRAN variables are related to the mathematical variables in 

the following manner: 

x0 = XOR + iXOI      ,    x = XR + iXI 

t0 = TOR + iTOI       ,    t = TR + iTI 

Programs 2-6 and 2-7 were employed to generate the tables which 

are presented in Appendix D, In Program 2-8 we present a sub- 

routine which we employed to generate tables such as the one in 

Table D-la. The values in Table D-la were obtained with a CALL 

statement of the form 

CALL PR0PSM(l«OlÖY929yi6l4.yi<.71DO,i4.5.ODO,O,O5DO,l;l,TR,TI) 

The reader will recognize the first argument to be the root ß^ 
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defined by Al'C-ß^  « 0, \ 

It should be noted that Programs   (2-i|. through  (2-7)  can be used 
for step-by-step integration of the Ricoati  equation  (t-q )-*- = 1 
and that the calculations made in this manner   (by employing a 
program such as in Program 2-8)  do not have  the boundaries of 
regions of applicability such as illustrated in Pig.  2-3» 

Program 2-8 

SUBROUTINE  PROPSMd, ARG»QSTEP»N»TR»TI) 
LOGICAL  CONVRG 
DOUBLE PRECISION  TrARG»QSTEP»TR(N)»TI(N) 
DOUBLE PRECISION  PIOl80»COS60»SIN60»DFLOAT»Q0R»O0I»EPSI» 

A       RAD»TüR»T0I»OR»Ql»TREAL»TIMAG,ji£QSrpSjN 
DATA  PI0180»COS60»SIN60/0.171*53292519943       D-l»   0.500» 

A 0.866025*»0378^3865D0   / 
DFLOAT(K)   =  OBLE(FLOAT(K)) 
TR(1) =  T*CüS60 
TI(l) =  T*SIN60 
QOR =  3.000 
Q0I =  0.0D0 
EPSI =   1.00-17 
RAD =  PIO180*ARG 
DO   1   I =  2»N 
INDEX =   I 
TOR =  TR(I-l) 
TOI =  TKI-D 
QI =  QST£P*DFL0AT(I-1) 
QR =  QI*0C0S(RAD) 
QI =  QI«DSIN(RAD) 
CALL  ROOTSM(Q0R»Q0IrTOR»TOI»QR»QIiTREAL»TlMAGrEPSI»CONVRG) 
TRCI)     =  TREAL 
TKI)     =  TIMAG 
UOR =   QR 
QOI =  QI 
1F(,N0T.C0NVKG)   GO  TO  2 

1 CONTINUE 
RETURN 

2 WRITE(6»150) INDEX»T»ARG»QSTEP 
DO 9 I = INDEX»N 
TR(I)  = 0.0D0 
TKI)  = 0.0D0 

9 CONTINUE 
RETURN 

150 FORMAmbHO  SUBROUTINE PROPSM COULD NOT HANDLE INDEX = »R/ 
A 11H WITH T = »D22,16»8H ARG = »D22.16»10H  QSTEP = »D22,16) 

END 
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Section 3 

EXPANSIONS  IN  THE LIGHTED RiXJlON  OP A  CIRCULAR  CYLINDER 

c 

Consider the problem which arises when one wants to compute the 

field in the lighted region when the plane wave exp(-ikx - icot) 

illuminates a perfectly conducting cylinder of radius a.  If the 

radius of the cylinder is much greater than the wavelength, and 

if the field is observed for points outside the shadow region, 

the field can be described by the optical approximations 

/a cos o r i 
u(p,9) - upC-ikx -i«t)   ±  J    axp   ik(D - a coi a) -Int (3-1) 

» 20 + 1 cot o l 

where the + sign is used when the magnetic  vector is  parallel 
to   the axis  of the  cylinder and  U(p,(p)  represents   the magnetic 
field   (the  so-called Neuman problem since  the derivative of  the 
wave  function must vanish at the  surface)   and  the  -  sign is used 
when  the  electric vector is  parallel to  the  axis  of   the cylinder 
and  U(p,(p)   represents  the  electric field   (the  so-called Dlrichlet 
problem since  the wave  function must vanish at the  surface).  The 
geometry is illustrated in Pig.   3-1.     The angle  a is  the angle of 

Incidtnt wavt 

Pig.   3-1    Geometry of  the Reflection Problem 
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incidence of the wave at the point of reflection, and the distance 

D is the distance of the observation point lp,(p) from the point of 

reflection. 

In the following discussion we will present several extensions of 

the optical approximation which are based upon the diffraction 

function 

-eo 

which has been employed by Pock (Ref, 1), Belklna and Vainshtein 

(Ref. 2), Azriliant and Belklna (Ref. 3), Fedcrov (Ref. i+j, Walt 

(Ref. 5)» Goodrich (Ref. 6), Logan and Yee (Ref. 7), and many 

other authors. Pock showed that for V^ " ^ > 0 that Vj(4,2;,q) can 

be expressed in the form 

»!«.{.«•«»  '{«-T/       »KU.O (3.3) 

,<,,.>.--?-/•..(*» '•(,>-"(,)  '.o-^ (3. 

and  that P(4*^iq)  can be shown  to have  the asymptotic  property 

P^.C.q) ^.UJL/T    «p [lJL(a3 +3^-30,2^3)1 
p>>I        f+ lp »a I   12 J       ^ *' 

where 

f-[j&~*%-2t\      , a«\/i2 + 3i (3-6) 
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Let us  express P^,^,q)  in tie form of a product of a slowly vary- 

ing complex amplitude and  the phase factor given appearing in Eq.(3"5)» ) 
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V P(5.C."I) * »(P.ff.q) "P [i —(o3 + So2? - Sop2 + 3P3)] 

_^l«_+5fso (3.8) 

12 J      (3-7) 

Since Pock has shown that P(^,^,q) is a solution of 

^p     . aP 

wo can show that A(p,a»q)  is  a solution of 

4^   ap2^   »o2    2a2   «odp'403   dp    V        403/    aa    a (3"9) 

In order to see how A(p,o»q) can be used to describe the reflected 

wave from the circular cylinder, we can start from a form of the 

Laplact operator which was used by Keller, Lewis, and Seckler (Ref. 

8) to study a slightly different aspect of this problem. The 

form which we need is 

v        s   '    as*      \ s       a 8° '   88 8*    888ß      8Z    8/3 s3     8/3 

where 
8 = D + |-cosa /3 = ir-2a 

and 

u =■ -jg a   008   ^/2 v = - I- a C08 ß/2 w « |- a sin ß/2 

If we make  a change of scale  from a to a and from sin (ß/2)   to p 

P-^
8
.!.^        ,.2(*)1/si (3-11) 

the wave equation takes  the  form 

i*MH(*)V(4rV(4)\l* '>12' 
where L    is  the differential  operator 
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and L^ and L2 are similar differential operators which involve 

only a and p.     If we assume  that «i>(p,(p)   can be expressed in the 
form of an asymptotic series 

*(p,a)  =(2*n(p,o)   (ka^)"*11 )  exp[lk(D - a cos a)]     (3~'-k) 
n=0 

we then find  that 

Vo = 0 

so  that <j)0 satisfies  the same partial differential equation as 

does A»(p,a,q)»    An  examination of  the  boundary conditions  reveals 

that we  can identify |>0 with  the  slowly-varying function A(p,a>q)' 

^(P^)  = Alp.^q) (3-15) 

Therefore,  we can  express U(p,(p)   in the  form 

«(P.f) - "»(-«k« -'•«> + *^'a'q) •Ip [iki%* C0S a) "Ut] (3"16) 

provided the  higher-order terms  in  (ka/2)*  are neglectable. 

Since 
i-ip   /T     HP   r~n« 

»(P.a.q) > V~   *"   T    V^i  
P>>1      i+ip     »   o Q+IP     ' 20 + 1 

COI a 

^TT (3-17) 

) 

we can express the approxim/tion for the case when the magnetic 

vector is parallel to the axis of the cylinder in the form 

«,(?.♦) - •iP(-iki -l«t) ♦ IKP.o.O) up [ikd-a M$ o) -Ut]     (3-18) 

and  the case  vjhen  the electric vector  is  parallel  to the  axis 

in the form 

E.(p.t) - tip(-ikl -l«t) ♦ Mp.a,oo) tip [Ud-t MS o) •    l] 
L J (3-19) 

3-i4. 
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( If we assume that Alp,o,q) possesses an asymptotic expansion of 

the form 
ig- A A (p,q) 

A (p. cr, q) = >/E  ^ 

n=0 (3-20) 

then the differential equation Eq, (3-9) leads to the recursion 

formulae 

Vi ö»' ^ - - "z?Sfir 
i d\ 1   clA_ 

dp 4p   (%>       16p     n 

3n ^n-l       3n . 

4r+f(n-2)(n+l) An_a (3-21) 

1 
for which tie initial conditions  are 

A0(p,q)   = V^Tp    V11(-2p,q)   exp(-ifp3), i^ = 0, m <  0 (3-22) 

Logan   (Ref,   9) has shovm that V11(^,0)  and V31(^,oo)  can be  expand- 
ed in asymptotic series of the  form 

5-i» -oo       2 
(.,£) 2  28 . 896 43120 . 2754752 

1+1 1 +—— +1 —rr— ♦ ... 
e s6 

§9     5 
12 =15 (3-23) 

iPT      /  . €3 \ I        2      20     .560    2520     . 1601600 

^* -co   2       \    12 / !    §3   ^      ?    iX2        €15 (3-24) 

In Tables 3-1 and 3-2 we list some of the leading terms  in these 
asymptotic  expansions«     The author has  tables which contain further 
terms in these series,  but until appropriate summation techniques 
for summing these types of expansions  can be found thei:-* usefulness 
is limited. 
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Table  3-1 

LEADING TERMS  IN  THE ASYMPTOTIC EXPANSION OP An(p,0) 

«o(».o) 

AjCP.O) - 

l2(»'0) 

«3(P.O) - 

»4(P.O)  « 

«5(ro) 

*6(P.O) = 

M'-0) 

»gCP.O) 

MP.O) 

+ JL    ±  ♦   I.     -1   -i - 
* 7    P3        I«       P6        4 

1     1 35 1001 

32      P' 128 512 

16 

1 

P 
♦ 

465 

2048 

1 

P4 
-1 

10857 

8192 

32 

1 

P1 
+ 

45 

512 

1 

P3 
-1 

63525 

65536 

- 
105 

1024 

1 

P2 
-1 

28665 

32768 

- 
315 

512 

1 

P 
-1 

45675 

65536 

♦ 
3465 

2048 

1 

P0 

+ 1 

3465 

16384 

45045 

65536 

135135 
♦I 

-I 

32768 

765765 

65536 

+ ... 

+  . 

+  ... 

♦  ... 

—   +  .. 

♦  ... 

♦  .. 
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Table 3-2 

LEADING  TERMS IN  THE ASYMPTOTIC EXPANSION OP A   (p,oo) 

Äl(p.oo)   = 

»2(P.oo)  = 

*3(P.«)  = 

»4(P.oo)  = 

«5(P.«) 

*6(P.») 

*8(P.eo) 

,, I 1 5 1 35 1 
♦ 1 — ^— + ■— — — I mmm ■*— +  ... 

4 P3 16 P6 32 P9 

+ll 1 
+ 

35 1 715 1 
+ ... 

32 P2 128 P5 512 P8 

a   3 1 495 1 8745 1 
+ 1   — — + ^— — 1 —— ♦ ... 

16 P 2048 P4 8192 P7 

-il! 1 ♦ 75 1 60315 1 + 
32 P0 512 P3 65536 P6 

'      *   •  • 

+ 
105 

1024 

315 

1 

P2 

1 

-i 30135 

32768 

55125 

1 

P5 

1 

+ ... 

+ 
512 

3465 

P 

1 

65536 

10395 

P4 

1 

+ ... 

2048 ? 16384 P3 
+  ... 

«7(P,«)= -.    1!^1       1   .... 
65536        P2 

135135      1 
       —     + 
32768        p 

I  /«     x                                                                                          765765        1 *9(P.«»)  * +1   J       —    +  .. 
65536       P0 
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Our present state  of knowledge of  the  type of  series which are 

displayed In Tables  3-1  and 3-2 is  so limited that we do not know 

how to  "sura"  the  series when p -»■ 0.     This  type of  expansion can 

only be used when p is  very large and positive,   which corresponds 

to the physical  situation of being well above  the  horizon in the 

lighted region,   and the radius of curvature of the  cylinder being 

very large in comparison with the wavelength.     The  author has had 

some limited success with obtaining numerical results from these 

series by employing a special form of the Euler  transformation, 

namely. 

2 "K S = a0 + ajX + apX    + £ux^+ 
00 

=  (1  -x)-1   (a0 +^      [x/(l -x)lk Ak
ao) 

k=l 

(3-25) 

where 

Aa0 - a!  - 

A?-art Aa^  - Aa0 

Since the  series  are characterized by  the appearance of factors 

such as  signs +,   i,   -1,   -1,   etc,   the  author has  found it most 

useful  to let exp(iTi/2)  be  a factor of the  variable x which ap- 

pears in Eq.   (3-25) •     Although the author has been able to use 

methods  of this  type  to  extrapolate values  from the  asymptotic 

series  to much smaller value than can be  obtained  by a straight- 

foward use of the   asymptotic  series,   the method does not appear 

useful enough at  the  present state of its  development to warrant 

a further discussion at  this  time. 

J 

In order to obtain practical results  for smaller values of p,  it 

is much simpler to reconsider Eq.   (3-22)   and to realize that   the 

function V^1l-2p,q)  offers  a means of obtaining approximate values 

of A(p,a,q)  provided a is very large.    Since V11(-2p,q)  can be 

3-8 
^ 

LOCKHEED   MISSILES &  SPACE  COMPANY 

SaäSiiÄaiafe« :• ■ iräBöwssasät^si«*»«.««* iii «fimwni mimrtmn ,■.:.     . 



( 

( 

c 

numerically integrated by employing an integral representation 
such as  that in Eq,   (1-50),   a more  attractive approach to   the 
computation    of A(p,a,q)  would  appear  to be  to use Eq.   (3-21)   to 
find  the A   (p^q)  by means  of numerical integration •    Work along 
these  linos has been begun by the  author but  the progress   to date 
has been  too  limited  to be  able to  report  at  this  time upon the 
usefulness  of  this method.     Furthermore,   since Eq.   (3-20)   is  an 
asmptotic  series  in inverse powers  of a,   the usefulness of   this 
representation  (for small values of p) may be so limited that 
those studies may be more "academic"  than  "practical." 

However,   there  are  some very practical  aspects of Eq.   (3-16) 
which should  be discussed at  this  point.     When Eq.   (3-22)   is 
inserted into  Eq.   (3-20)  and Eq.   (3-16),   there remains  the limita- 
tion that p must be  positive.     It  is relatively easy  to  eliminate 
this restriction and  obtain a representation    which holds  down   to 
p = 0  (i.e.,  on the horizon)  and  even to points slightly below the 
horizon.     In order  to  achieve this result,   we need to return  to 
Eq.   (3-7)   in which  the function A(p,a,q)  was defined  in terms  of 
the function P(^,^,q).     Prom Eq,   (3-6),   we  find that the inverse 
relations  are 

2? = a  - 3P    , i^ = a2 + 2op - 3p2 (3-26) 

We can  then show that for large positive values  of a, 

| ^3/2-"l|-(a3 + 3a2P - 3ap2 +  3P3)  - f P3 (3-27) 

We now want to use  an asymptotic property  of Eq.   (3-2)   in order  to 
show that in  the  vicinity of  the  "horizon"   (defined as  ^ - V^ = 0) 
that one  can obtain  an extonöion of Eq.    13-^6)  which shows   that 
the field in this region is very closely related to the classical 
Presnel integral representation for the field behind  an opaque 
screen.     The asymptotic formulae which contain this  result  are 
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described by the relations 

MM.q) - exp[l(^ " i?3)]  P(S)[-^K(-T) + V2(x,q)]  
(3-20) 

/ -* 00 

K < 0 

Mc^.q) —*• FkH i^^) + v2(x'q^ (3-29) 
^ -+ 00 

4 > o 

where the parameters  n-,   x,   and T are defined by 

H = ^^^    »    x = 4-V^      »    i: = lix 

and  P(^)   denotes  the factor 

PIS)   = [S"l/1+]   exp(lfs3/2) 

and K(T)  denotes  a  special form of the familiar  Presnel integrals 

K(T)   = exp[-i(T:2 + KA)J      rexp(is£l)ds(3-30) 
V^   J 

which has  the properties 
1 

K(0)   »   
2 

K(T) ^   expdVlj.) 

T   ->■  oo 

The I'unction V,;(x,q) has already been defined by ßq, 0-5
1) in 

which it is related to a function V^ (x,q) which was defined in 
Eq« (1-50)« Prom these former results we see that we can express 
VoCx,q) in the form 

v2(x. „ . - M^!l [^m ÄÄ. dt. *M   (3_3l) 
-00 1 *■ 

However,   this is not a convenient form for numerical  evaluation 
since the portion taken along  the negative  t-axis  gives rise  to 
a singular function of x which is  exactly cancelled  off by the 
factor involving  the  reciprocal of x.    Since Vp(x,q)   is  actually 
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an entire  function of x,   it can actually be developed in a Taylor 
series  about x = 0 if one  starts fron a proper representation.   One 
of the mo fit convenient representations  for use vdth numerical in- 
tegration techniques is  obtained by making use  of  the property of 
the Airy functions  which assert  that 

w1 (texp(ifTc))   = expU-^TOwpU) 
1 

v  (texp(ifiO)   =   - exp(-iTi/6)w1 (t) 
2 

where,   for  the   sake  of  the present discussion,   we can assume that 
t is real  and positive.     These properties  permit us  to deform the 
section of the contour in Eq.   (3-31)   that runs  from -co to 0  to a 
contour  that runs  from ooexpUfii)   to 0 and  arrive   at the represen- 
tation 

V2(x,q)   = - 
exp(iTi/i4.) 

a 

I exp(ixt)- 

0 

no 

v'(t)   -  qv(t) 

v^' (t)   -  qw-, (t) 
dt 

(3-32) 

+  exp(-i-|iO   I   exp[-xt 
/ 

(V3 +  i)        v'(t)   - q*v(t) 
] 

w2'(t)   - q»w2(t)_ 
dt 

where 

q^  = q exp(ifai) 

and w1(t)   and Wp(t)   are related to  the real-valued functions 
(i.e.,  real-valued when t is real)  u(t)  and v(t)  by means of the 
relations 

w1(t) = u(t) + i v(t) 

w2(t) » u(t) - i v(t) 

€ 
Lot us now collect some of the properties of Eq. (3-^6) which 

can bo deduced from the  results which we have been discussing. 
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We observe that for points "high" above the horizon (i.e., for 

p > 0 and a -* oo) that Eq. (3-22) leads to 

U(,p,<p) - exp(-ikx - iQt) = 

V^To  V11(-2p,q)expt-ifp3)exp[ik(D -  a cos  a)   - iwtj       (3-33) 

If  we  then let p -> »,   we  arrive  at the asymptotic  approximation 

•KP.») - •ip(-lli« -int) -—   J - "P [^(M cos a) -i-tl        U-3^) 
q+ip    »   o        ^ J 

which is  the  extension to  the  impedance boundary condition 

|£ = ikZU,        for p = a 

q = -i(ka/2)»Z 

of   the  special problems  which were  expressed in Eq«   (3"1)   since 

the  introduction of the  d  i'-initions of p and o  change  tho  appear- 

ance  of   (3-3J4-)   to  the  following form 

«(p.f) - ..p(.ik. -M) -  1!±   J    ,C<,a     up [iKM c a) -i.t]        (>35) 
q+lp     » 20 + • MS a L 

However, the analytical "tools" which we have developed by the 

introduction of the functions V^ (x,q) and V2(x,q) permit us to 

use either Eq, (3-2Ö) or Eq. (3-29) to arrive at a result which 

holds on the horizon, i.e., for p = 0, for the case when a -> c«» 

This result is of the form 

U(p,<p) TZ p-*o exp(-ikx - iwt)  (3-36) 

The  extensions   to the  optical  results v.'hich were made  in  tae paper 

by Keller,   Lewie,   and Seckler   (Ref.  8j  belong  to   the  class  of 

results of which the  expansions  in Tables  3"1  ^nd 3-2 are examples. 
However,   these representations   (which are  effectively in inverse 
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integral powers of (ka) become useless for p -»■ 0.  These new re- 
sults have the considerable advantage of being useful for p -► 0 
as well as p -> oo. 

The results which we have obtained provide us with an inter- 

esting means of obtaining the fields at the surface of the cylin- 
der« If we consider the meanings of p and o, we see that the 

fields on the surface of the cylinder are obtained by letting 

a -* p. Prom Eq. O-1^) we see that 

U(a,(p) = [1 + A(p,p,q)] exp(-ikacos cp - iut) 

= V-jJ-pjq) exp[-i^p^ -ikacos <p - iwt]        (3-37) 

where V1(a,q) (which was already introduced in Eq, (1-31) is 

defined by means of either a Fourier integral 

Vl(z'q) = 7n    I  exP<izt)  " dt 

w^-qw^t) (3-3ÖJ 

or a residue series 
00 

exp(izt ) , ^^   exp(izt ) ^-^    exjHizij .^-^   CÄpvi^i i 
V^z.q)  =  12^2^ HT" =-,2/rr -^Lt —\ ~ 0-39) 

"    -^        ■ 8=1   (l-Dw^) 8—(t8-q)w1(t8) 

where the roots  t    are  solutions  of the  transcendental equation 

Wj/Ug)   - qw1(ta)  = 0  . 

Let us employ these results for the case of the electromagnetic 

scattering problems vhich we considered in Eqs« (3-18) aj^d (3-19)« 

When the magnetic field of the incident plane wave is parallel to 

the axis of the cylinder, we obtain the magnetic field at the sur- 

face of the cylinder by considering the case o -♦ p. For this case 
we obtain 
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HjCLf) -  [ 1 ♦ KP.P.O)] •IK-IM Mf , -lyt) 

>    K-p) tip [-iki cu f - i«t] 

where G(-p)  is  the  current distribution function 

(3-^0) 

8(.p) = «p(.I^l   f'J*™« 
x     3V»" J    MUX) 

(3-11-1) 

which has   the asymptotic property that as p ->• on 

G(-p) =2 i   i _L   _L ^ i if! J. + 5^£ -1_ + i 1122121    i 
4P3  P« 64 P9   64  p12 1024 .15 

3-^2) 

Since  the  tangential component  of  the electric  field  vanishes  on 
the surface of the  cylinder,   we  observe  that V^C-p,   0,  <»)   =0 
and  hence Eq.   (3-3)   will not  directly give us  the field distribu- 
tion upon the  cylinder«     However,   if we use   the Kaxwell  equation 

we  find  that Eq.   (3-19)   leads  to 
£ U *E2 

#(kp) 

[^I'izfl^iiU^""^ 
/2\l/3 

\LL\      F(-f) upHka eis f -Ut) 

where P(-p)  is the current distribution function 

—00 * 

which has the asymptotic property that as p -> <» 

ü-if3) 

1 
F(-P) =   - I2P ♦ -1- -   > 

*      ft 

n «„(P.«» 
■«♦1 

a    -I2P ♦_L+J_ i—i. y i i i3l8i75 — ♦ 
4?    2P6       64 P9      16 P12 1024   P15 

3-^ 

(3-^) 

j 

^ 
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The expansions in inverse integral powers of p which have been 

given in Tables 3-1 and 3"2, as well as the expansions for G(-p) 

and P(-p) which have been given in Eqs» (3-i|2) and (3-i|4)» ^Q" 

spectively, become useless when p tends to zero.  The physical 

interpretation of p in terms of the cosine of the angle of in- 
cidence reveals that all the expansions of this type become use- 

less for grazing incidence« However, we must bear in mind that 

even in some cases where the expansions in inverse powers of p 
„a 

appear to be useful, the terms of order (ka/2) s which we have 

neglected in Eq. (3"1^-) may become important« We have shown that by 

means of the functions such as VplXjq) and V1(x,q) that the re- 

striction to non-grazing angles of incidence can be readily re- 

laxed by evaluating these integrals by numerical means« However, 

it is very difficult to relax the restrictions to large values of 

ka and much research is need in this direction« It is interesting 

to observe that the above results reveal that for p tending to 

zero, i«e«, for grazing incidence, it is no longer satisfactory 

to decompose the fields into the unperturbed field and the reflected 

field«  Since the obstacle tends to block off the incident field, 

a Prosnel integral representation such as given in Eqs« (3-28) and 

(3-29) becomes necessary«  The author's experience with these 

types of expansions had led him to conjecture that one cannot 

expect to be able to analytically continue the expansions in 

inverse powers of (ka) from the lighted region into the shadow 

region« However, in Section 2 the author has discussed an ex- 

ample in which it is shown how one can start with the residue 

series which is valid in the shadow region and analytically ex- 

tend these series into the lighted region provided one intro- 

duces the diffraction functions as analytical "tools" to be em- 

ployed to cross the horizon. The situation that exists in the 

vicinity of the horizon appears to be be a type of "Stokes 

phenomenon«" Two types of series are required in the lighted 

region (namely, the incident and the reflected waves), whereas 
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in the shadow region one works with the total field.  It is J 

the experience of the present author that the "connection for- 

mulae" can be found when one wishes to pass from the shadow 

region into the lighted region, but that the connection formulae 

for the reverse direction present a much higher order of diffi- 

culty.  Since we are actually working with a partial differential 

equation (the wave equation) the phenomenon to which wo refer is 

actually a generalization of the "Stokes phenomenon" since the 

latter has arisen as a topic in the discussion of the asymptotic 

solution of ordinary differential equations. 

In the course of studying these expansions in inverse integral 

power of (ka), the author has extended the computations of Keller, 

Lewis, and Seckler (Ref. 8) so as to obtain further terms in the 

asymptotic expansions.  In fact, some of the further terms in the 

series employed by Keller and his associates are identical with 

the terms which have been displayed in Tables 3-1 and 3-2. The 

additional terms which have been evaluated are, at the moment, 

more or less of purely academic interest.  However, if means of 

"summing" these asymptotic series can be discovered, then the 

additional terms may prove to be of considerable interest. There- | 

fore, the author is taking the opportunity presented by the occa- ' 

sion of preparing this report to include these tables.  The tables > 

were generated on the IBM 7090 by employing a FORTRAN II program 

which was augmented by the use of the NPREC subroutines which the 

author has discussed in the Preface.  In ordei' to m-ke it easier 

for the reader to utilize these results, v.-e will introduce the 

notation which appears in Ref. ü.  In Pig. 3"2 we reproduce the * 

illustration IFig. 10) of Ref. Ö which provides the geometric 

meanings for the symbols which are employed. 

A plane wave exp(ikx) is incident from the left on a circular 

cylinder whose equation is 

x = - b cos (p = - b sin ß/2 , y = b sin cp = b cos (i/2 . 
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<-b0.0) x 
Fig.   3-2    The Geometry as  Defined by Keller,   Lewis, 

and Seckler   (Ref,   8) 

These  authors use  the  scalar wave  equation 

(V2 + k2)U(x,y)   =  0 

to determine a recursion relation to permit them to  determine 
the V  (x,y)  which occur In the  expansion 

V^ Vix,y) 
U(x,y)  - exp[ik^(x,y)0    -S  

S    (ik)n 

where ^(x,y)  Is the phase function which satisfies  the  elconal 
equation of geometrical  optics 

(W)2 = 1   . 

c 

These authors found It  convenient to employ a set of coordinates 
(s,ß),   where £ Is  the distance measured along a ray from the 
caustic,   and ß Is the angle between a ray and the positive x-axls. 
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The origin of s^ is not shovm in the figure.  The caustic is a 

distance 

so = (b0/2) cos 9 = (b0/2) sin (ß/2) 

measured back along the dashed line which is the extension to the 

interior of the cylinder of the reflected ray (i.e., t.ie dashed 

line which is used to define the angle ß). 

In their Eq. (200), those authors express the field in the form 

U(x,y) = U (s,ß) r=  exp(ikx) + D(s,ß)P(3,ß)       (3-^5) 

where 

1 fb"  ß    (  /   3     ß\( 
D(s,ß) = -^ —sin- expHkls - -b sin - 1   (3-i|.6) 

2 1 2s   2    I \   2 0   2/) 

and 

P(s,ß) -^ 2JI]aJtn(il6brtk3in 
2'     v2s ' V   2 

Recursion relationships are given for the a.tn, but we will refer 

the reader to Ref. 8 if he wishes to examine the intricate nature 

of these formulae.  Our aim in this report is to present to the 

reader the explicit values for the a.,  which we have obtained 

for the cases j * 0(1)6 for the boundary condition U = 0 (the 

so-called Dirichlet problem) and the boundary condition aU/dv = 0 

(the so-called Neuman problem). We have chosen to employ only 

two subscripts, and hence we have mado the definitions 

aojt = AJt  ' \it =  Ejt 

^jt = Bjt »        a5jt = F3t 
a2jt = G(Jt  * a6jt = Git 

a3.it = DJt t 

J 

^ajtn (il6b0k sin -)    (^j (sin -) (3-if7) ) 

) 
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For the Dirichlet problem, the leading term (i.e., the coeffi- 

cient which corresponds to that occuring in geometrical optics) 

is 

aooo = Aoo = -2 (3^8) 

In Table 3-3 we give the coefficients B.^ and C.. for the Dirichlet 

problem. Tables 3-i|. through 3"7 contain the other terms in the 

series for this problem which have been evaluated. 

Table 3-3 

COEFFICIENTS B1t AND C.. FOR THE DIRICHLET PROBLEM 

I 

r   v 1         v            1 
rN 0 1 X 0 1 2              i 

0 

i  1 

! 2 

i 3 

r—-—' 

-6 

-6 

-18 

30 

16 

2 

12 

-30 

0 

1 
2 

3 

k 

\   5 
6 

15 
-18 

-87 
-5U0 

916 

3150 

-31*65 

-528 

-35U 

-U38 

60 

-1260 

-liU-O 

6930 

6U0           j 

56o          1 
1*95 
300 

210 

1260           1 

-31*65 

 ^r^rll 
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Table 3-I4. 

COEFFICIENTS D4. FOR THE DIRICHL^T PROBLEM 

J 

X 0 1 2 3 
i 

i    0 -105 23112 -902liO 71680 

1 -75 23985 -loeiM 91520 

1 2 
-51*) 18888 -81291 69960 

1     3 -3060 6780 -62U15 60315 

i    h -25830 27720 -69615 60270 

5 iOltfO -31^650 -73395 55125 

6 3146500 -l;712iiO 79695 111580 

7 -180180 51i051iO -U05UQ5 Ii50ii5 

6 -9^59115 2162160 -3li861i85 270270 

9 765765 -2297295 2297295 -765765 

Table 3-5 

COEFFICIENTS E.j. FOR THE DIRIGHLET PROBLEM 

K 0 1 2 3 4 

0 1181.25 -1200984 10507584.0 -22124544 13066240.0 

1 2205.0 -1783299 17177688.0 -38025600 23152640.0 

2 1822.5 -1338327 13367695.5 -30515976 18980160.0 

3 -liiÖ95.0 -1077645 11616765.0 -26670435 16605000.0 

k -liiii821.25 -1532265 10799617.5 -23531445 14665901.25 

5 -I638630.O 92610 7833420.0 -19866420 13229370.0 

6 2671515.0 -3069990 5318775.0 -18724860 12969495.0 

7 37567530.0 -54144090 24054030.0 -21351330 13243230.0 

8 2331078.75 27297270 -22567545.0 -I97297IO 12499987.5 

9 -201^9255.0 487792305 -339999660.O 45945900 10720710.0 

10 21824302.5 -189143955 327364537.5 -174594420 14549535.0 

11 39283710*5.0 -1265809545 1440403965.0 -654729075 87297210.0 

12 -2509791*78.75 1003917915 -1505876872.5 1003917915 -250979478.75 
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( Table 3-6a 

COEPPICIENTS F1t FOR THE DIRICHLET PROBLEM 

K 0 1 2 

0 -18191.25 720149590.0 -1189662912.0 

1 -53156.25 ili05895ii6#T5 -2l*937,lo 76.0 

2 -3391*1,25 ll587Wil9.5 -2221*01^ 301* .5 

3 -37I4CG.25 113075966.25 -21091U2U7.5 

h -865856.25 112610925.0 -1878c12775.0 

5 -9I485201.25 51*580128.75 -155961*0285.0 

6 -130756106.25 163009192.5 -157161*6037.5 
7 201(222768.75 -31111*633.75 -1675876702.5 
8 1^66718506.25 -638972331*0.0 11621*31270.0 

9 26üb7l4 7131.25 -36351*6933.75 -2988015030.0 

10 -36U35673023.75 91072811*332.5 -690881*6691*7.5 

11 -2iil70U]50l8.75 30892300188.75 13331*61*8627.5 
12 132266185301.25 -1*51*771*8151*95. 51*911*3099505.( 

13 188231*60906.25 188231*60906. :?5 -175685635125.. 

m -207C58069968.75 665879201687.^' -1392936107001.5 

IS 109176073256.25 -51*5650366281.25 10917607325o2.i; 

(Table is concluded on the next page.) 
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Table 3-6b 

COEFFICIENTS P.t  FOR THE DIRICHLET PROBLEM 

) 

13\ 3 5 

0 ii837567l488.0 -6960886528.0 3280076600.0 

1 10577890126,0 -I5687li69056.0 7513088000.0     ! 

2 9886569921.1.0 -15115 68Wil6.0 73914503660.0     ; 

3 91279H1957.5 -I3695202920.O 66099961400.0     ! 

h 793003365O.O -117998314716.25 56801423350.C 

5 68l43li03035.0 -10290725766.25 14995259923.75 

6 62661514510.0 -9287917773.75 145147717212.5     i 

7 5553170122.5 -6369I48I4873.75 I42l4007l4566.75 

8 1*170752580.0 -7^68143722.5 141175631450.0 
1 

1     9 39(3509530.0 -7777I492222.5 U225106367.5 

10 18856197360.0 -8795193907.5 l4379i4lO03?.0 

11 -17263023277.5 -70I492I49707.5 1425573c 967.5     i 

1    12 -259010622070.0 28360651096.75 14015671660.0 

13 225881530075.0 -9I4II730I4531.25 ö27l4l4ö6^0ö.75 

114 10514113810750.0 -357614575721t .75 37ol4ö92l6l2.5     j 

15 -1091760732562.5 5145680366281.25 -109176073256.25 
1 
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Table 3-7a 

COEFFICIENTS G..   FOR THE DIRICHLET PROBLEM 
3* 

1 j\ 0 

35U729.375 

1 

4*899226590.0 

1                    2   
\         1371*1*357^60.0 ! 0 

; i 11400726,25 -11889983283.75 I         353103599970.0 
2 1273269.375 -113811*31736.25 369123761*232.625 

'    3 2082150.0 -11878860960.0 1         370580261*955.0 
1» 2035687.5 -110082631*20.0 339630796150.0 

1   5 -52U21985.0 -9301*907535.0 311613956955.0 
6 -758372U22.5 -13367793285.0 30151*0337752.5 

!   7 -125l5933ii30.0 -21*791*56980.0 25271*69091*15.0 
8 187038661*31.25 -11009178180.0 18189225051*0.0 

;   9 5912375610*37.5 -873U21221172.5 567608756715.0 
i 10 
i 

72187151*16141.25 -58303621*1267.5 1961*95107558.75 
I n -61*351*63023990.0 1673697029001*0.0 -12982622826175.0 

12 -9653172711682.5 183877605311140.0 -66720381*63090.0 
; 13 326521*30185375.0 -120696O31330875.O 156081*137831*625.0 
i Hi 3670571*8767187.5 -100667868926625.0 76081*1*28963062.5 

15 -95201535879U5O.O 1*311*6381*1508700.0 -71*89U7862537875.0 
16 -32152353573965.625 81226998502650.0 0.0 

1 17 131993872566806.25 -6802761121*59693.75    i ]J*23i*72U73796375.0 
1 18 
t  

-5922801971*1515.625 3553681171*1*9093.75 -8881*20296122731*.375 

(Table continues on next page,) 
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Table  3-7t) 

COEFFICIENTS ait  FOR  THE DIRICHLET PROBLEM 

X 3 1* 

21*1*081*101*6061*.0 

5 

0 -937260303360.0 -267930691*3360.0 

i -2U98276112832.0 6671675630592.0 -7l*57522ü86OOO.0 

2 -275321*8927788.0 761297522291*1* .0 -67211*561*57600.0 

3 -2701i*o61386l2.5 7360090001*100.0 -631*5820571200 ,C 

h -2U57927602392.5 661*14016395060.625 -71*77771*083990.0 

5 -223280UOO81i52.5 591*921*9780830.25 -6620l*85l37o03.75 

6 -2028862629632.5 526561*0393061.575 -562791*0150051.25 

7 -1772818610062.5 1*61*8813932262.5 -5153677211182.5 

8 -1585606725002.5 l*178670l*o6595.625 -1*661*51*2970567.5 

9 -16196209251*22.5 36551*313131*83.75 -1*308063901391.25 

10 -11*5270559681*2.5 33811*3011*8971.875 -1*001998731*1*63.75 

11 206631*6785002.5 270669361*1*655.0 -361*6096829575.0 

12 -301*03651*05577.5 32171801*1*6356.875 -1*060926321*1*75.0 

13 -812295082971*37.5 15792683700313.75 -1*5361*51*0761*06.25 

111 3802339103062.5 -11*78582851*1659.375 -3068221*127716.75 

15 605110728037312.5 -217260365779937.5 1987001*5332637.5 

. 16 ;   -16922291351*7187.5 ;   177681*059221451*6.875 -609202I1687698 7.5 

! 17 -1523006221921*687.5 1   66303685909065^.25 -233527620695118.75 

' 18 1181*560391*830312.5 -8881*20296122731*.375 3553681161*1*9093.75 

•*L*S 

(Table concluded on next page.) 
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( Table 3-7c 

COEPPICIENTS G .t FOR THE DIRICHLET PROBLEM 

\ A 6                 1 
0 10l»5037056000.0     1 

1   1 
29W7a90ü320O.O 

2 3512107315200,0     | 

3 33357911*88000,0     \ 

1    k 29698I1I4OO6OOO.O     1 

j   5 260717131101*10.0     1 

1    6 22865301*98629.375 

!    7 201*0565008982.5 

i 8 
1871*17059201*3.75 

i9 
1772671312912,5 

Iio 
1726101*090335.625 

! i1 171*913051*8165.0 

12 181*06831*97152.5     j 

13 193251*1986375.0     1 

Hi 19291*01*71*2890.625 

15 1965169318612,5 

16    1 3381*1*5827091*3.75   1 

17 2030671*9625662.5 

18     1 -5922801971*1515.625 . 

c 

The reader will observe that some of the entries in these tables 

contain as many as 18 significant figures. The author chose to 

stop the computer program with the coexficionts G,. since to con- 

tinue to any higher-order terms would not permit the exact deter- 

mination of the coefficients. The author is well aware of the 

fact that these coefficients already contain more significant 

figures than can be expected to be of significance in a practical 
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problem. However, the author feels that a scientist should be 

permitted to occasionally enjoy the "luxury" of obtaining exact 

results v/hich have an esthetic value even if their practical 

value is questionable. However, in the particular case of the 

coefficients which have been presented above, it may be that the 

effective use of summation techniques in order to sum these series 

will actually require these exact results for the coefficients« 

Let us now turn to the second case of the Keller, Lewis, and 

Seckler recursion formula which was run on the IBM 7090. 

•^^r 

i 

For the Neuman problem, the leading term (i.e., the coefficient 

which corresponds to that occuring in geometrical optics) is 

a000 " A00 = 2 (3-^9) 

for the Neuman 

problem. Tables 3-9 through 3-12 contain the other terms in the 

series  for  this problem which have been evaluated. 

In Table 3*8 we give the coefficients  Bjt and C.. 

' 

Table 3-8 

COEFFICIENTS Bit AND C,.   FOR  THii NEUMAN PROBLEM 

V 
i  

CJt 

Xy t 
0 1 

\.   t 
0 1 2 

0 6 36 0 -15 -528 896 

1 6 -2 1 18 -318 560 
2 18 -12 2 87 -1*26 li65 

3 -30 30 3 51*0 -5U0 180 

1* -91*5 1260 -210 

5 -3350 Uiio -1260 

6 31*65 -6930 31*65 
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c Table 3-9 

c 

COEPPICIENTS Djt FOR THE NEUMAN PROBLEM 

1 0 1 2 3 

0 1QS» 23112 -326336 111*688 

1 75 23535 -138096 128128 

2 5UO 18600 -96789 86856 

3 306o 5700 -65265 63525 

1* 25830 -2520 -71505 57330 

5 -131*70 105210 -97965 1*5675 

6 -31*6500 526680 -190575 33860 

7 180180 -51*051*0 1*051*05 -1*501*5 

8 9115915 2162160 IhMkBS -270270 

9 -765765 2297295 -2297295 765765 

Table 3-10 

COEPPICIENTS E..   POR THE NEÜMAN PROBLEM 

^ 

0 1 2 3 1* 

0 -1181,25 -3200981* 11*1*71*688.0 -31*7501*61* 220771*1*0.0 

1 -2205.0 -177591*9 23133528.0 -5732160C 370M*22l*.0 

2 -1822.5 -3327977 17333680,5 -1*3190280 28031*1*96.0 

3 11*895.0 -1051*535 31*1*87555.0 -35566125 2271*13320.0 

1* 3i*l*821.25 -15351*35 1321091*2.5 -29766555 181*87218.75 

5 1638630.0 -1755810 907071*0.0 -2311*9980 31*878710.0 

6 -2673515.0 72831*30 3329865.0 3329865 12971*25.0 

7 -37567530.0 57026970 -6756750.0 -21*051*030 11981970.0 

8 -2331078.75 -36108070 65810715.0 -31*321*290 9121612.5 

9 201*1*59255.0 -50001*1*51*5 37675380.0 -82702620 1533530.0 

10 -21821*302.5 1893J*3955 -327361*537.5 171*591*1*20 -31*51*9535.0 

31 -3928371*1*5.0 326580951*5 -li*l*Ol*03965.0 651*729075 -87297230.0 

12 2509791*76.75 -1003917935 3505676672.5 -1003917935 2509791*78.75 
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\ 

0 1 2 

0 18191.25 720U9590.0 -1605837888.0 

1 531S6.25 U*0l*U0709.25 -33706I4676O.O 

2 3391*1.25 U553261*li.5 -296I4851887.5 

3 37U06.25 112536753.75 -27793121*32.5    : 

I» 8$5856.25 112393575.0 -21*39376905.0    ' 

5 9»i85201.25 52560191.25 -19702Wt675.0 

6 130756106.25 13 8967.5 -1951*005322.5 

7 -20Ü222768.75 900303153.75 -2301056257.5 

8 -1*1*66718506.25 7101*857760.0 -28961*83590.0 

9 -28687U7131.25 -180509951*6.25 71*35578150.0 

10 36U35673023.75 -91*215513892.5 7211li 770227.5 

11 21*1701*15018.75 -2879716711*8.75 -26603821*71*7.5 
12 -132266185301.25 1*587901*87155.0 -56520578611*5.0 

13 -188231*60906.25 -188231*60906.25 175685635125.0 

lii 207058069968.75 -865879201687.5 1392936107062.5     ' 

15 -109176073356.25 51*5880366281.25 -1091760732562.5 

(Table is  concludod on  the next page.) 

Table 3-11a 
COEPPICIENTS P..   FOR THE NEUMAN PROBLEI-I 

.) 
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Table 3-llb 

COEFFICIENTS Pjt  FOR THE NEÜMAN PROBLEM 

X 3 1* 

  

5 

0 7UOU67$072.0 -lll*6951i51*72.0 561*1732096.0 

1 16096961088.0 -251*56091136.0 12691*528000.0 

2 Ut666721M.O -23700901056.0 11992866816.0 

3 13221905962.5 -207591*951*00.0 10283179200.0 

k 111142795510.0 -17135697363.75 8380599990.0 

S 925199821*5.0 -11*2131*92133.75 6925025756.25 
6 8210393730.0 -12216371186.25 588326331*7.5 

7 7069519957.5 -101*0236821*6.25 5035591811.25 
8 1»729181IU60.0 -8781950677.5 1*1*08911*510.0 

9 1750538790,0 -851*21*9^*57.5 1*081910332.5 
10 -733296561*0.0 -10759381132.5 3768329565.0 

11 liliU99752797.5 -15997213732.5 2728037812.5 
12 283101*852030.0 -1*1*1*23367738.75 0.0 
13 -225881530875.0 91*117301*531.25 -6271*1*86968.75 

lit -IO5I1II38IO750.O 35761*5757218.75 -3761*6921812.5 

35 1091760732562.5 -51*5880366281.25 109176073256.25 

c 
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COEPFICIENTS G 
jt 

Table 3-12a 

FOR THE NEUMAN PROBLEM 

) 

\ * 
0 1 

1                                  ~^ 

2 

0 -35U729.375 -1*899226590.0 |          181732327632.0 
1 -lij00726.25 -118863811*16.25 U71713Ü68130.0 
2 -1273269.375 -1136979261*3.75 1*931651*1*81*63.375 
3 -2082150,0 -11861^29660.0 1*93781*995905.0 

1* -2035687.5 -10987567920.0 Ui9568651*570.0 

5 521*21985.0 -921*98231*85.0 1*091*55822625.0 
6 7583721*22.5 -131*33718375.0 39U5061*50607.5 

1    7 12515933U30.0 -16615118520.0 32701*51*83765.0 
8 -187038661431.25 88663695120.0 2027689861*20.0 

9 -59123758I4U37.5 9l*3»*5W6l952.5 106555U33985.0 
10 -72187151*161*1.25 82823227987.5 16629351*651*1*1.25 
u 61*351*63023990.0 -1757659U855820.0 11*38371*301*8675.0 
12 9653172711682.5 -175?66732U*120.O 2576053369890,0 

13 -326521*30185375.0 122801*258952375.0 -1621*08820699125.0 

li* -3670571*8767187.5 100366693552125.0 -7186797371*0062.5      i 
15 952015358791*50.0 -1*33210658680800.0 75768191*8398375.0 
16 32152353573965.625 -81226998502650.0     | 0.0 
17 -131993872566806.25 6802761121*59693.75   \ -11*211*721*73796375.0 
18 5922801971*1515.625 -3553681181*1*9093.75   | 8881*20296122731*. 375 

(Table  continues on next page.) 
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Table 3-12b 

COEFFICIENTS Q1t FOR  THE NEUMAN PROBLEM 

I 

3 1* 5 

0 -139577693798U.0 3889115391*01*8.0 -1*1*61070516221* .0 

1 -375li5286Wi288.0 1069901*5797688.0 -121*61*072957952.0 

2 -1*120081*137132.0 121052821*1*5536.0 -11*1*021*1*8162816.0 

3 -1*0065106$9787.$ 13531*1551*6631*0.0 -13521037575360.0 

k -3595959838327.5 1020832981*1*619.375 -11817369920790.0 

5 -32171*16555307.5 89385031*96203.75 -10161*5,I*6510136.25 
6 -287690U5780U7.5 77392191*30298.125 -861*51081*53808.75 

7 -2U56U55358857.5 659092O773937.5 -7331*1*26516917.5 
8 -2l33839*35u77.5 5722828821081u375 -631*5237370972.5 

9 -2183792928617.5 5128131591*836.25 -5588995390728.75 
10 -239l53ii3l*2717.5 1*311898373908.125 4*901269118996.25 
11 -3503258861602.5 2861*611*29751*5.0 -1*1*101*73292225.0 

12 ♦7296977365177.5 95911807801*3.125 -1*6130028191*25.0 

13 81*01*01*781*591*37.5 -7359973211*31*3.75 -6001*681*029093.75 

Hi -176561*06330062.5 31*061052509859.375 -9279966226781.25 

15 -625578899758312.5 231*728557500937.5 -28601*131193137.5 
16 I6922291351i7l87,5 .177681*059221»5U6.875 6092021*8876987.5 

17 1523006221S2U687.5 -863036859090656.25 233527620695118.75 
Ifl -1181*560391*830312.5 8881*20296122731».375 -3553681181*1*9093.75 

(Table concluded on next page.) 
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Table 3-12c 

COEFFICIENTS G1t FOR THE NEÜMAN PROBLEM 

J 

0 1791485068U928.0 

1 50719171SU30U.O 

2 595l56909670li,0 

3 55250390630UO.O 

U U776ltlBli9l600.0 

5 1*051511*1381*90.0 

6 31*0811*71*08290.625 

7 288550O155O37.5 

8 21*96129902516.25 

9 22011*2237061*7.5 

10 1969012211*51*1*.375 

11 181151*8053315.0 

12 1725232936927.5 

13 1581170716125.0 

Hi 108231*9002109.375 

15 -21835211*6512.5 

16 -3381*1*5827091*3.75 

17 -2030671*9625662.5 

18 5922801971*1515.625 

■ 

The reader may be interested to know  that  the   "run time" for each 

of  these problems on  the  IBM 7090 was  0.05 hour.     Since the  "cost" 

of computer  time on such a computer is generally between $300  and 

$$00 per hour,   we  see   that  the obtaining of these  tables   "cost" 

less  than ^0 in actual computer expenses.     Needless  to say,  the 

true cost was  far greater because of the  time required  to program 

the recursion formulae and  the debugging of the programs.    However, 

when one stops  for a moment  to realize the    tremendous amount of 
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labour that would have been required to have obtained only the 

first few terms in these series on a desk-type manual computer, 

one can begin to see vividly that the electronic computer has 

opened an era in which recursion formulae such as those derived 

a decade ago by Keller, Lewis, and Seckler may take on an entire- 

ly new importance. Granted that the series in their present forms 

are of limited usefulness because of their asymptotic nature, the 

fact that a summation scheme may be devised which will extend 

the value of these series to smaller value of ka makes these 

series stand out as a promising means of obtaining practical re- 

sults for the scattering properties of smooth obstacles«  The 

studies made by the present author have only involved the case 

of the circular cylinder and the two cases of the Dirichlet and the 

Neuman problem»  However, in their classic paper, Keller, Lewis, 

and Seckler (Ref. 8) consider as their Example 2i\.  the "Diffraction 

of a Place Wave by a Circular Cylinder (aU/öu = ikZU)." Time under 

the present research program was not available for the completion 

of a program based upon this case of the impedance boundary con- 

dition which would have led to the results of the Dirichlet and 

the Neuman problems for the special cases of Z =00 and Z = 0, 

respectively. 

Although the author has devoted these efforts to the circular 

cylinder problem, it should be emphasized that the classic paper 

(Ref. 8) which was used to obtain Tables 3-3 through 3-12 also 

showed how one could apply similar methods to other obstacles. 

Even the case of a sphere (which was briefly considered as Examples 

19 and 20 in Ref. 8) offers "rich rewards" to anyone who attempts 

to follow up the problem of working out the expansion in inverse 

powers of ka and then to attempt to find means of summing the 

series.  It should also be borne in mind that with the coming of 

age of the computer that some of the actual algebra which is re- 

quired when one follows the methods of Ref. 8 can be mechanized. 
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The present author has prepared  several computer programs  which 
are valuable for carrying out of tedious algebraic manipulations 
with polynomials.     Although these have proven to be  of considerable 
advantage,   time has not permitted the application of  these methods 
to attempting to extend  the  work on the  finding of  expansions  in 
inverse pov/ers oi" k = 2%/\ for points in the  lighted region.    How- 
ever,   as  an indication of what may lie  just ahead in  tae field of 
currying out tedious algebraic manipulations by means  of electronic 
computers,   the author wishes  to call attention  to a paper by Bro\m 
(Ref»   9)   which describes  the ALPAK system which has been under 
development at the Bell Telephone  Laboratories.     The present 
author readily  admits  that  his own experience  has not  led him to 
be  as  optimistic  as  to  lead him to agree \jith Brown's   "«••rule 
of thumb that one man-hour  equals  one 7090-second,"    However, 
once  the  particular  algebra of a specific problem has  been so 
organized as  to be performed by  the computer,   then this  rule of 
thumb is certainly very  close  to being consistent with the author's 
experience.    The  author believes  that within the next decade  that 
someone will rework the  theory  of Ref.  8 by  employing  routines 
on a digital computer  to carry out the tedious  algebra^     The re- 
sults  will certainly lead  to  an  enhancement of  our understanding 
of the  "breakdown" of geometrical  optics  as   the wavelength in- 
creases  and becomes comparable  with the radii  of curvature of the 
scattering obstacle^ 

a 
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Section i; 

ASYMPTOTIC  EXPANSIONS FOR THE HEIGHT GAIN FUNCTION 

FOK THE CASE OF NORMAL REFRACTION 

ij-.l    Introduction 

This section deals with a number of aspects of the problem of 

obtaining and of employing asymptotic representations for the 

class of second-order differential equations which arise natural- 

ly when one attempts  to  solve  the wave equation by the method of 

separation of variables.     The choice of the material to be in- 

cluded is based upon the  author's experience as  to what results 

he has found useful   (or interesting)  in his work on the theory 

of the diffraction of waves by convex surfaces.     The author has 

chosen to refer to  the  type of problem to be considered by the 

use of the term "height gain function" since the  variable in the 

differential equation is generally related in some way to the 

height   (or the distance)   of the observation point from the con- 

vex surface«  The restriction to the case of  "normal refraction" 

is included in the  title because all the asymptotic    results  to 

be discussed in this  section arise from the consideration of dif- 

ferential equations which have only one  "turning point."    There- 

fore,  we have excluded all problems in which the index of re- 

fraction above the convex   (or the plane)   surface varies in such 

a manner as to give rise   to the phenomena of superrefraction, 

tropospheric waveguide modes,  or similar complications  of an al- 

ready complex problem. 

I4..2    Problems Loading to  the Height Gain Function 

The height gain function P(y,Xo)  with which we shall be concerned 

is  the solution of the differential equation 

1^.-1 
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2 
d P +   [-X    + k2fly)]  P = 0 (I4.-I) 
dy 

for the case of "normal refraction" uhich we shall define by 

the requirements that f (y) > 0 and f (y) > 0 for y > 0. The eigen- 

values X  arc to be defined by the impedance boundary condition 

(f+ lkzp)y=0 = 0 ^-2' 

The function PCy^A,,) occurs in many problems which involve the 

propagation of waves over convex surfaces or over plane surfaces 

above which the index of refraction is a function only of the 

height above the surface« 

Let us cite several examples.  The solution of the problem of 

propagation of axially symmetric waves in a horizontally strati- 

fied atmosphere above a plane surface is governed by the equation 

a2G  1 ao a2G  P P 
+ + —"* + k n (y)G = 0 . (i|-3) 

ax  x ax ay 

The solution is of the form 

G(x,y)  =  ^-H((
1)(nsx)#s(y)*s{y0) (WJ.) 

8=1 i,• 
where #(y)   is a solution of 

14 + [nie
2 + k2n2(y)]* = 0 (i|.-5) 

dy^ 
2 

which appears  in the standard  form of Eq.   (i|-l)  with X0  = [*•„ 
Q S3 

and f(y)  = n   (y). 

As  a second   example,  let us  consider   the problem of the  propagation 

of two-dimensional waves over  the surface of a circular  cylinder 

^-2 
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( when the index of refraction is a function only of the distance 

from the center of the cylinder. 

^| + laG +J?af|^2n2(p)G = 0 (11-6) 
dp        p dp p    8<p 

The  solution is of the form 

*    i  exp(ivs(p) 
G(p,(p)  =2^ ^  #s(p)#&(p0) 

s=l 
where *(p)  is a solution of 

P             2 
d $ . 1 d* . r  

vs  . ^„2/ x,, „ n —2 + + [ 2  + k n (p)J$ = 0 
dp   p dp      p 

(l|-7) 

ik-S) 

Eq« (i|.-8) does not immediately take on the appearance of the 
standard form which we have taken to be that of Eq. (l\.-l).  How- 
ever, if we make the transformations 

p = a exp(y/a) , y = a log(p/a) 

and define 

*(p) = P(y) 

we will find that P(y) satisfies Eq. (ij.-l) provided we make the 

definitions 

\  = (vs/a)2 ' f(y) = [pn(p)/a]2 

Another good example is the problem of the propagation of axially 

symmetric waves over the  surface of a sphere when the  index of re- 

fraction is  a function of the  radial distance r alone. 

^G + 2 dG +      1  cL(sin QBG)  + k2n2(r;G = 0 
^r        r ar     r sin e 89 30 

The solution is of the form 

ik'9) 
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oo 
p,.  _1 /o(-cos  9) 

G(r,e)   =>      _^    ^s(r)^s^o) (^"10) 
S_

"1 [|.COS (v-H) s 
where ^  (r)  is a solution of s 

,2ra  o ^„      V.2-1/^ i-l + 2 ^ + [ . ^j^; + k2n2(r)]? ^ 0 ^.^ 
dr   r dr       r 

Eq« (I4.-II) can be brought into the standard form of Eq, (i|.-l) 

by making the transformations 

r = a exp(y/a) , y = a log(r/a) 

and the definition 

1 
f (r) =   P(y) 

along with the identification of X  and f(y) as-being 

A
s 

= ^s/^2 '  f(y) = i™^)/*]2 

There are several other classical problems which we could cite 

which would lead to an illustration of the fact that Eq« (i|--l) 

is of paramount importcnoe in the study of wave propagation prob- 

lems»  However, in order to focus more sharply on the subjt-ct 

matter of this Section, let us cite one more example which can 

serve as a model for most of the .above p/oblems.  We will con- 

sider the height gain function P(y>X ) as it arises in the solu- 

tion of the separable wave equation 

2   2 
^ + ^ + k2 (f(y) + g(x)] U = - ö(x - xo) ö(y - y0)      (^-12) 
8x-  8y    l 

Barring certain pathological cases which we need not consider here, 

it is possible to obtain solutions of Eq, (14.-12) in the form of 

a series of normal modes of the form 
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«   * (yyjjx^)     FQr. X8)F(yotX8) 
u(x. y; xo' yo) s 2 ^r   w  (^-13) 

s=l s s 

where ^(x,X)  and P(y,X)  are solutions  of the ordinary differential 

equations 

,2, 
^|+[x + k2g(x)]  * = 0 
dx 

d F 

dy2 
[-X+k2f(y)] F = 0 (J+-15) 

If we assume an exp(-iut)   time dependence,  we must require that 

the "distance" functions y~(x,Xe) have the properties 

±i  f /k2g(u) + Xs    du        (i|.-16) 

0 J 

. ± .     . . constant 
*   (x, Xs)        » 4/ 2 

v"° exp 
k—•-<» v k g(x) + X 

and the "height gain" functions P(y,X ) have the property s 

F(y> x ) . ^.constant  exp 

c—»>«o vk f(y) - K 
\ja f(v)-Xs dv 

L 0 

(1^-17) 

The properties which have been prescribed in Eqs# (i|-16) and 

(i|.-17) are asymptotic properties which are based upon the so- 

called WKB approximation for which there exists a very large 

literature« In order to complete the description of Eq. (14.-13) 

we need to set down the fact that the eigenvalues X are defined 

by the homogeneous boundary condition 

9F(y. Xo) 

9y 
+ lkZ F(y, X ) = 0 

y=0 
(1|.-18) 

c 

i 

The Wronskian W    is defined by 

+ d*" 
w

s 
= w<xs)=*   ^T -* 

- d* 
dx 

w-s 

LOCKHEED  MISSILES &  SPACE  COMPANY 

(4-19) 



I 

and the normalization constant is defined by 

0 

Although a long list of references could be cited for the benefit 

of the reader who is not familiar v;ith results such as those 

which are summarized in Eqs. (I4.-I2) through (l\.~20) t   the author 

wishes to acknowledge the fact that the summary given above follows 

that presented by Priedlander (Ref, 1) more closely than that of 

any other source with which the author is familiar. Although the 

monograph by Priedlander iRef« 2) is generally more accessible 

to the general scientific public, the author highly commends the 

original research report to a reader who wishes to acquaint him- 

self with this subject matter. 

^•3 Survey of Some Previous Work on the Height Gain Function 

Perhaps the most extensive papers on the height gain function and 

related problems are the two papers (Refs. 3 and 1|,) by Brommer» 

There is a marked similiarity between many of the results obtained 

by Breimner and results which will appear below« However, tho 

work reported in this report has been undertaken independently of 

that of Bremraer and a detailed comparison of the asymptotic ex- 

pansions have not been undertaken by the present author. 

J 

Although many  of  the  results  in this  report have been made  avail- • 
able to Bremmer   (and to his collaborators  at the National Bureau 
of Standards   at Boulder,  Colorado)   the present author has not been 
informed of  any discrepancies between the  results herein reported > 
and  those reported in the   papers   published by Bremmer,     Since 
these  two pieces of work have been carried  out independently  and 
follow somewhat different "lines  of  attack," it is hoped that  in 
the near future such a comparison will be made, ^ 

k-e 
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The cylindrical   (Bessel)   functions Z  (kx)   are solutions  of 

dx dx 

Since the transformation y = a log(x/a) leads to the operator 

2 d2 .  d  _ 2 d2 x —*T + x — = a 
dx    dx     dy 

the cylindrical functions are the solutions 

P(y) = Zu[(ka)exp(y/a)j 

of the equation 

2 
a F  + [-(u/a)2 + k2exp(2y/a)JP = 0 
dy 

which is of the form  of Eq. (ij.-l) with X  = (u/a)2 and f(y) = 

exp(2y/a).  Therefore, it is not surprising that rauch of the lit- 

erature that is appropriate to the study of the asymptotic behavior 

of the height gain function for k -»■ <» has had its origin in the 
interest of the author in developing asymptotic formulae for the 

cylindrical functions« For a summary of work related to the 

asymptotic expansions for Bessel functions (and a good guide to 

the literature), the reader is advised to consult Giver's preface 

to a table of zeros of Bessel functions which was prepared by the 

Royal Society Mathematical Tables Committee (Ref. 5)» Erdelyi 

(Ref. 6) has also recently written a survey of the literature re- 

lated to the study of Eq. (i^-l).  However, these surveys fail to 

include some results by Pekeris (Ref. 7)» Fock (Ref. 8), Imai 

(Refs. 9 and 10), and Friedlander (Ref. 1).  In many respects, the 

research reported in Refs. 7 through 10 is more directly applica- 

ble to the propagation problems than the more general results 

which can be found in the other sources. 

It will be convenient to start our discussion with a paper by 
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Pekeris (Ref. 7) in which he defined 

X
S = - 

k ^s 

and sought solutions of 
2 
^-f + ^fu +f(y)|F = o 

(i|-21) 

He showed that one could express F^', -k \k  )   in the form s 

,2     .        1 

y*2[ßs + f(yj 

f  1/2U      (2). .       3A       5/6 (2). . 
|u     Hl/3     <U) +r47ä'11       H-2/3    <U) 

" -^ U3/2H
4/3

(2>
<
U

> + 0 (k'8/3) + • • ]        (i|-22) 

where 

u(y) = k   f   Vu   + f(h)   dh 
/ 

and y^ is the turning point defined by 

\is  + f^) = 0 

The constants in Eq. (^-22) are defined by 

B 

S^lHD'-lf)] 
4)-»(if)-"(f)' 450 f 

Cl|.-23j 

(i4.-2^) 

J 

where 

.      dfly.) 
f =  — 

dy 

..      d2f(y1) 
f =   

ay2 
,     etc. 
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( Fekerls showed that ha could also express Eq.   (l(.-22) In the form 

-2    . 1 VW.2/3 , A ^Vslt „  , (2)|(L2/3 ^ . „.Va)« FOr, -kV •, " t/ALfJ ul/^ VIvH a2/3 + AA' 
1 «v»^ + Vk' 

or 

t 

P(y. -k^g) « r 
1 1/6,,    L73A3/2\ 

2/S 

(4-25) 

where 

-(f) 
2/3 

(4-26) 

2/3 (4-27) 

The function ^(x) in Eq. (4-25) is defined by 

^■dr^vs^d^'^v2^. *(f) 
These are the Airy functions which were tabulated by the Harvard 

University Confutation Laboratory (Ref. 11). 

Iraai (Ref* 9) rediscovered some of the results which had been 

derived by Pekeris« In a later paper, Iraai (Ref. 10) found an ex- 

tension of Eq« (4-2^) which can be obtained by employing a result 

that was used by Jherry (Ref» 12)» Prora Cherry's Lemma 1, we can 

show that P(y,X_) can be expressed in the form s 
1 

where Tj(y)  is a solution of the equation 

^)2-f(iy*i"i=-s^2^ 

(4-28) 

(4-29) 

where 
.     dn   ••    d n     .»     d n 
" ^-^Tl • *»• 73 ^ dy dy 

Eq*   (4-25) is an example of Cherry's Lemma« Thus,  let 

--f+(ir^o<*-8/3) 
4-9 
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so that 
*L . * = k]1/3 u-V3 £ = (2y/3

u-1/3 AZ
 fTT^l 

Therefore,  Eq.   (14.-25)  can be expressed in  the form 

where r\ is defined in Eq,   (I4.-30).    The term B/k    in Eq. (i|.-22)  can 

be used to extend Eq.   (l|.-30)  to include a term in B/k". This  step 
was apparently not carried out until the publication of Imai's 

1956 paper  (Ref.   10). 

In order to appreciate Imai's results,  we use Eq.   (i|.-27)  to express 
Eq.   (ij.-28) in the form 

*•*,)-($ 
'^ Z1/3 Hl/3<2) (Z)     .      z=V/2 (^33) 

Prom Eq.   (20)   of Ref.  10,   we find that Z has been approximated by 
3/2 

z = A2 + xo    [l -^ «i *~2 i2l (k-3k) 

where 

{ = [u(y)/k]2/3 + \ 
K 

y   
u(y) = k ^    /MS + f(h)   dh 

yi 

»c2 = k2 + aA o 
The constants a,  a0,  and a^ will be defined below. 

We have  taken some liberties with Imai's notation in that we have 

substitutod some of the notation employed by Pokcris. Actually, 

Imai  (Ref. 10)  studied the equation 

^   +a
2P(x)* = 0 (i^ 

ij.-lO 
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( 
undor the assumption that 

P(x) - a1xfl + b1 

If we let 

2 3 x + b2x   + b3x   + 
•) 

2     1.2 a   =k 

x = y - y. 
df h^vit .   -' 

•y'yi 

^n "n!   L n+1 
My    J y = y! 

(1^-36) 

0 

we can compare the papers of Imal and Pekerls.     The constants a, 
a0,  and o^ used by Imal are defined by the relations 

a=-Ä(lal)"2/3(6b
2-

3bl2)   • ^-37) 

ao = " ^ ^ (25b3 " 35blb2 + 14bl3)    • ^-W 

(I ai) "4/3 (6125b4 " ^SSObg2 - aSOObjbg «    - 27 al "  '    26950 

+ 12080b1
2b2 " 3624b1

4j  . (lf-39) 

We observe that the A and B of Eq. (I|.-22) are essentially the 

same quantities as  the a and a0 defined by Eqs» (4-37) and (4-30), 

respectively« 

Let us use the definition of Z in Eq« (4-33) to write 

Wt^^-'i] 
4-11 
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Prom tho definition of 5 which ocoured In Eq. (U-BW. «0 find that 

4/3) ,^2/3 

^ 

J£\2/3 

(i^-i+o) 

(ii-M-) 

If we recall the definition of 4 given in Eq. (14.-26), we can write 

When this result is compared with Eq« (i<.-30), we see that a = A, 

The simplications we have made in Imai's results have led us to 

recognize that we have available two additional terms in Eq. (I|.-30). 
Iraai was apparently not familiar with the work of Pekeris and Cherry 

so that the use of Eq. (lj.-i^2) in Eq. (^.-28) to obtain a useful 

representation for P(y,X_) is a new result. Further terms in 

Eq. (I4.-I4.2) can be generated with the help of Eq. (11-29). 

l|..i|. The Research Reported by Pock 

In a classic paper on radiowave propagation, Fock (Ref. Ö) studied 
the aquation 

^f + [-t + u + /Jou
2jG=0 (^3) 

He  showed that 

G(u, t) = w(t-u)-I|f(3u + 2t) w(t-u) + (3u2 + 4ut + 8t2) w'(t-u)] + o/^W.^j 

where w(z)  = w1 (z)  is Pock's Airy function 

Pock also used the form 
1 G<u't>~   ff)"'   w 

(X) ik-kV 

•<*,^r 

) 

4-12 ) 
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( 

in which 

X - (t - u) - Y! (3U
2
 + 4tu + 8t2) + 0(0*) (^7) 

Prom Pock's paper, it is not clear whether Pock realized the im- 

portance of the form of Eq« (ij.-i|.6) which is essentially the same 

as Cherry's form for the solution which we gave in Eq. (i|-28). The 

relations between the two types of Airy functions are 

w2(-n) - Up exp(-i ^j h2 (rj) (^-^8a) 

wi <"T?) "jfrg-   ^ (l T) ^ (T,) ik-kto) 
The expressions given in Eq« (i;-28) and Eq» (^-ij.6) are special 

cases of a more general result« Let P(y) and Z(x) be solutions of 

the equations 

We can then show that 
1 

F(y) = (I) 2 z(n) (^-50) 

provided r)(y)  is a solution of the non-linear equation 

Pock arrived at Eq«   ik.~k7) hy using the Langer   (Ref«  13)  asymp- 
totic estimate   (the first term in the Pekeris-Imai expansions) 

3 u     
f (-X)2 ~    f   Vv-t + /30YZ     dv (^-52) 

Ul 

where u^ is the turning point which is dafined by 

ul"t+^oul2ss0 ^-53) 

^-13 

LOCKHEED  MISSILES &  SPACE  COMPANY 

■ 



? 

Pock did not indicate how one could obtain higher-order corrections 

of Eq. ik-kl)  or Eq. (1^-52). 

Eq, (l4.-i|.7) has the advantage that it does not involve the turning 
point. This is a very desirable feature when one sets out to solve 

for the eigenvalues t_ which are defined by 

If + 4 u=0 = 0 
For example,  Fock showed that 

^o 
W = T

8 
+ 15 ST. 

3 + 4TBq 

a 
Ta-q 

°$ 
where T is a solution of 

wl'^s- " ^l^s^ = 0 

(k-&) 

{I|.-56) 

In order to see the advantages of Eq. (14.-55)» let us take q = oo 

and write - -2 

(l|-57) t («) = Ta + 8     S &o['i2*°® 
where 

w, (O = 0 ikSQ) 

Let us now compare this with the procedure which involves the use 

of the turning point. Let us seek the roots Xa defined by 

P(0,Xj = 0 (ij.-59) s 

Let us express P(y,XB) in the form 
-1/2 

*<*> V a (^)"    w '-^ (l|-60) 

where r]  is given by Eq. (i;-i4.2). We find that the roots of F{0,Xa) 

= 0 are to be obtained from the relationship 

k2/3 2/3 o. «o „  i3r/ü a  ^ 1 "o . . 1 ^.^""l  u 2 . (1;-61) 

where ^0 is defined by 

k-lk 

j 

} 

) 
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( § to
3/2 = u(0) = k / V/i8 + f(h)   dh= /  AZf(h) - X8    dh (^2) 

yi yi 
and the turning point y^ is defined by 

k'f(yi)-xB = 0 

Since \ appears explicitly in the factor v k f (h) - ^a in the 

integrand of Eq. (i|.-62), and implicitly in the integration limit 

jlt   the inversion of Eq. (I4.-6I) to solve for Xs requires some 

skillful analysis« A method for achieving this inversion was 

described by Pekeris (Ref, 7). A comparison of Pock:: procedure 

with that used by Pekeris shows very clearly that P'jk's method 

is more direct and hence it would be advantageous to extend Pock's 

analysis to include higher-order terms. 

( 

1|..5 The Contributions of Priedlrnder 

Priedlander (Ref, 1) considered the problem of determining the 

behavior, as s -»• 00, of the eigenvalues X of the differential 

equation       ji 

dx' 
X - s2 g(x)] y = 0 + IX - 8 (iH>3) 

subject to the conditions that y -► 0 as x -»• » and either y = 0 

or dy/dx = 0 at x = 0. He assumed that g(x) was characterized 

by the conditions g(0) > 0 and g'(0) ^ 0 and assumed that g(x) 

could be represented in the form of a Taylor series 

gW'g^g^+g^      +       ggX3^. • • . gm      =     ^J g^O) ik-w 

c 

Priedlander assumed that X could be expressed in the form of an 
asymptotic series in inverse integral powers of s* 

2 - 2m 

\=B 2    V8     3 '      Co = go (14.-65) 

in=0 

and that y(x)  could be  expressed in the form of a similar series 

M5 
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2m 
yCx) = 2 V^8""5" 

m»0 
.    ^s2/3 (4-66) 

Priedlander showed that the coefficients Y (TI)  are determined by 

a system of recurrence relations 

drj 

drj 

l + ^-g^Y^O 

r+(c1-g1ti)Y1«(g/-c2)y0 

drj 

dV 

f + (c1 - g^) Y2 = ^H  - C3) YO + {82n  - c2) Y1 

m 

drj' 
+ (cl " «I ^ Ym = > (KJ^^

1
 - c j+^ Ym-J 

(4-67a) 

(4-67b) 

(4-67c) 

l4-67d) 

J 

Priedlander showed that 

YQW 
= Lo Ai ^l173 ^ * a>       •        a = cl gl'2/3 

where L0 is a constant« He also showed that 

irL 

1   0 

(4-68) 

Yl^%-173 /[Ai(«1
1/3e-a)Bi(gin-«) 

(4-69) 

and gave a similar result for Y (TI)» However, Priedlander did not 

evaluate these integrals and hence Y0(TI) is the only Y (TJ) which 

is given in its final form» 

If we put s « ±ik in Eq. (4-63), and replace x by y, g(x) by f(x), 

and y(x) by P(y,X) we find that the function being studied (for 

4-16 ) 
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( 
the pulse problem by Priedlander)  is edsantially the height gain 

function which was being studied by Pock. 

Al i^'-tU*^^* 
Therefore, we can use Priedlander's theory as a starting point to 

obtain an extension of Pock's results. Let us return to the dif- 

ferential equation for P(y,XB) s 

^f + [-X8 + k2f(y))F = 0 
dy 

and express f(y) in the form 

w^'i + V^y3*-•-'^M^V^v3*-• •] 
where 

ih~n) 

(lf-72) 

1 

V n'f. 
£m. 

dy 
n 

y=0 

Let us define tB by means of s 

x8 = kV*4/V3*s 

(W3) 

ik-lk) 

and u by means of 

,2/3 s 1/3 u =   k '    f j^ '    y ik~(5) 

We  then find that if we define  the parameter ß to be 

ß = k-2/31^3 (4-76) 

c 

that Eq. (I;-?!) [which is identical with Eq, (ij.-l)] takes the form 
o 

*    '- ■ v. -.* .•« .1 a. 
+ . . .| G = 0 

(4-77) 
^-f- +   - t8 + u + ßhf2 + /92h3U3 + ^3h4u4 

where 

G(u, t8) = F(y, Xg) 

1+-17 

(4-78) 
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A comparison of Eq. {i;-76) with Eq. (^-1^3) reveals that if we let 

ß0 = ßhp and neglect the terms in ß
n for n > 3 in Eq« (l|-77) that 

we have Pock's approximate differential equation. 

Let us follow Priedlander [cf, Eq, (14.-66)J and seek a representa- 

tion for G(u,t) in the form 

G(u, t) = £ Gn (u, t) ß
n 

n=0 

We then find that the Q  (u,t) satisfy the equations 

^-ö + (-t + u) 
Ldu2 

Go = 0 

F^+ H + u) 

"2 + (-t + u) 

G
2
=-h2u2Gl-h3u3Go 

n+1 

'n'-y   "j^Vl-J G_ = 

j=2 

n=l n=0 

H (u, t) = G (u, t(T)) =  ^ Hn (u, T) /3n 

(1W9) 

This set of recursive formulae is  similar to Eq.   (I4.-67).     If we 

define 

t = t(T) = T + ^ Dn(T) ^n = ^ Dn(T) ^n ,   D0 = T (^8o) 

and 

(I4--8I) 

J 

I 

n=0 

we find that 

Ü- (- T + u) 

ts- (- T + u) 

Ho = 0 

Hl = ["V2 + Dl]Ho 
I4.-I8 

(1^-8 2b) 

) 
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( 

c 

"d2 

.du 

Ldu 
i+(-T+U) 

H2 = [-V2^1|H1+|-h3U3 + D2]Ho (^82c) 

which is  essentially the same as Eq,   (14.-67)«  Therefore,   the  theory 

given in Prledlander^ paper for results such as those given in 

Eq«   (ij.-68)   and Eq.   (1^.-69)  can be used to determine the Hnlu,T). 

J4..6    Determination of the ILCUJT) 

Prom the differential equation satisfied by the Airy function 
r ,2 
-2 + (- T -HI)!  W (T-U) = 0 
.du (^-83) 

we can show that 

d 
-2 + (- T + uJ u  W(T - u) = n(n-l) u11"2 w (T - u) - 2n v*'1 WVT-U)       ik'^k) 

du ' 

and 
d2 1 r i 

—2 + (-T + uJ u11 W^T - u) =  (2n + 1) un - 2Tnun"1 W(T-U) 
du I I 

+ n (n-1) u11"2 W^T - u) (1^-85) 

These results can be used to construct solution of the inhomogeneous 
equations 

,2 
2 + (" T + Utf A   (U. T) = Un W (T - U) 

2 + (-T + U) n    t 
B  (U. T) = U    W    (T - U) 

^-86) 

01.-67) 

If ^(u,!:) and Bn(u,T) are known, we can solve Eq, (k-82). How- 

ever, it may be more convenient to define 

X = T-U , u = ^ + x 

1^-19 

(4-88) 
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and replace Eq.   {lf-82) by 

,2 
- x 

.dx* 

Hn=  ih^^^vlVl-j 
j=2 

II;-Ö9) 

In Table 1^.-1 we give some solutions  of 

1i-xy = f(x) 
dx 

which can be used to construct solutions  of Eq.   ti|-89).     For  ex- 

ample,   the  solution of Eq,   ([|.-82aj   is 

H0(U,T)   = C0W(T  - u) (i4.-90a) 

where c0 is a constant. We can then show that the solution of 
Eq. (l+-82b) is 

E1{\xti)   = C^CT - u) + C0 5 hgU w (T - u) 

-[iv2^1^^ +IITVDI]W,<T-U) (l4--90b) 

where c^ is a constant« 

Before determining HpCuji) it would bo desirable to determine the 

constants c0 and c^ (or, at least determine the ratio C^/CQ)» Since 

the function H(U,T) satisfies the homogeneous boundary condition 

derived from Eq. (I|.-5i|-) 

l^+ H, !t + 'H|tt=o"s (4-91) 

we must require that H_{U.T_)  satisfy the equations 

8H. 
+ q du 

8H. 
= 0 

u=0 

(1^.-9 2a) 

(^-92b) 

We observe that Eq. (l4.-90a) and Eq» (l4.-92a) lead to the equation 

W'(TS) - q W(T;S) = 0 

14.-20 

(i+-93) 

J 

) 
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( 
Table 1;-1 

PARTICULAR SOLUTIONS OF ^ - xy = f(x) 
dx 

JixL ^ßÖL 

( 

0 

w(x) 

w^x) 

x w(x) 

X w^x) 

2 /    V x w(x) 

x  w^x) 

3  / Y x  w(x) 

3 1/    V 

x  w(x) 

X   w^x) 

x  w(x) 

x5 w^x) 

x  w(x) 

x6 w^x) 

x  w(x) 

x7w»(x) 

g 
x   w(x) 

X   w^x) 

w(x) 

w'Cx) 

2 x w(x) 

3 x w^x) 

ix2w(x)-|w'(x) 

1 12 -gXW(x) + gX   w^x) 
1     31       /   v 1       1/   V ^x J w(x) - X jw'fc) 

.|jx2]wW+[f + x3i]w'(x) 

^ x + g x4] w(x) - j| x2 w'(x) 
-|x3|w(x)+[|x + |x4]w'(x) 

[   fx2
+^x^w(x) + [-f-|x3]w«(x) 

[-Äx-^x1w<x)+liix2+nx5Mx) 
[   fx3

+I|x6]w(x) + (.fx^x4lw'(x) 

.|fx2^xiw(x,+[M+|0x
3 + Xx6]w,(x) 

^x + l|xV4x
7lw(x) + [-Mx2._lx5]wt(x) 

-MX
3.^X6]W(X)+^X + |X4 + _IX7]W,X) 

i|x2
+||x

5
+AxB]w(x)+[-f-||x3-^]w'(x) 

[-^x-^x4-^x7lw(x)+(^x2 + l|fx^Ax3|w,x) 

c ]4.-2l 
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which determines T0 uniquely.    If we observe that Eq,   (l4.-90b)   and 
Eq.   (l4--92b)   lead to 

8Hi(u'T) 1 r . i       I f i -^  + q H1 (u. T)J^o = - c1 [w (T) - q w (T)|   + co j |- f ^(T) 

"Ä VW,(T) + il V^^'DiTW(T)] +*\-ilv2 + Dilwt(T) = 0  (^~9^) 

from which it is seen that the value of D^ is given by 

Therefore, we observe that the boundary condition given by Eq. 

{i].-91) determines the constants D„ but leaves the values of c 

undetermined« 

The c  can be determined by requiring that the eigenfunctions 
F(y»^e) have the property 

(1.-96) 

This leads  to 

|F2(y, X8)dy=l 

0 

J 

(lt--97) 

If we use the property 

H2=  ff   VT   =Ho + 2Ho   Hl^ + <2Ho   H2 + H^)ß2 + --- 
ln=0 J 

and require that 

/ IH (U. r8)|2 du = c2  / w2 (r8 - u) du = k2/3 i^ 
0   ^ 0 * 0 

we observe that Eq*   (i;-97) is satisfied provided 

f H0(u. TS)H1(U, Ts)du = 0 

(i|-9Ö) 

(1^-99) 

(i<.-lOOa) 

/   [2 Ho<u' Ts) H2(u' T
s) + «i (u. V] ^ = 0 

0 

14.-22 

(lj.-lüOb) 

.) 
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along with similar  equations involving H-,  H. ,   etc..   This proce- 

dure has the  advantage that  the ratio c /c0 is independent of ß« 

We can determine c0 from Eq,   (i|.-99)  by observing that 

/w2(Ts-U)dU = T8[w2(T8)]   -   [w'^)] 
0 

since 

(U-101) 

_d 
du (T-U)[W(T-U)]2-    [wV-U)] 

Therefore, we find that 

2 
co = 

k2/3 f 1/3 

= - [w(T - u)] 

k2/3 ^1/3 

-sKf-K)]2 "K-q2] [w(r8)] (14.-102J 

In order to determine c1 we must evaluate the integrals that oc- 

cur in the equation 

cl    r*    2 Cl —   /   WZ(T - u) du = -^ T[W(T)]2 - [W'(T)]2 = - D,     f    W(T - ^W^T-U) du 

+ jzf   [3uw(T - u) + (3u2 + 4UT + 8T
2
)W

,
(T-U)]W(T-U) du 

D1 2      n2 
=-TNT)] +lf -3      /"   U + T)w2(£)d£ 

-00 

+    f   (15T2-10gT + 3f2)w(l:)w'(£)df UI.-103) 

We can show that 

3    f  (f+ T)w^(t)dt = 
-«0 

4T
2
 [W(T)]

2
 - 4T 

T 

/"   (15T
2
 - lOtr + 3t2) w(£) w'(t) dt = 

-00 

8T2[W(TJ2 - 4TfV«(T)]2 - W(T) w,(T)j 

c 
Since xa is a solution of w* (T)   = q W(T), we find that the inte- 

grals in Eq«   (1|.-103)  lead to the result 

1^-23 
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!i(T.q2)=.^4|^-^ 
Because of  the labour involved In the determination of the con- 

stants c,,    which will occur in the  terms c W(T - U)  which are to n n 
be added to  the solutions  of the functions H  (U,T:)   which satisfy 

Eq»   (ij.-62),   it would be most convenient  to follow Priedlander's 

suggestion and take c 

replace Eq.   (I4.-8I)   by 

H(u 

suggestion and take c0 = 1 and c = 0 for n > 1. We should then 

l,  t) = G(U,t(T) ) = C(/J,T)   W(T - U) +   ^   Hn(U, T) ßn 

l n=l 

(ii-io5) 

and determine 0{ß,T)   from Eq.   {I|.-97)«    Prom Eq.   {i4.-90b) we know 
that for this case 

H^u.T) = 4 h2 UW(T -n)-\\ V2 +^h2TU + W V2 " Dllw,<T-u)     (M-OM 

From Eq.   (14.-105)   and  Eq.   (i|-97),  we find  that G(p,T:)  is deter- 

mined by the relation 

l = C20,  T) W2(T) (T -q2) + [D1 - ^ 1^ (2T
2
 - q)] /* + O (ß2) (4-107) 

We can also seek a solution in the form of Eq. (^-105) in which 

H-fUjx) is of the form 

H1(u.r)-(c1-|h2u)w(T-u)-(ih2u
2
+^Vu+1|h2T

2-Di]w,(^)^-lo8) 

where c*   is  a constant independent of ß.  For  example,  Eq.   (ij.-/4i|.), 

which was  taken from Pock's paper,  is of  the form of Eq.   (14.-100) 

if we take 

0l'"T8V (14.-109) 

Let us now turn to the problem of the determination of ^(u,!;). 

We have discussed the role played by the choice of c^ in the de- 

termination of Hp^ir). For example,  a term c1w('u - y) in ^(UJT) 

1^-21; 

J 

) 

3 
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( leads to a tern in HLOUIT)  '/hioh is of the form 

cl - i VW<T -u) - (^ V2+^^^+ ilV2" DilW,(T"u) (if-HO) 

If we take c1 to be defined by Eq« {l±~109),  we find that Eq« 

(^-82c), with the aid of the entries in Table i|.-l, leads to 

H2(U. T) = C2 W(T-U) +[ -^ hjj2 U5 - ^ l^2 TU4 - ^ h/ T2 U3 4 h,, D1 U3 

(■Äh3+^h22)7-u-|Dl2u]^-u)+[-7h3 
3i.2,   3R, 22,   2.       2.8, 

-35h2 >u -^h'ToE^ >TU -tzth 
144,  2.    2        7,    n   „   ^_6.       288,   2,   3 

"äiS^ >TU-15h2DlU-<35h3-315h2 )r 

-1 h2 D, r + (f hg - ^h,2 + D2)] W(T - u) (^111) 

In the next section we will show than an extension of Pooled re- 
fesults summarized in Eq«   (ii-ifS)  and Eq,   (k~k7)  suggests that a 

i useful value for the  arbitrary constant Cp is 

32 ,   2 _5     8  ,    «    3 

h'&V*-r*W*<--h*3*iu\2>r2*W*--hWi (^112' 
The obtaining of H^(U,T), H. (U,T),   etc,  by the above methods is 
exceedingly tedious  although it is  a very straight-foward process 
if one uses Table i;-l  alont; with Eq,   ([(.-Ög), 

i|.»7    Determination of Ti(u,t) 

Let us  follow Eq.   (ij.-50)  and express  the solution of Eq.   (i|.-77^ 

in the form 

where w(z)   and h(T))   are solutions of the Airy differential equa- 

tions d2w . d2h 

<& d»f 
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According to Eq« (l\.-$l),  the function TJCU,U is a solution of 

-c»2-1(f)2 4(f) —.+1 «v-v-1        ik-w 
where the dot denotes differentiation with respect to u. We ob- 

serve that Eq» (li-lllj.) is essentially the same equation as Eq. 

(i;-29) except that we have used Eq. (k.~7k)  to define t and 

Eq« (ij.-75) to define u« 

Although Eq, (i^-llij.) is non-linear, and of the third order, it is 

simpler to work with than the linear, second order equation which 

defines G(u,t)« ühe simplicity comes from the fact that r)(u, t) 

can be expressed in the form 

TI(U, t) = (U - t) + ^ pn (U, t) ßn (ij.-ll5^ 

n=l 
where Pn(u,t^ is a sum of homogeneous polynomials in u and t for 

which the degree of the polynomials differ by three.  Thus 

p1 (u, t) = aj u2 + bj u t + Cj t2 (l|-ll6a) 

P2 (u, t) = a2 u
3 + b2 u

2 t + c2 u t2 + d2 t
3 + o2 (^-ll6b) 

Pg (u, t) = a3 u
4 + bg u3 t + eg u2 t2 + dg u t3 + e3 t

4 + ag u + ^3 t (^-116c) 

If we put Eq.   (I4.-II6)  in Eq.   (^-115),   and  then use  Eq.   (i|.-U^),  we 

can   determine the constants  an,b , ..,,0 , ß , ...»etc.    The first 

several terras in the  quantities in Eq.   (l^-lli;)   are 

n fejj    = (u - t) + ß L^ u2 + (Sbj - 4a1) ut + (c1 - 2^) t2j + • • •       (i^-llTa) 

^'^I'^a2^2*... ^-^Tb) 
du2] 1 

1 fn3«! 2 (I|.-I17c) 
6a. ^   + . . . m1101 

In Eq. (i|.-ll8) we give the resulting expression for Ti(u,t) for 

terms as high as those in ß^"« 

^-26 
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1 

In many applications it Is more convenient to let t be defined by 

Eq. (ii.-80). If we recall the definition of H(U,T) in Eq. (ij.-8l) 

we can write 

H(u, T)  =  GJu. t(T)]   =   (^)-2 w1>2(-y) (1^.-119) 

) 

where y is defined by 

•KU.T) .D(U, t (T)] = (U - T) +S[| l^u2 +^ hjT U + ^ h2 T2 - DJ 

l328h_2)T3+l|vDlT-(|h:i-^
2 + n) 

1575   2 15 "2 "1 

3 f.l. 22  ,.     ._148. .   3     4      J_h 
f*   l<9 h4" 315 h2h3 +7875 h2  )U   + (63 h4 

3212  ..   .     ,    608      3        3      J^_h 
" 17325 h2h3+  7875h2  )TU   + (105h4 

2288.    .     ,1808.   3.    2   2 ..Jj, 
■ 5775   2   3     7875   2 l35"3 

13376 h^h. 315 u4     17325 "2   3 

43712.   3V   3        .4.       28,    . 56 u 3\ „ 
70875   2 l9   4    45   2   3     225   2 

+ (ih3TDl+^h2D2-^h22TDl>U 

128,       33088.    .    .128512     a     4 
+ (3r5h4" 17325 h2ll3 + 7Ö875"I12  )T 

.48.       1328.   2.   2-   . ,80 , 
""^^"■MT^ )T   Dl     (63h4 

1628,.   .    ^ 1768.3    16.    n . 
"-693 h2 h3 +1575 ^   -15h2D2)T 

(U-120) 

14.-28 1 
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( 
Let us turn now to the construction of the derivative of P(y,X) 

or G(u,t)«    We begin by observing that 

^f |v.3d = k2./3 f 1/3  8Gfa. t) = 1 8Gfti. t) _18HftUT) 
iSy      = K      II 8u II     8u 

Prom Eq.   (i|.-113),  we can write 

ß   8u (14.-121) 

8G_    M" 
du      Vdu wit2 H) +| da     d_n 

duJ     du; 2  ^,2^ (l|-122a) 

or 

f^exp^if)^ ^2^-1^2-    hl,2^ (4-122b) 

( 

Let us now represent the  expression in curly braces in Eq.   (i|-l22b) 

in the form 

k'W-i-S h(»rt = [i + «1 w ß 

+ a9ß
2 + a„ ß3 + h'fo + y^ + y^2 +r3/3 + • • •)   (I+-123) 

Let us first consider a more general result«  Let us solve for the 

An and Bn which are defined in Eq, (i|-l2l;) 

2.  . .3, h'(Ti) - Ah(T1) = [ 1 + ^ + A A2 + A^A^... Jh'[Ti + AB1 

+ L2B2  + L^B.+< ] 

In order to obtain this result, we observe that 

h(2)(T}) = - T} h (TJ) 

h(3)(Tj) = - TJ h'W - h (T)) 

h(4)(Tj) =     i]2 h(Tj) - 2^ (T)) 

h(5)(Ti)=     4n h(T}) + T)2 h^T)) 

h(6)(T?)=    (4-Ti3)h(Tj) + 6Tjh»(Tj) 

h(7)(T?) =    (10 - ij3) h'(i?) - 9 Tj2 h(T?) 

h%) = -^h(T,) 
drj 

4-29 

(4-12^) 

(4-125) 
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J 
and use the    Taylor series expansion 

h^rj + AB1 + A2B2 + A3B3 + A4B4 + • • •) 

= h'(t?) - [AB1 + A2B2 + A3B3 + A4B4 + • • •] tj h(Ti) 

A2 B^ +  2A3B1B2 + (23^3 + Bg2) A4 + • • •] [Tih'(Tj) + h(Tj)] 1 
' 2 

A\3 + ^W + • • •]   [TJ2 h (T,) - 2h' (TJ)] 
+ h[A\U- ' \ h^)+n2h'(n)|+. • • (irl26) 

in Eq,   (1|.-121].),  By  equating the coefficients of A  on each side of 
Eq,   (i;-12^)  we find that 

Al=0 

A2 "  2TJ 

A -   1 

3         R«3 
6T; 

A   =9    l 
A4     8    5 

1   1 

%2 

*>=- 1        7J 

Bo-   ^ 2       . 3 
2TJ 

B   =ü B3    2   5 
1   1 
3     2 

T? T? 
n        5   1 ^51 
H =—  
"4    8   7 12    4 

»? ■n 

(lri2/) 

In order  to use Eq.   (i).-123),  we  define 

.-2   ,2 

6424.   .     .3360,   3, ., .  ._32. . 
5775 ^-^ 2625 h2 > * u + <IÖ5 h4 

4576,   ,     .7360,   3. .21 
5775 h2h3 +7875 ^ ^ 

t A f.20 ,        1264,   ,     , 217696 .   2, 300 , 
+ ^   [<n h5 "-495-h2h4 + 121275 h2 ^ "   539 h; 

2 
539 "3 

2657920, 4  3  40,   11648 . ,   6828. 2 
' 3031875 2 ' U  l33 n5 " 3465 2 4 " 8085 n3 

.2366032. 2,   7118240. 4   2  160. 
606375 ^ ^ " 3031875 n2 ^ u + ^231 n5 

137856,. .   33312. 2 2905696. 2. 
" 51975 n2n4 ' 40425 n3   606375 a2  n3 

9343744. 4  2 , , 64 .   23168 . . 
' 3031875 n2 ' l u ■•■ 431 n5 " 17325 n2n4 
(eq. concluded on following page) 

4-30 
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( 

* 

'^L 

6976 . 2 2048192, 2. 
13475 n3   606375 "2 "a 

12 952 2088 
+ (-TrhR + 495h2h4+?Ütb3 

,5 

11 "5 

451760 

61579520. 4 3 
27286875 2 ' l 

2 291112 . 2 , 
121275 n2 n3 

h^^ + Op ) (^-128) 606375 

Prom the definition of ^(u, t) in Eq« (I4.-IIÖ), we can obtain a re- 

presentation for the reciprocals of q which occur in Eq, (i).-l27). 

We first define 

2 = u - t (14.-129) 
and then find that 

1 

+ ß 

-fh-2^v-Ä^'2| 
^     (7 hQ " VTR h9.   ) U    + (^ h5l " KW  h9   ) ^    + (^ h5 •7   3     175   2 '35   3    525    2 '35   3 

496 y, 2\ t2„x/16i,       1328v, 2w3 
h„  ) t u + (73 h„ - yr^ h9  ) t '35   3     1575   2 

+ r 

1575 2 

1  u 2 
25h2  U 

1 22 
" 7 Kg h4 " 315 h2h3 +"^^ V) u' + (^ h, 

/3h       9  >, 2J 
< 7 h3 " 35 h2 >J 

z 

2.4 .  8  ,   2 .3.   64 ,   2.2 2 ^ 64 ,   2.3, _.. 64 
+ 75h2   ^ +225h2 t U +225h2 * U + 225"2 *M] 

Mr1 148 
7875 "2 

8 3212 h„hr 63 "4     17325 "2 3 

608 h 3\ tn3 4. / 16   K       2288 h h   -1. 1808 h 3^ +
2»2 

+ ( 

7875 2 ' "   v105 4 5775 2 3 7875 2 

64 v  13376. .  . 43712 ^3V J.. . ,128.. 
^ + TAflTR h9 ) * u + ( SIR a 

33088 
315 "4 17325 "2 70875 "2 h0hn 

^ 128512. 3. .4 ,4,   28,.   56, 3.,  ,80,   1628 
70875 

1768 
1575 

h„hr 

315 "4 17325 "2"3 

80,   1628 
63 n4 " 

3 

64 
2A25 

h23)t]+7|^h2h3-^h23)u5 + ^h2h; 

k 3x ♦,I4 J. /liM K >,   1920 h 3\ A,3 a. .1472 K , h2 )tu -"teVs -7875h2 )tu +(2626h2h 

15200 y 3V A.2 
23625 

18 u 3V   2 ,256 
^ > * u   " (35 h2h3- I75h2 > U   + <525 V3 

24 72 f256 21248 ,   3V A5 

3 
18560 
23625 u2 
48 

1. 3W4 hÄ  ) t u 

^lÖsVs-SM1^ )tU + <525h2h3"W625h2 ^   " (lÖ5h2h3 

^^tf^l^h/u^^^tu 5 +^,.3^4 

640 3.3.3    _960     3.4 2 
3376 n2 

768.  3.5 
3375 n2 

1125 "2 

3.61 +m v^+wth'™+ssi v ^+3^ v ^Ij+o ^ (^-130) 

^-31 
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We can now use Eq. (i|-129) and Eq. (U-I30) to compute the argumant 

S(u,t) = T) + AB1 + A
2B2 + A

3B +... 

= T] + riß + Y2ß
2 + Y3ß3 +••• (1^-131) 

in Eq» (I|.-123)# The execution of these tedious algebraic manipu- 

lations has been carried out only for the special case u = 0. 

£{0, t)=  -t + j3 

,2 
[^v2-H 

+ ß 

+ ß 

.16.3    3..     ..   1328 .3      406   , 
35 5'"3 

128  4    448 txh   +/ 
^316 l   " 315,;, n4     {~ 17325 

+ /12851214 _ 106481_   182 

1575 "    ' 1050  ' 511 

33088 A . 47564 

1   !  M, 21 
5Ö^")h2j 

t   + 17325 2 3 

70875 7875       2625 t2"25Ö^5)h2j (i|.-l32) 

Since the use of Eq.   (i|.-l23)  involves a considerable amount of al- 

gebraic manipulation of such complex expressions  as Eq,   (14.-130), 

it may be  desirable in future work to seek a representation for the 

derivative  of G(u,t)  which is of  the  form 

dGfii*Jl = A(u. t)h'1)2(f) (V-133) 

J 

where 4 is defined by an expression similar to Eq. (i;-lli|) and the 

amplitude function A(u,t) involves the derivative of ^ with respect 

to u.  Let us indicate how this can be done by considering the de- 

rivative of Ply,X) with respect to y. Let us define K(y,X) by 

means of 

^jfcJ) = A2f(y) - X     K(y, X) (l^^) 

Since $+ÄH-k2Hl^ = 0 

we can show that 

d2K 

¥ 
(.X + k2f(y)].3   J^L.]2.!     A: 
1 ,     4lx-k2f(y)J       2   [X-k 

2<"fy) 

k2f(y)l 
K = 0 

^-32 

(I+-135) 

) 
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' 

For an "approximately identical11 differential equation, we take 

,2 04-^-« (il.-l36) 

which has the solution 

where h(x) is a solution of Airy's equation 

+ xh = 0 

(^-137) 

We can then define ^(y,X) by means of 

K(y,x) = [a^(y,x)/ay]"1/2 y[?(y,x)j 

and show that 

H^'2-l(|)24f = 

where the dots denote differentiation with respect to y. We can 

then represent the derivative of P(y,X) in the form 

dF(y. X)         /k2f(y) - X    /      1 dA"l/2 ..      /tv ,,   „     % 
-*-Ji       (k2/3 f 1/3   t) h1.2(l) ^-139) 

If we define t as in Eq, {k~7k)  and u as in Eq, (k-75),   and use 
the property P(y,X) = G(u,t), we can show that 

) 

dG(u. t)    A-t^uWy3^-     /d£\-1/2,. 
du       "V Z \du/ nl,; .(£) (1^.-1^0) 

where 

K = ^(u,t)  = ^(y.X) 

Prom Eq.   (^-138), we find that 4 is a solution of non-linear 
differential equation 

ij--33 
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(t.|4)tfM(|)V+i|. l-^.v^v--] 
3 
4 

4 

2       2 
1 ♦ 2/3h2u + 3/3 hgU   + • • . 

u - t + /JhgU2 + ß "a11  ^ • • 

20h2 + 6/32h3u + 12/33h4u2 + . 

+ • 

2 

2       2       3 u - t + /Jh2u   + ß hgU  + • • • (^-li^l) 

where the dots denote differentiation with respect to u. 

We can solve for ^(u, t) in much the same manner as we solve for 

I3(u,t) by using Eq. (I4.-III;), However, we cannot express ^(u,t) 
in form 

g(u, t)= u - t + ^  pn (u, t) ßn 

n=l 

where p (u,t) is the sura of homogeneous polynomials in u and t. 

Our studies of the behavior of of the coefficients of ßn in the 

expansion of ^(u,t) led us to see that if we defined 

Z = u -t (1^-1^2) 

that we could express 4(u,t)   in the  form 
00 

t(u, t) = t[z + t.t]« z +y q   (z, t) /3n 

n=l (l4--li+3) 

where qn(z,t) is  the sum of liomogeneous polynomials in 2 and  t 
which are  of the  form 

q1(zt t) = a1 z2 + bj zt + c11
2 + o^ z"   + ß11" 

q2(z. t) = a2 z3 + b2 z2 t+ c2 zt2 + d2 t
3 + a2 + A2 z-3 + B2 z-2 f 

+ C2z"1t"2 + D2t"3 

(l4--lM4.a) 

ik~iW>) 

The coefficient q (Zjt) begins with a homogeneous polynomial of 

degree (n + 1), followed by homogeneous polynomials of degree (n - 2), 

(n - 2), (n - 5), (n - 8), ..., (-2n + 1). 

k'3k 

1 

) 

' 
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( 
If wb reconsider Eq, ([j.-123), we find that ^(u, t) is defined in 

terras of T](u,t) by means of Eq, (ij.-lB1)» Therefore, Eq, (ij.-l32) 

is an example of the expansion defined by Eq. (ij.-llj.3). 

Let us conclude this discussion by observing that the expansion 

for Y in Eq. (1;-120) can be used in Eq, (1^.-119) to obtain an ex- 

pansion of the form of Eq, (I|.-8l), Thus, if we define S2 by means 

of the relation 

Y = u - T - S2 

we find from Eq. (if-120) that 
00 

a = n(u, t) = ^ rn(u, T) ß
l 

ik-ikS) 

(i^-iiii.) 

n=l 

where rn(u,T) for n < 3 can be found in Eq. (I4.-I20). Then we can 

write 

1 «2 w(-y) = w (T - u) + ß W^T-U) + 2 n   (T " u) W(T " u) 

+ | fi3   [W(T - U) + (T - U) wV - U)] +•   •   •    (ij.-li|.7) 

c 

We  then find that 
w(-y) = W(T - u) + ^-(u, T) W'(T - u) 

+ ß2 l| (T - u) r^ (u, T) W(T - u) + r2(u, T) w'fr - u) 

+ r 

(ü) 

(T - u) r1(u, T) r2(u, T) +1 ^ (u, T) W(T - u) 

+ lr3(u, T) + i (T - u) r1
3(u, T)I W^T - u) 

=    f1 +   Efdrn(u'T)/dt^  ^]'1/2 
L «—1 -I 

dr2(u, T)   3 [d^Cu. T)] 
2 

du       "il     du      ] 

+ 0(/34) 

n=l 
& dr^. T)     ä2 

' l' 2        du        '2 

.1 
2 

dr3(u. T)    3 drjK T)    d  ,/u, T)     gfdr^u, T)!
1 

du       "2        cC du        + il     du       J 

^-35 

+ 0(^4) 
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We can use these results to show that 

H(Ut T) « G(U, t(T)j = l$j W(-Y) -  W(T - u) ^'[svHiv] 
02ri.25     1.2      4     4,223     1UT,    3 + /J   I -^7 h9   u   - 7Ü7 h,   TU   - ^ h.,   T   u   + g h2 Dj u 50   2 30  "2 45   2 

+ h\ Di T*2 + i-Ti^+^K2) *2+T5h2DiT2U 
15   2    1 14   3     70 "2 

,.6. 22  ,2. lr,2 32,   25     S,.,,! 
+ <-35h3 + 105h2  )TU-2D1   u + 225h2   T   " 15 h2 D1T 

+ (-hh3+lh\2^2+WT-hh2Di 

,     8   ,   ,     .  2552   .   3.    3   3 
+ <" IÖ5 h2h3 + 14175 h2   )T   U 

+ <3Th3-Mh22)DlTu3+(-|h4 + lh2h3 
473  h„3

+|hn9)u
3 + ^h„3T4u2 

3150 "2      5   2   2' 

78 

675 "2 

2   2 
+ («hQ- äTs h9 ) DiT u +(-Tr h4 + 

572 
35   3       315 "2 h„hr 21    4     1155   2"3 

1.^       146,   3,       2^4,     „22 
+ 15h2D2-525  h2   )rU   + 15 h2 Dl   U 

32   .   3   5     L ,   8   . 
-3375h2   T   U+(35 h3 

742  .   3      4  ,    _.  ,   2 
h9    + ^ h9 D9 ) T   u 105    4     1155 "2 3     1575    2       15    2    2 

+ ih2Dl2TU + <-|VÄh22-D2)DlU 

128.   .       35008,. 3V _6 
n„n„ - + ( 525 "2"3    70875 

32 L 704 

16 512 
h2  >T   +<-35h3 + 315h2 > Dl T 

3404 
+ <-3"^h4 + 3i6f  h2h3+l5m|h2   " T^9 D9) T 

3    J-h   n > -3 

15h2 D2) 

-ih2Dl2T2 + <ih3+lh22 + D2>DlT 

(Eq, concluded on following page) 
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a2\    Au        3.2»3y6,        22.   2.       2.8,        144,   2.    2 

fl3fl.3   7^1.3      6^   14   ,325      lv.2^     5 
^iTSO^   U   +25Öh2   TU   +1125h2   TU   " 50 h2   Dl U 

28^334      1,2^       4     ,     1, 89,,. 
+ 2Ö25h2  TU   -3Öh2   D1TU   +(-9h4 + 63Öh2h3 

169   K  3\ J 4.    32    h 3 T
4„3       4 i, 2 n T2,,3 4- /     8   h 

"IlSÖ^  )U   +2Ö25h2   TU   -45*2   D1T U   + (" ^ h 

104 
315 

i'2b
3-M

b23>™*Töh2Dl2a 

63 "4 

2 3       32    ,   3 5   2 
^375 VT'U 

2 W     16   h    . 68    h V,       i^h  3\T
2„2+   !   K n 2rn + <-105 h4 + 105  S^'ZE^  )T  U   +3Öh2Dl  TU 

^i27*        71   v, 2x n „2       128   h 3T6I, r /     64  >, + (-7Öh3 + 2lÖh2  )D1U   -10125h2T  U + (-315 h4 

.  704,   ,       14008 .   3.    3, .   2   ,   n 2   2    . ,   22 , 
+ 695h2h3-14175h2  )TU + l5 ^1   T U + <" 35 h3 

,   2, „ ,4,        223 ,   . 473  .   3     7 .   „     1^3. 
h2  ) D1TU + <9h4-315 h2h3 +1575 h2   " ÄV 6D1  )U 

118 
105 

256    t3   7     32  .   2n     5 ^.   128.     . 1408 .   . 
10125h2   T   +225h2DlT   + (~ 315 h4 + "693" ^ 

28688 
14175 

.80 L       8338 

.3.4     4 .   n 2   8 . /   52 .    . «22 .  2. „ J 

L/80.        8338.   .    ..1822.   3    6,   „   ,.1^3. 
+ <63h4-3465 h2h3 +1575 ^    ■5h2D2 + 6Dl>T 

(iriW 

"i,.^ ^-37 
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If we differentiate with respect to u, we find that 
J 

- i V»!«»- ^ W« + ("TS 'S + W »Si2) ^ - B "j Dl T2U 

+ (-^ V m H2
) 

T •+1 "I
2
« - # 'S2^+11 \D/ 

L .  2   .   . 41    ,   3.    2 4 
21 

3   3 + <-7 ^ + lls ^ V4 + <lf5 h2h3 - ^1 ^ ^ U 

. /   JL u   4. J! .   2. n   T , 3 A .   2 ,    ,. 133 ,   ,        203  .   3 
+ (-35 h3 + 3i5 h2 )D1TU   +<-9h4 + 63Öh2h3"3r5Öh2 

3 .  16  L 3   4   2 2 2 
4h2D2)U   ^^   T   U   ^-Ä^-WV)^ 

^ /   i_ h   +  572 h », 146 ,3      lUT.v     2 L 1 ,   „ 2   2 
2r"4TIl55 u2"3-525h2   "l5h2D2)TU   +3Ö h2Dl   U 

32    u 3   5   ^ .   8  , 16    .   2, „     3 
3375 h2   TV + t'Mh*   35   h2  > Dl T U 

+ / 1§_ >, , 748 
r 105 n4  1155 

u k   742 .3  4,rk,2  17. „2 
h2h3 ' 1575 h2 " 15 h2D2) T U " 30 h2Dl TU 

6 22 128 34112.   3.   6 + <-35 h3 + 105 h2   + D2> D1U + <" 525  h2h3 + Wl V> T 

t.16h      512.   2. „4^.    32  .        2816 ,   , 
l35   3    315   2 315 "4    3465 "2 3 

10604 v3.8.nw3    23 2T2i.29, 
-14r75'h2   +l5h2D2)T   +15h2Dl   T   + <" 35 ^ 

+ 3l5    h2   ■D2)DlT + (9h4"63h2h3 + 1575h2 

-K^-S10!3)]*0^4)} 

(Eq.  concluded  on following page) 

W8 
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c ; 

^^/(-^     -    ^h/)   +TU3   (-   ^    hg    -^    l^2) 

+ Tu(-|h2D1) + D2u + T4(i|h3-|f|h2
2)+r2(ffh2D1) 

+ ^ITIO  h23 u8 + 3f5 h23 Tu7 + ^^ ^ T"U" - ^ h"~ B^% 19    h3   2 6    Ai,2n    6 

2250 ^       U   ~ 50 n2   "l     ' 10125 "2 i^hAV 

1^2^       5^.1, 19,, 271    ,   3.    5 
75  ^   Dl TU   + <" 9 h4 " 63Ö h2h3 + 15750 h2  ) U 

3   4 4 2 4 19 52 
+ ^h„   TU   -ygh^TU   +("63   h^ggö^hg+^g^ 2025  "2 

+ B h2Dru^ - lSl25 V7"^ + ^ V0!7"11"' + <" 3l5h4 " öl^ 

h^ru4 

2 4       256   .353^4,   2^ ^3 3 
10l25h2TU   +45h2DlT 

106,. 3 v    2 3 2_ 3 .  ,13 29 
1575 

32 

h2  )TU   "IsW11   -"^^-^lÖ^  )D1U 

,   3   6 2 x .    16 h    ,   484  .   .     ,    326   .   3,   32 
10125 h   T U   + <■ 315 h4 + 3465 h2h3 + m75 h2  )TU 

+ T0h2DlW^-r0h-  T2   h22)DlTu2 + (-|h4 + ilh2ViDlJ 

-M>h3+T5 h2D2) u2 - IMIS ^^ ^ ^V* 
./    64,     ^704.   ,       14008^ 3.    4      2,-2 3 
+ <-3l5h4 + 693h2h3-ni75h2  > T u " 5 Vl T U 

w   26h        iH t, 2^^,. A/4,       2453,.     ,473,3    3,   _ 
+ <-35h3+  3T5 ^  )DlT u + (9h4-3465h2h3 + 1575h2  ^ 5h2D2 

256 3   8 
+ ^D1  )TU+(-I5h2D1  +Dg)u + IöI25h2   T   - ^ 

32 h 2 n   T6 
225h2   D1T 

1408 142768 t, 3V    5      4 2_4 
+ <+315h4- Mrh2h3+'7Ö875I12  )T   + 15 ^ Dl   T 

.  ,12^      iSISu 2, „    3 .   .   64.    ^962.  .       2564.3 
MTV   316h2)DlT   +  <-45h4 + 3l5h2h3-l575h2 
+ Üh2D24Dl3)T2 + ^h2D1

2-D3)r + (-|h3+^h2
2 

-D2)D1]+0 04) 

ij.-39 

(^-IU.9) 
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A useful chock on the coefficients in Eqs, (^-lij.0) and {^-1I|.9) 

can be obtained from the Wronskian relation 
dH«    dH 

2     - -^=-21 U-150) 

dH, „(u. T) « r 
-^ = - wi>2(r - u) + £ |Cn(u, T) wli2(T - u) 

+ Dn(U. T)W^2(T-U)p 
11=1 n   (^-153b) 

We can show that the coefficients A^, B , C , and Dn have the 

property 

t W-T' A (1 V- n A' (I Bn(». r) ^ /| V. r, A  {k_i5k) 

or A1D1 = B^ and 

n+1 n+1 

1^  AJDn-j    =    S  BjCn-J  ' n > 2 (^55) 

^0 
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This property is readily derived from the Wronskian for the Airy 

functions , v      j» , v 
dw2(z)      dw-fz) 

W (w1. w2) = w^z) -gj— - w2(z) -1[r- =21        (^151)       a 

by using the representations 

^1.2^^ _ AfaA"1^   )_l^uLw  ( j   (^152b) 
du    -" W   ^.^^ 2 ^12 Wl,2^' 

H 
Let us express Eq»   (i4.-ll|.8)  in the form 

Hl,2 = W1.2<T " U> + 2 lAn(u' T> W1.2<T - U> + V' T> W,1.2<T " ^1^   (i;"153a) \ 
n=ll / 

and use Eq«   (i|.-ll;9)   In the form 

) 
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c ij.«6    Application to Bessel Functions 

An intorest check on the  accuracy of the expansion    given in Eq. 

(I4.-II8) can bo obtained by making use of certain results for the 

Hankel functions which were obtained by Schöbe   (Ref.  11;) •  The 

result which we need is 
2m 

H'^-TV© 
1/3 

(-1)"* P 
m=0 

m«)f kx/ w1[T{^,kx)] (4-156) 

where the argument of the Airy function is 

T(^kx) =| (-DX^fÄ) 
2n 
3 

n= 

( 

c 

where 

and 

2/3 

-&)" - 
kx) 

P0(t) =1 

PiU) =^t 

Po(t)    =T^t2 

P3(t) 

1260 

56780l      900 

^(t) =t 

^l^)=^t2 

^^)=l4t3 + liö 

n  (+\ 203743  .4 , 
Pi;(t)   * 523908000t   + 

6761 
7276500 

q3(t) •iwiOO 

q^(t) = 6553 
327442500 

140 
4       4 

4   +lfet 

t5+   1409 

1819125 

In order to use Schobe's expansion, we must first observe that 

the Hankel function IT   ' (kx) is a solution of 

"X1'gg, 1 ii£^jk2 .2iH(i) 

Therefore, we can show that 

(kx) = 0 

H (1) (kx) = Pi[a log (x/a), (v/a)2] 

where P^x) is a solution of 

^F^. X)        r 
 2  X + k  exp (2j)  F^. X) = 

(4-157) 

(4-15Ö) 

(1|.-159) 
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We start our comparison Schöbe's expansion and our Eq. (If-llÖ) by- 

observing that f(y) = exp(2y/a) and therefore the result that cor- 

responds to Eq. (ij.-72) is 

f(y) = f0 + f^y + h2y
2 + ly3 +...] 

l      oft    3a      j 

Therefore, for this case we find that 

f0 = 1 '  fl = f (^-161a) 

and        ! 2 1 

ho = — , h- = —Pf      , hi = —» ,  etc.       (/j.-l6lb) 
a     ^      3Bi *      l*5 

Prom Eq.   (i).-71|.) we find that t is defined by 

x=   4^2^4/3(1)2/3, (^162a) 
a2 a 

or 22 
t_ / -  (kar 0i-162b) 
'      4 (kft/2)4/3 

Prom Eq.   (i;~75) we find that 

u = k^f^y = k^(2/a)*a log(x/a)  = 2  (ka/2)a log(x/a) (^-165) 

Prom Eq.   (lj.-76) we find that 

1/3 _ a ,2   2/3 (1|-164) a 1  1    /ftx '    ^ a /J. v 
P " k2/3 f 1/3    " ]173 4'        " 2  lka; 

Therefore,  we  can express   the Hankel function in the  form 

H^ (kx) ~ (constant) Fj /a log| , -^j = (constant) G1(u, t)      (i|.-l65) 

where Oj^Cu, t)  is defined by 

GjOi. t) = F^, X)  =  Yx /alog|   .   iLj (4-166) 

where  u   is defined by Eq«   (i|.-163),   t is defined by Eq.   (I|-l62b), 

and ß is defined by Eq.   (4-164.). 

4-42 
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Prom Eq« (1^-113), we find that G* (u, t) = Vdu/dV] W^-T]) where r\ 
is  defined by Eq, (i;-ll8)« Therefore> we can express Eq. (I|.-165) 

in the form 

where the choice of the constant of the form 

i       2    1/3 

(constant) = - 7-r   (j^) 

follows from the result 

W        1   2 1/3 (14.-166) 

which is valid when kx » 1 and v * kx « ka« 

If we compare Eq, (ij.-167) with Eq. (I;-156), we see that Schöbe «s 
expansion leads to 

80 o 2n 

n=0i 

In order to compare Eq. (14.-169) with Eq. (I4.-II8), we need to ex- 

press the right side of Eq. (U-I69) in terms of u, t, and ß. As 

a preliminary to this step, we need to express ^ and (2/kx) in 
terms of u, t, and ß. Since 

x = a exp(y/a) = a exp[ßu/a] 

we find that 3X 

a 
(1^-170) 

The relationship of ^ to a, t, and ß is somewhat more complex. Prom 
Eq. (i|.-156) we find that 

v   =(kx) +4(T)  { + (T)  t* (1I.-171) 

whereas from Eq. (l4.-162a), we have 

v2 « (ka)2 + 4 (&)     t (1^-172) 
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If we use Eq,   li+^TO), We find that 

(ka)2 exp (^f) i4<i5)2/3«^<-^ 
or 

= (ka)' 
o  2/3 

■1 
exp^) 

Therefore 

1    2 2/3 

-Ir)] = ^ )   t 

= (t - u) + 2 En(u. t) (|) 

where the coefficients IS (u,t) are defined by 

E1(urt)=.[it
2
+|tu+-Ju2| 

(1^-173) 

7,5 .   5.4. .   1.3 2 .     1    .2 3 1__. 4       11      5l 
)44 tU   " 9720 U ] ^•^•[i*   +24tU + 36tU   + 324tu   + 1944 

By the use of Eq.   (14.-1 Y0)   and Eq.   (1|-173)  in Eq.   (14.-168),  we have 

verified the correctness of all  the coefficients  in Eq.   (I4.-IIÖ) 

The Correctness of the coefficients in the expansion of ^(0,t) 

given in Eq.   (I1.-I32)  cai  be verified in a similar manner if we use 

an expansion for the derivative which is in the form of Eq.   (1|.- 

ll+O), namely. 

Hv (kx)  7^(kx, 

2/3 
1 + I  Bn«) (15) 

2n 
3 

n=l 
2n 
3 

w^-t) (1^.-1 Y14A) 

(i;-171|.b) -tM + ^ cn«)(^) 

The coefficient C1(^) was obtained by Scott (Ref.  15).    A search 

h-kk 

J 

) 

) 
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of the literature failed to turn up further terms.    Therefore, 
we have extended Schöbe's paper by showing that 

n m-    37   .2    JLl cms_2_t3__39 1_ _1 
B2W    6300 *   " 200 t * ^2^    1575l      1800    200 t3 

um       239    f3 ,     943     .     11 
a3{l) * 283500 252000     6000 t3   * 

41      4       1447 29      1 11 
C3(t) = ' 283500 *   + 252000 t + 12ÖÖÖ "[2 + 2ÖÖÖ "[5 

T» m 53863     .4      43993 79    A 1     1 
a4{l) ~ " 374220000      ~ 23760000    " 720000 t2        8000 t5 

r- m 6553       .5       260737    2        1679    1      7      1 5     X 
04W " 327442500      " 99792000 l   ' 1108800 t 20000 "T     80000 J 

Since we have not carried out the algebraic details for ^(u,t) 
defined in Eq«   (I4.-I3I)   except for the case u = 0, we are limited 
to considering only the expansion for ^(0,t)  which was given in 
Eq«   ([|.-132)»    For the case of the derivative of the Hankel func- 
tion as defined by Eq«   (l^-l?!].), we would need the results 

(i|)-<f) 
3X 
2 

fiilong with the values  of h,    which were defined in Eq#   (i4.-161b). 

Additional confidence in the correctness of the  coefficients in 
Eq«   (l4.-li|.8)  and Eq.   (i}.-li4.9)   has been acquired by using Eq.   (14.-170) 
and Eq«   (ij.-W)  in Schöbe's  expansions for IT   ' (kx)   and H^  ^'(kx) 

v y 
which are of the form 

k-k5 
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J 
H^ODC) « 

i      2  1/3 

283     .6        Afl,      9      1        0  6'3 

~ (9072000^   + 
463 

2268005      OOO'^kx' 

+ ( 311040000 «
10 + 

599 

+     7939     .   _2. 
8316000 5; vkx; 

95256000 
8/3 

+ . . . 

.7       26897 
6       59875200 I 

i        2   1/3    » 
77 (taE>     wi<^ 

1    2      2   2/3        13      1        2   4/3 

+ ( 

60* 

4296000 

17 

'420 140Mkxj 

«7+ 
13 

32400 5       63005' ^kx^ 

6/3 

725 76000 A 2521    ..5 . 
33264000* 

359 
346500 t2n£ 

8/3 

(^-175) 
and 

2/3 

H^WTT^)   
wi^ 

„2/3 „  4/3 
1 + <i5)     &*& 

^_ 5_JL9_   2 
wonns       oKon »   / 

-<ß) 
6/3 

( 
61 

4536000 i 
6 

^7200 

283 i3- 

2520 

23 
12600 ) 226800 

. . 21
8/3        £10        ,      443£7 1483£4 

{Vx'      {311040000     3810 24000     5987520 

9809£ 

i     2  2/3 

+ 7T&    Wl^ 

83 16000^ + 

2/3 .3 9   z/3 f3        1 2 
10 

2  6/3        1 8 
W      (1296000^ 

4/3 
lkx 

181 
4536000 

3360 5       60?' 

V 103   ^v 

+ (]S) 

25200 
8/3        ÜL       13t6 382U3 

( 
947 

72 57600 ~ 887040" 1782000 " 27 72000 ) 

) 

(M-76) 

In order to emphasize the generality of the new expansions 

k-U*> 
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described by Eq, {I|.-ll4.ö) and Eq. (i|.-llj.9), let us observe that 

the terms up to and including (kx/2)  in Schöbe's results 

described by Eq« (ij.-175) and Eq, (]|-176) are obtained from the 
new results by using the following definitions 

Dn = 0 for all n 

u = 0 

x 2 2/3 

1  2 2/3 2 

and 

12 1 ho = - ,  h^ = —^ , h. = —*   ,  etc. 
x     ^  3x     ^  Bx^ 

i|.«9 Numerical Aspects of Employing These Expansions 

If a numerical anlyst were faced with the problem of evaluating 

the function F(y,X) which satisfies Eq. (i|.-l), he would probably 

> find in Ref. 5 (and in the references which have been cited by 

Olver) a number of methods which he would prefer when thoy were 

compared with the expansions which we have expounded upon in the 

"forty-plus" pages of this Section. T^e author will readily agree 

that he himself tends to favor the basing of future work on more 

computer work and less algebraic work. However, the expansions 

♦       in this Section are the outgrowths of earlier studies by Pock, 
Pekeris, and Priedlander. The expansions are also very similar to 

those in the recent paper by Bremmer (Ref. 2).  The author feels 

'       that the type of expansions which have been the subject of this 

section have not outlived their usefulness. Even as the more 

erudite methods become developed into computer programs which are 

"de-bugged" and become operational, these expansions will continue 

i to provide some valuable checks and guidelines. 

k-hl 
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Section 5 

ASYMPTOTIC EXPANSIONS FOR THE PROPAGATION CONSTANTS 

AND THE NORMALIZATION INTEGRAL 

5.1 The Eigenvalue Problem 

The eigenvalues X or t are defined in the radiowave propagation 
" s    s 

problems by the homogeneous boundary conditions (sometimes refer- 

red to as "impedance boundary conditions") which has been given 

above as Eq« (ij.-5^)i namely 

"dGC". U        i (5-1 a) 3(u, t )       1 

We can also write 

BKOi, TJ 

du + qH(u, TS)| = 0 
u = 0 

and 

^  ^.2/3, 1/3  „ 
 + k ' L '   q F(y 8 Jy = 0 

(5-lb) 

(5-ic) 

We have found the rotations between X . t . and T to be s      s* s 

X8 = k2 f   + k4/3 f.2/3 t   = k2 f   + k4/3 f2/3 f Ta + f DJT. q) ßn 

8 o Is o l s      /.    n' s 
n=l 

(5-2) 

where 

ß = k^f 1 "^ 

Eqs. (l+-1^8) and (ij.-!^) are ideally suited for the determination 

of the coefficients D_(T ,q) for n = 1. 2, and 3, 
Xl  s 

The case q = « is quite easy. Since 

H(0,T~) = 0 

5-i 

(5-3e) 
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we find that T*? Is  defined by s 

wlO = 0 (5-3b) 

Prom Eq.   (I4.-II4.Ö),   we find  that in order to  satisfy Eq,   (5-3a) 

we must have 

VllV2 (5-^a) 
16 ^        48 .   2V    3     .3 , 9 u 2. 

^m^'Vfi^ >T   -<7h3-35h2  > (5-4b) 
^      ,128.       11968.   .     .22912.3     4     .80 h   . 6556 h h D3 = (3l5h4- 17325 ^ + 7Ö875 h2 )T      (63h4    3465 ^ 

+ lillh23)T (5-14.C) 

,256.      41984 .   .       HMi h 
2 +1521792 h 2h   - ^^^ h 4) T5 

D4 = < 693 h5 " 51975 h2h4 " 40425 h3   + 5457375 n2 n3     81860625 n2 ; 

1808 v       50432..     . 19324,. 2    80£7i^.   2,      14141280,4     2 
+ <-mh5+IÖ395h2h4+-8Ö85-h3   " 1Ö91475 h2 h3 +5457375^h2 > T   U~W 

where all  the % are  to be  assumed  to be T
0
".     The   roots of s 

w1^2(Tg)  = 0 (5-5a) 

are well known  (See Section 2), They can be  expressed in the form 

tg = agexp(±iiO {5-5b) 

where aa denotes  the roots of the Airy function 

Ai(-a3)  = 0 

In Table 2-1 we have listed some 15 decimal values which were com- 

puted for the author by G.  F. Miller and P.  H. Kaines at the 

National Physical Laboratory  (Teddington,  Qigland)   in 1958•  Sherry 

(Ref. 1) has obtained 25 decimal values for  these constants. 

For the case q = 0,  we must have 

8H0_n (5-6a) -w = 0 
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c 

This leads to 

♦"O-0 (S-6b) 

as the condition which defines T • Prom Eq« (ij.-llj.9)i we find s 
that in order to satisfy Eq. (5-6) we must have 

"l-'w^-SF"^ (5-7a) 

D2-lTS\-mh22^3-<lh--ii*22>--k\2JS (5-71.) 
T 

n   -/l^h      11968 h h   . 22912 . 31 _4 . .   448.    . 33308 .   . 
D3-(315h4- 17325 h2h3 + 7Ö875h2  )T   + (" 315 h4 + 17325 ^ 

12176 
15750 

h3l.3l        1,31 tr- „  ^ 
tl2)T-375h2      "2-250*2      ~5 (5-7c) 

where all T are to be taken to be T •  The roots of s 

vi>2(T°) = 0 (5-8a) 

are well known.  They can be expressed in the form 

( T^ = ßseXp(±in) (5-8b) 

where ß denotes the roots of the derivative of the Airy function 

Al'(-ßs) = 0 

In Table  2-2 we list the 1$ decimal values by Miller and Haines. 

Values which are given to 25 decimals have been obtained by 

Sherry(Ref.  1). 

For the  case of arbitrary q,  we can use Eq.   (i|.-153a)   and Bq.   (i|.-153b) 

to express Eq.   (5-lb)  in the form 

,11 " ^V + 5 [Cn<0' V W(rs) + V'V ^V] ßl 
n=l 

+ qw(Ts)+q^  An(0. T8)w(Ts)+Bn(0.T8)w'(T8)Un = 0 (5-9) 

Since the coefficient of each power of ß raust vanish,  we find 

that T    raust be defined by 

5-3 
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w,(Ts)-qw(T ) = 0 (5-io) 

We can use Eq. (S-^-O) to express the coefficient of ßn in Eq. 

(5-9) in the form 

q [Dn(0. rs) + q Bn(0. Ts)] + [cn(0. Ts) f q Bn (0. T8)j = 0     (5-11) 

For n = 1,  Eq.   (5-1!)   takes the form 

q 

We can solve Eq.   (5-12)  for D1 and find that 

, = ^ L2 -3 + 4 T q ] 'l      15[8T        T      2    J 

+ q 

+ q 

(5-13) 

For n = c.,  Eq.   (5-i1)   takes  the form 

^M V IS V)+^li W ♦T <-1V ih^ D2> 7Di2] 
= o ,(S-iW 

J 

If we combine the  similar terms in Eq.   (5-14)  we find that Dp 
is given by 

(r - q2) D2 = (r - q2) T3 (^ hj - Iff h^)+^ h, D/+ (-1 ha ^»Z) r 

1^2,.    r     8.     ,.16.2.2      7.-.]^   2f   6,^ 
¥D1    +<l|(-35h3 + 35h2 )T   -l5h2DlJ+(l   f" 5 h2Dl 2 1 

[7h3" 35l ♦(Ih,-^2)] (5-15) 

If we use Eq. (5-13)» we can eliminate D^  from Eq. (5-15) to 

obtain the form 

5-ij. 
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( /~      2,2 „       . 2.    3 .16 .       288 u 2, ^ 16 .   2   4      14 ,   2 „2.3+4™ . 
(T-q  )   D2 = (T-q)T   (gsVäiS^  ) + 25h2   T   '225^   T < 2> 

T-q 

,   3,     ,   7,2.      1   t. 2 .3 + 4TCL,2 

+ T<-5h3 + 15h2  )-45Öh2   < 2    > 
T-q 

4.« f/    8 K        328 u 2,2 .    7   ,2 .3->-4Tq .1 
+ qr-35h3 + 1575h2 )T   +225h2   < 2     > 

I T - q       ■• 

L   2f   16.   2 3^.3, 9, 2.^   2,  2„.3+4Tq.l v ^  .,. 
+ q   -25h2T  +<7h3-35h2> + 25h2T<--2  > (^-16^ 

i T+a     •• 

( 

For n = 3,   Eq.   (5-11)   takes the form 

Jf/   ^Svt,    .. 34112 ^ 3,   6^.16.       512,   2,_    4^.    32, 
«l |<-525h2h3 + 7Ö875h2  >T   + < 35 h3 " 3l5 ^   > D1T   +<-3l5h4 

^ 2816 .   , 10604    3 ^ 8 ,   n ,   3 x 23 ,   n 2T2 .  .   29, 
+ 3465h2h3-   lilTS^  + 15h2D2> T   +15h2DlT   + (-35h3 

^ 319 T, 2     nin^^i**      25 i, h    .   277 
+ 3l5h2   -D2>DlT+(9h4-63h2h3 + 1575 

h23-ih2D24Dl3)J 
256 3   7.   32 v 2, 128 1408, 28688,. 3V 4 

"^ I" lÜlfs^   T   ""IIS^0^   + <■ 315 h4+"69Fh2V 14175 h2 )T 

.2_3 52 922,   2, 2., 80 
-TKh9DiT   +(-«ho+ö75ho  )DiT+(fi*hA- 

8338 
35   3     315   2 15 "2^1 

h„h„ 
'63   4    3465   2 3 

II 
256 3_8      32 128 1408 142768 L 3V _5 

10125 ^ T   "225h2Dr   +(+3T5h4-"693"h2h3+^Ö875h2  )T 

4i,   n 2,4 ..,12. 1066 ,   2. n    3^^962,   ,        2564,   3     64, 
+ 15h2DlT   + <Th3 "  SIT h2 > D1T   +^3l5h2h3-1575h2   " 45 h4 

h       35008 x, 3.    6 ^ ,   16 .     . 512 ,   2. r.    4 ^ .    32 , 
3    70875 "2 

704 3404 L 3      8 

35   3    315   2 

.3     7 ^ ^ 2 2 

315 "4 

U 2 
3465"h2h3" 14175^   -15h2D2)T   "sVl7   +<5h3 + 9h2 

+ D2) 

If we solve for D^, and combine similar terms, we find that 

(5-17) 
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256 u 3.8      32 6 . ,128 1408 h„hft + 142768,   3.    5 h, )T (T - q") Dg 'igfs^ T   " IzE^ D1T   + (315 h4      693 "2"3 T   70875 "2 

1128  u 3   6     ,     64 ,    ^ 704 .   .       14008 ». 3.    3 ^ 2 ,   n 2 2 
-l5ll5h2   T   + <-315h4 +693 h2h3-14175 h2  )T   + löVl T 

.   22.    i   354.   2.      ..4.       223 h h   +_iZ3.h3-^hD   -±D3J + <-35h3 + 1575h2  )T + (9h4    STS^*!^^       15h2D2    6U1)1 

2 f     256  .   3 7 ^  32 .   2^ T5 ^ .   128 ,     . 1408.   .        28688 ,3     4 
+ <1 [-lÖ125h2T   +225h2DlT   + <" 3l5 h4 + "693 h2h3    14175 h2 ) T 

4LT.23     ,52.        922 .   2V „    2 _, ,80 ,        8338 ,   . 
llW   +<-35h3 + 315h2 >D1T   + < 63 h4 - 3465 h2h3 

1822.   3     O.-lnS 2.    n2l 
ISTS^   -5h2D2 + 6Dl )T-3h2Dl ] (5-18) 

J 

Because of the complexity of Eq, (5-18) in its present form, we 

have not used Eq, (5-13) and Eq, (5-16) to eliminate D1 and D2. 

The algebra has become so tedious that we have not attempted to 

obtain ft except for the q = oo (See.Eq, (5-l4.d) • 

5« 2 Another Expansion for X 
3 

The expansions for Tc,(q> given in Eq. (2-21) and Eq. (2-22) can 

be used in Eq. (5-13)» Eq, 15-16), and Eq, (5-1Ö; to obtain re- 

presentations for tho solutions of Eq, (5-lc) in the form 

or 

vkV^V3 

X =k2f +k
4/V/3 

SO 1 

n=l 

n=l 

(5-19) 

(5-20) 

r0   A •»        1 where the coefficients Pn(T8, J) and ^r)(TB  • rö) are of the form 

5-6 ) 
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.I1     1T0\   /Si ^•?>-VS-0>+ I a>,>(f) (5-21) 
m=l 

00 

%<%■ ^> - V.' "> + I bm <T8 >^m (5-22) 
m-l ^ 

o 
where   ^(Tg, 0)   is given by Eq«   (5-7)   and   Dn(T

s»*)   is given by 

Eq.   (5-l|.). 

It is perhaps more  convenient to determine    P (T
0
, 3)    and  Q^(T*, -jr-) 

by expressing the boundary condition in the form 

8HSi'T) +/3QH(0. T)=0       ,        q = ^Q (5-23) 

when q is small, and in the form 

H(0. T)+0P^J-^-=O   ,   ^P (5.21|.) 

when q is large« 

For the case of small q,  Eq.   (5-23)  leads to 

W
,
(T°)=0 (5-25a) 

^(0, T°)+Q = 0 (5-25b) 

c2(0f T
0

B) + QA^O, T°) = 0 (5-25o) 

cn+l^
Ts)+QV0»Ts) = 0  • n   ^   !                                    (5-25d) 

where the Cn(u,T)  and ^(U^T)  are defined in Eq«   (^-153).    Prom 
Eq«   (5-25) we find that 

P (T  0\- (-2-T2 - ^^ h. +S. (5-26a) PiC, Q)-(15T      5T)Ö2+T 

T T 

5-7 
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u /-r   r*     /128i,      UMS,. .   ^.22912.   3,   4..   448.     . 83808 h u 
P3(T' Q) "< 315 h4" 17325 ^ + 7Ö875 h2 )T   + (" 315 h4 + 17325 ^ 

12176,3.        JLh3!       1   u 3  1 
' 15750 n2 ' T " 375 ^ ^2 " 250 ^   T5 

. f   272 .   2T ^ 8 .  ,. ^  1  .2  1   . J. ,, 2 J, 1 
+ Q[-315h2T + 7h3T+25 h2   7+5Öh2    ^J 

+ *2[-lhf2 -T0\^]* Q3[l V I 7] (5-26c) 

J 

For the case of large q,  Eq«   (5-214-)  leads to 

W(T*)=0 

B^O, T*)-P = 0 

B2(0, T^ + PD^O, T*) = 0 

Bn+l<0'Tr)+PDn<0'Tr)=0    '      n21 

where the Bn(u,T) and Dn(u,T) are defined by Eq. ik"1^) 

Eq, (5-27), we find that 

Q^T. P) = i|v2 + P 

Q2^P) = <Mh3-^h22)T3-<lh3-^h22)+lh2TP 

„,     ,128.       11968 u .    ,.22912.   3.   4     .80 t,      6556 h h 
Q3<T' P> = <315 h4 " 17325 ^ + 7Ö875 h2  )T   " <63 h4 " 3465 h2h3 

,2 . T „3 

-;«• 

1336 L 3 32 + iÜh2)T + <lh3-ilh2)T   P + h2P   +tP 

(5-27a) 

(5-27b) 

(5-27c) 

(5-27d) 

Prom 

(5-26a) 

(5-28b) 

(5-28c) 

) 

Some unpublished work of the present author can be used as a 

numerical check on the coefficients in Eq« (5-26).  It has been 

shown that the roots v„ of the Hankel function combination 

H^2),(ka)+(1|[)ZH<,1'2)(ka) = 0 (5-29) 

The reader is cautioned to avoid confusing the D (T»q) defined 

by Eq« 15-2) with the DnUi,T) defined by Eq. (kmlt>2)»  The context 

in which these functions are used should provide the means to 

distinguish between them« 
5^0 3 
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can be expressed in the form 

^1/3     0 2/3 

4/3 2 f       1       31      11 11       1 2 1    1 1 
H) <"14ÖÖT   +5Ö"2ÖÖ~3)+Z(1Ö~5 "lÖ^^ (2 "S^ l T T T    J 

6/3  i , 
+ ^^ 1^4536000 

4       611 
T   ' 126000 

1      1     _1 l^. 
3000    2 " 2000   5' 

T T 

|7.41    , .    1    1.    3     1.     Z2/JL A ._3.JLx 
2520 100   2    200 ,5i 

T T 

+ z
3( 3    2     2    5' 

T T     J 

2 8/3r 73769 
10478160000 

7       1 

,5 A    56299 
T    + 

120000   4     16000    7 
T T 

24948000 

Snn 4) + Z (- 

r2 + 

10    2     20  5' 
T T 

1679     1 
1108800 T 

97      2      803    1 
32400 T   " 42000 T 

,     7     11     1 v  L 72 . 2017   1       7     1    _3_^. 
+ 3000   4 + 400    7' ''■ *    45200 T " 200    4 " 80    7; 

T        T T      T 

+ Z" 

+ * 

( 90 T 30 4 4 7) + Z, l 12 4 8 7' 
T     T T     T  J 

(5-30) 
where 

T = Tg = 08exp(±i^/3) (5-31) 
where the + sign Is used with H ' (ka) and the - sign with H  (ka). 

If we express v. in the form 

(
V
B\ 2 2/3 r 

< + l   En<T^)<l|) 
2n/3 

n=l 

(5-32) 

we find that 

Ei^)=BT2-B7+f 

E2<T'2) = 5l5T3-i§0-2SÖ^ + Z(l|^+|)-4 

(5-33a) 

(5-33b) 

5-9 
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tglT,  4) 70875   T    1-7875   T       3000   ^2        2000 T5 + Z(   315 T + 100   2 
T 

+ 200   B1     ^   (10    2+20    5)     ^^    2+2    5' (5-33c) 

J 

P /T   7v 1472     .5 859 2 53     1        21      1 1        1 
E4(T, ^)-81860625T   ■'•24948000 173250 T    360000 T4    16000 T7 

+ Z( 8 
2025 

T    + - + 7     1 1    1 38    1 
1750  T    3000    4    400, 

T T 
7)+Z   <-1575 7 (5-33d) 

«7_A_  3 J,. + z3_2  1   J._l   .1 K+z4   JLJ^SJ. 
200    4     80    7'+ Zi (45 T    30   4 +4   7,+^   12    4    8,7' 

T T T T T T 

Let us recall [from Eq. (1;-I6lb) and Eq. (11-161;)] that for the 

Hankel functions 
a      2  2/3 1 2       L 1 

^ = (f)(H)   •h2=i'h3=r2'h4 = r3 • 
3a 3a 

If we let 

Q = (f) z 
we find that we can check the numerical coefficients in Eq«   (5"26) 

by a comparison with Eq«   (5"33^   since 

.a a 
(|)   Pn(T.Q)=En(T.2Q) (5-310 

We have also shown that the roots ^    defined by 

H^2) (ka) + (^)      rHj,1'2)(ka)=0 
8 S 

can be represented by an asymptotic  expansion of the  form 

(5-35) 

v8=ka + (if) 
1/3 

where 

+ <15)2/3l^T2 + r] + <H)4/3|-i4T3-iiö+^r] 
, 2 6/3[ 281   4   29 r _l_T2r + lr2 
vka;  I 4536000 T  12600 T " 360 T ^ + 4 1 

.j.rl. I 
T = tg = ag exp (± i 7r/3) 

5-10 

(5-36) 

(5-37) 
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( 
(1) 2 where the + sign is used with Hv '(ka). If we express v_ In the v s 

form 

Ö)8-<£ 2/3 Ü * I  F„<V r) (H» 
2n/3, 

n=l 

we find that 

2 

F3(T. r) = - 

525 '   140 ' 3 

16  4        S _T4._2_       ^ 2r    lr2    1    r3 
70875 T       1575 T + 45T   i+41       3T1 

(5-38) 

(5-39a) 

(5-39b) 

(5-39c) 

If we set 

c 

P = (f)r 
we can use the relation 

(f)\(T,P)    =  Pn(T,fP) (5-i|.0) 

to obtain a method of verifying  the accuracy of the coefficients 

in Eq.   (5-28). 

5«3    The Turning Points 

In the studies by Pekeris   (Ref.   2),  Imal   (Refs.   3 and if),  Brem- 

mer  (Ref.  $)  and other authors,  one needs the values of the turn- 

ing point y^ defined by Eq«   (i|.-2i4.), namely 

K + k2^)  = k2(u    + f(y1)]  = 0 (5-ii.i) S "X' l^s 

If we recall the steps which we took in Eqs. ik-'ik-)   through (I;.-??), 

we see that we can define 

?! = ßUi = [k^f^]"1^ 

where IU is defined by 

"ts + ^4. + ^^l    + P h3ul^ + P^h.11! + * * * = 0 

If we invert this expression, we find thst 

(5-^2) 
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Ul ' ^ " ^ 's2 " *2 <V 2h22) 's3 * ^ ^4 - S1^ + 5h23> C 

- / (h5 - e^ - shg2 + ai^hg - Uhg4) tg
5 + o (ß5) (5-43) 

J 

From Eq, (5-2) and Eq, (5-13)t w« obtain the result 

Therefore, we find that 

8T 

3+4qT   1 

 T\+0 

Ta-q   J 
iß2) 

«i-^s^\-n|7T
B" + 

3 + 4 q T    i 3 
-^■+o(n 

T8-q 

(5-144) 

(5-45) 

u1=j3 

For q = 0, we can use the results in Eq. (5-7) to show that 

-4^v2^44iiviiill2v
3
+,ivg'"/, 

l»,2.1!     fl
3f/187l,      31097.   .     . 85943 .3.    4 

5Öh2   )"3J"^   [(3l5 h4" 17325 VS* 70875 h2  )T 

u 3_1,. JLu 3 J.] 
n2     2+250n2    ^51 

T T   J 
+ (äiRh. 

64493 K k   ^ 36536 .   3.     ,   17 
315   4    17325   2 3     15750   2 

+ 0(/) 

where ail 1  are to be taken to be T » s 

(5-1+6) 

For q = 00, we can use the results in Eq» (5-^) to show that 

"i-y-isvV^M 
-r [(315h4 

346h 2xT
3
J./3i,        »v. 2V1 h2   >T   ■'^^-SS^  >j 

31097 
17325 ^ 

525 

. 85943 
70875   2 

h 3W4a. /80i, h.  ) T   + («« h 9526 h . 
63 "4    3465   2 3 

ß   [(693 

t 
2146», 3. 
1575 u2 

h 
I 

116746 h h   + 194059 ,2 
S      51975  U2U4 

2084790958 ,. 4.    5 

40425 
200019867 . 2, 
5457375 ^ H 

,1808h      76832 h . 
81860625   h2 ^ T   + ^ 6fl3 "5 " lÖJ 95 "2U4 

29719, 2 
8085 3 

15327645. 2.   30322830 
1091475 a2  n3 " 54573 |h/,T

2J+0 OJ5) (5-47) 

where  all T are  to be taken to be T  . s 
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( 

t 

5»1|. The Propagation Constants 

In many applications we need representations for •\/i\""« For ex- 
(1)   s 

ample, in the case of the Hankel functions H ' (ka) we defined 

X = iv/aV (5-4Ö) 

in Eq» (i4.-162a). In order to treat those problems it will be 

convenient to define 
X = »c (5-itf) 

We will call K  the propagation constant. It will also be conveni- 

ent to define 
2 

V n0 (5-50) 

and call n the index of refraction at y » 0. 

We can then express Eq« (5"2) in the form 

2 
(5-51) 

n=l 

If we assume that K can be expressed in the form 

,1/3 f 2/3 
1 1 

".-■-■. 4 n 
00 

T    + 
S 2 W^ 

n=l 
(5-52i 

ß 

we can show that 

^-(kn0)
2
+kV3fiV3T8 + kV3fi2/3|jNi+^ 

+ N2 +W 2T Nl ß2 +  N3 +S~ (2T N2 + *i2)U3 + ' * '   <S-53) 

Therefore,  we find that 
fl      2 

o 

N2(T. q) = D2(T, q) -^j- 2T N^T, q) 
o 

NgCT. q) = DgfT. q) - ^- [27 N2(T. q) + N^iT, q)j 

(5-51].a) 

(5-5i+b) 

(5-5^c) 

5-13 
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The expansions for v_ which are given in Eq, (5-30) and Eq» (5-36^      . / s 
can be used to verify the correctness of the coefficients in Eq, 

(5-510. 

5*5 The Characteristic Wave Numbers 

Up to this point, we have always considered k to be known and we 

have sought to determine the eigenvalues X , However, in puls« 

diffraction problems we encounter the case in which X is known 

and we 

either 

have sought to determine the eigenvalues X , However, in pulse 

and we must find the characteristic wave numbers k for which 
s 

P(0,X) = o (5-55a) 

or 

[dP(y,X)/dy3y:::0 = 0 '(5-55h) 

The more general problem 

[dP/dy + i ks Z P]y=0 = 0 (5-55c) 

will not be considered because the impedance Z is usually a 

function of kg. 

We can determine k    for  the Dirichlet problem defined by Eq«   (5-55a) s 
by using Eq. (5-2) with Dn defined by Eq. (S-k)»     Let us consider 

Eq. (5-2) as the definition of a relation between X and k which 

makes P(y,X) vanish for y = 0. We can then define the character- 

istic wave numbers k by means of Eq. (5-2) which we write in the s 
form 

m 4-2n 2-n 

> = "s2 'o ♦ C'3 'l^ % + V.) ^ h"3 + I V.)". 3 h 3  (5-56) 
n=2 

If we seek a representation for k of the form 

0    ntl 0 

we can determine P_(T:_) by inserting Eq« (5-57) in Eq. (5-56) and 
XX     s 

5-l4 
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( 

( 

c 

equate the coefficients of X on each side of the equation« 

2 
The above suggestion leads to an expansion for k  whereas in 

s 
practice we generally want k.    However, if we express k    in the 
form ,/R ^n        1^25 

0 o 0 ~, o 

and use this in Eq* (5-56) we can relate the M^T ) to the Dn('0
# 

For the special case of the k defined by the Hankel function 

combination 

H^2>W)   ^HM<V)-0 (5.5,, 

1/3 2 V3 2 3/3 2 5/3 

V x  S ' KK V 

we have shown that 

ks&=V- ty T + (-)        R^T.   Z) +   {p       R2(T,   Z) + {p       R3(T,   Z) 
7/3 

+ (^)    R4(T, Z) (5-60) 

where 

3 2 
V' Z) =+liöö - 5ä + 2H - Z (lÜ " 1^) +I  ^3 (^6lb) 

T T T 

"3^' ^        504000 T       126000 T+3000   2    2000    5 " Z ('280 T     1ÖÖ ~2 
T        T T 

+ 200 5,  Z ( 10 ^ 20 ^  Z (3^+2^) l^-o^o; 
T T      T T      T 

R /T 7\ -    20231  5  20879   2   2006  1 .   7  J^ 
4^' ä; "  129360000 T ' 24948000   " 11088000 T  120000 4 

T 

■  5  1       5   2   819   2 ,  391  1   28  1 
80000,7 * * 226800 T  126000 T  126000 T  12000 4 

• T 

+ _1 L     r2 .     783        21    1      lUU     ™3._1.1X1JL. 
400^7     *   r 25200 ' 600    4 " 400    7'" *   40 T     10    4 

T T T T 

T T T 
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In these results, T is defined as in Eq« {$-31), 

The coefficients R^T^O), R2(I;,0), and R-(ir,0) have been previous- 
ly given by Olver [See Eq# 9*6 of Ref, 6].  The coefficients 

R^Tj-l-A)* Rzitf-i/k) $  and RO(T,-1A) have been previously ob- 
tained by Miller (G.P.) and Olver [See Eq. (U39) of Ref. 7]. 

For the case Z = <» when k is defined by s " 

H(1'2)(k a) = 0 v     s (5-62) 

we have shown that k_ can be represented by an expansion of the s 
form of Eq.   (5-60)  in which x is defined by Eq«   (5-37)  and 

B^T. *)=^
T2 (5-63a) 

B2(T' ^liöö^iiö (5-63b) 
479       4 1 

V' *)=-5Ö4ÖÖÖ T   +126ÖÖ T (5-63c) 

n /   Y    20231   5   551 (<  ,-,. 
o4(T,  «) - - 129360000   " 1293600 K^'O^aj 

These coefficients were previosuly obtained by Olver (Ref, 6). 

These expansions for k can be used to extend the treatment of 

pulse diffraction by a sphere which was recently the subject of 
a paper by Weston (Ref. 8),  Weston derived the coefficients 

B1('ua,oo) and B1('r ,i/l+).  The cases Z = 00 and Z = l/l\.  were of 
interest to Weston because he sought to obtain results lor pulse 

diffraction problems by expressing the results in the form 

U(t)=^ f  A(k) u(k) exp(-i k c t) dk (5"6i|.) 

) 

where c denotes the velocity of propagation, A(k) denotes the 
frequency spectrum, and u(k) denotes the solution of the boundary 

value problem for an exp^-ikct) = exp(-ia)t) time dependance. For 

the case of the plane wave 

Bjp I exp[-ik(z + ct)] (5-65^ 

illuminating a perfectly conducting sphere of radius a, the 

5-l6 
3 
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( secondary field is given by 

Ok») 
s8 ̂  =5 ^ wh ("^n TarZT curl curl [s h{1)^ pic08 e)cos ^1 

^ (ka) 
+ ^m curl ^ ^1)(kr) Pnl (C08 e) sin 01 n ' ' 

(5-66) 

where the Riccati Bessel functions are defined by 

Mx)=xJn(x)= ^ Jn l(x) (5-67a) 

(S-67b) 

1 

When Eq» (5-66) is used in Eq« (5-6I4.), one finds that U(t) can be 

evaluated in the form of a series of residues derived from the 

zeros k of the functions 
/Trka 

15  HW(k8a) = 0 

I S    S     J 

(5-66a) 

(5-68b) 

The roots k    of Eq«   (5-68a)  depend upon the coefficients B-i^gf00) 
given in Eq»   (5-63)    The roots k    of Eq«   (5-68b)  depend upon the 
coefficients B_(T„,IA) which can be derived from Eq»   (5-61)»  The 
explicit form for the solution of Eq»   (5-68b)  is 

1/3          „ 1/3    q   0      ^   1        2 3/3     T3 1 Q      1 

5/3 "■        -      ' 27     U + /2v        ,       479      4      1457   .       9       1 
Kvl       r 504000 252000T" 8000    2     16000    51 

T T 

/2.
7/3     20231 
V   ( * 129360000 

T5 + 
3287 

49896000 
2   12801  1 , 4567 

22176000 T  1920000 4 
T 

19605  1. 
1280000 7' 

T 
(5-69) 

c 
In acoustic diffraction problems involving a rigid sphere of radius 

5-17 
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a, we find that the secondary field is of the form 

u8(k)=- | (2n + D (-i)
n ^ 

n=0 

3n ^   (1) 

h^(ka)  n 
(5-70) 

where the spherical Bessel functions are defined in Eq. (5-67)• 

If we seek to study a pulse diffraction problem for this case 

we find that k is defined by 

^V.» - £j   k'V.a) -^ H(> J = 0      (5-71) 

We observe that this  case  requires  the coefficients  B  (i   .-l/lj.) 
which can be derived  from Eq.   (5-61).    The  explicit form for 
the solution for this case is 

1/3 Jv1/3 , s ji .2*/*    r2 iVr"        .2."'     .3   _Z      7   1..  .2,-'".  T" 9        49    1. 
kB*'V-{p       T + (-)        (^T   +2Ö?) + (-)      (ÜÖÖ ■ 200 + 800 ^ 

5/3 
+ iz)    (" 

479 

♦<f) 

V       '   504000 

7/3 

T4- 
499   _ .    343   ,2       343   JL.v 

36000 T     24000 T       16000    5' 
T 

(" 
20231 

129360000 
86803 

49896000 
2 T    + 90907     1 

22176000 T 

12807 
1920000    4 

T 
-z) + (5-72) 

J 

) 

Similar asymptotic expansions for the characteristic frequencies 
k    can be found from Eq.   (5-52)  for diffraction problems  involving s 
circular cylinders,  elliptic cylinders, parabolic cylinders,   el- 
lipsoids of revolution,   and paraboloids  of revolution. 

Before we concludo this discussion,  we should  emphasize  the fact 
that these results are useful also in the  extension of Olver's 
studies   (Ref.  7)  of the zeros of Bessel functions.   For example, 
if we replace Eq.   (5-59)   by 

V<V + <^ZW = 0 (5-73) 

we can use Eq. (5-60) and Eq. (5-61) to Solve for xg by letting 

x    = ß . where Ai'(-ß ) = 0. If we consider the Neumann functions 

5-18 0 
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( y (x) [somotimos denoted by N (x)1 and seek to solve for x„ v y s 
defined by 

we again use Eq» (5~60) and Eq« (5"61), but now we must let 

T = ös (5-75) 

where 5 denotes the roots of 

Bi'(-5S)  =0 (5-76) 

Tables of these roots have been prepared by Miller (Ref. 9) and 

Olver (Ref. 7). 

5«6 The Normalization integral 

Let us now see what representations we can obtain for the normali- 

zation integral 

( N8 = N(X.)=/[F(y.X,)]
2dy (s_77) 

0 

which was defined in Eq.   (ij.-20).    For complex X,   the function 
F(yfX)  will increase as y increases and the integral of the 
square of P(y,X)   taken over y from 0 to » will diverge»    However, 
for certain assumptions on f (y)  in the complex plane, F(y,X)  will 

3   1 
behave like w1 pC* - k^f^Jy) for complex y«  Under these conditions, 

the integral will converge on the ray y = y expf+^n). Therefore, 

we can express the normalization integral in the form 

« exp (± i ir/3) 

N8 = / [F(y.X)l2cty (5-7Q) 

0 

where the ± sign is used with exp(+ikct) time dependance (i.e., 

with w^ »(t " u)» However, if we assume that k has a small 

imaginary part (for example. Im k > 0 for exp(-ikct) time dependance), 
■ 

then we can continue to use Eq# (5-77)» 
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The techniques for the evaluation of N are well known« The 

classic method consists of considering two solutions F(y,X^) 

and P(y,X4) which are associated vdth different eigenvalues X j s 
We then assume that i / j and write 

• 

• 

/ ^[^ v|F^xj)-F(y'xj)lF(y'xi)p 

= |F(y. Xj)^ F(y. Xj) - F(y. Xj) ^ F(y. X^j 
0 

2 
= /     F(y. X^-Sg  F(y. X^-För. Aj)-^ F(y. A^j dy 

00 

= (X - Xj)   J    F(y. Xj) F(y, X^ dy (5-79) 

0 

We assume that the behavior of f(y)  is  such that the  evaluation 

at y = oo can be replaced by zero.    We then have 

•o                                                       dF (0, X.) dF(0, X.) 
(Xj-X^y    F(y. X^FCy. Xj)dy=F(0. X^ ^-J-- F(0, Xj)      ^ ($-80) 

0 

Since we assume that the boundary condition on P(y,X_)   is of the s 
form giv m in Eq.   (S-ic^,  namely 

^^J- + k
2/3 f,173 q F(0. X) = 0 

the right side of Eq« (5"Ö0) is equal to zero and hence we have 

/ F(y. VFUr.^dS^O 

0 

provided i ^ j« 

For i = j we can use L'Hospital's rmle and arrive at 

5-20 
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( 

Ns= /   [F(y. X8,]
2dy = 

8F(0, Xj)   BFCO.Xj) 

~~dXL 8y 

8 F(0, X.) 

-F<0'Xj)äÄ^ 

dX 

xrxrxs 
.8, .-,-„, 82F(0.XJ 

 -a--F(0. XJ 
8F(0, Xa)    8F(0, XJ s' 

8y B' 8X   8y s   J 
(B-Qz) 

If we  recall  that we have  defined 

F(y. X8) = G(u. t8) 

x =k2f .k^f2/3* so     Is 

we can also express Eq. (5-82) in the form 

-1     « 

K8=(^v3r /Kvi2*1 
(S-83) 

where 

/ [G(u. t8)] 2 du = 
8G(0. ta) 8G(0, t ) 8 G(0. t8) 

8t. 8y ^•V-sr^-      (5"8^ 

c 

Pock (Ref. 10) has shown how to arrive at the result given in Eq, 

(5-82) without the use 0f a result of the form of Eq. (5-80), Let 

us observe that from 

.2, 

JM X + k" f(y) F = 0 1 F = 
(5-85) 

it follows that 

$(^H- 8 
XB + k

2f(y)]^=F 

5-21 
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If we multiply Eq.   (5-85)  by dF/a*    and multiply Eq,   (5-86)  by F, 

we can form the difference of the  two results and show that 

2 82 /ÖF(y. Xa)\    8F(y. X )   82F(y. X ) 

8y W'^-Bf&x 
9 F(y. Xs)     8F(y. Xs)    9F(y. X8) 

8X. 9y (5-87) 

J 

The result given In Eq«   (5-82)   follows Immedlatoly from Eq,   (5-87). 

Pock  (Ref,  10)  also showed   that Eq,   (5-82)   could be  expressed In 

the form 

V-^C'VaT 
S 

8F(0. X8) 

F(o.Xs) 

(5-88) 

Prom Eq. (5-lc) we find that the logarithmic derivative In Eq. 
2   1 

(5-88) Is equal to -k^f^q. Therefore, we can write 

N^V^VvKfl'1 <s-89, 

Prom Eq.   (5-2)  and the property 

> 

dt 

we find that 

dq      T - 

k4/v/31 

7 

.      n=l            8           J 
8q - T.-,' 1 

(5-90) 

(5-91) 

This result is most useful when y and y0 are zero. For this case 

we can express Eq* (U.-13)* i«e#. 

A • (»>• \) •'(x<. V    F(y. \) F(y0. x8) 
u(x. y; «o« yo) = z w;; ^  

5-22 

(5-92) 
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* <X>' XB)*"

(X
<'
X

8
) 

U(x,0;x ,0) = 7  o \     ^Y 
0     84i kV WSCT8 - q

2) n4 *ra 
ß (5-93) 

We can obtain another useful expression for Na by using Eq. (l^-lö). 
I.e., 

»FCy. XB) 

ay 
+ i k Z F(y, X ) = 0 

y=0 

to write 

8 f8F(0' K) 
+ ikZF(o,XB) 

(5-9i|.) 

(5-95) 

( 

If we express P(y,X ) In the form 

-1/2 
F(y. X8) = Fjör. X8) = G(u. ta) = H(u. tg) = (^)   Wj (-^) 

we find that by defining 
1/2 

F2Ör'Xs) = (^)        W2(-^ 

and use of the Wronsklan relation 

W1(-T?) w^-ti) - WJV-TJ) w2(-n) = 21 

(5-96) 

(5-97) 

(5-98) 

that we have 

dF2(y. X) dFjOr. X) 
-F2^X>      äy dy i (5-99) 

Therefore,  If 

fdFl 1 
■dr + ikZFi    =o 

It follows that 

(5-100) 

C 5-23 

LOCKHEED  MISSILES ft SPACE COMPANY 



AuwiMutaMMmtnCHiufM • ^'"mnmvmtaKirire'i.'rn .in'*'-ws**»»!Wi-»-■&.v-'m*a33rf** ••* ■wM«*K^rp 

dF2(0, Xa) 2ik2/3L1/S 

—^—MkZF2(0.Xs)=-      ^^ (5-101) 

If we use Eq,   (5-101)  in Eq.   (5-95),   we find that 

8F2(0. X  ) 
1 ^ —h 5-+ikZF2(0,Xa) 

raF1 (o.x ) 1 
—^ikZF^O.X^ 

If we use Eq.   (5-96)  and Eq,   (5-97)   and define 

k   1/3 

q = i(f-)       Z 

we can express Eq.   (5-102)  in the form 

1/2 

5-2k 
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1 1 -^'[V^^^^^^^^l 
N" =   " .2/3 f 1/3 "T~l       .    l/2r .   - TT   (5-103) \ 8     2ik     fl       ^|-Ö     IV^^J^H)-?^] ) 

where the dots denote differentiation with respect to u#  Prom 
Eq. (5-100), we have 

W/H) 
+1"! Wl(-T'> " ? V"7») = 0 (5-1014.) 

This property permits us  to express  Eq,   (5-103)  in the  form 

K. = öl k
2/3 f 1/3    8    f     , ! „ 8 1 (5-105) 

From the Wronskian property expressed by Eq.   (5*90) we see  that 

for the cases of q = 0 and q = <» that the reciprocal of N    can be * 
s 

expressed in the elegant forms 

) 

'j/u 
riflwMiMMMntri'inwiriiM 



f 
I 

»  -  r 

( 

( 

and 

lNlslq=o=^7^l^KH 2  8TJ 
t? = -T 

9X. 

■^'^^Kor^ 
of /„.oJ 2 

U1 i    [   i     ü^i 
T? = -T 

8X, 

^V^RW* 

(5-106a) 

(5-106b) 

We can evaluate v^ (^g) and v^ {^)  by using the values of Ai(-ß ) 

and Ai^-ag) given in Tables 2-1 and 2-2, The relations which ' 
we need are 

W1
,
(T*) = - 2V¥ exp (-i 7r/6) Ai\-aB) 

W^TJ) = 2>rF exp (i 7r/6) Ai(-^s) 

T* = Q!gexp(iir/3) 

T° =ßgexp(Hr/3) 

We can then write 

(5-107a) 

(5-l07b) 

(5-l07c) 

(5-l07d) 

c 

W 8X. 

q = 0 '?7V75 ^ ^Kvp *ß 

fei I*1''-«.»]1 
8X. _. ^.   _     __1  ^8 

8J k2/3 f 1/3 4» ITIvT vl2   8a. 
q = «o i 

5-25 
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Olver (Ref. 11) has shown that the roots a and ßa of the Airy 

functions possess an interesting and a useful property. Since 

a    takes on only Integral values, we will have to give a meaning 

to the Olver relations 

dafl 1 
(5-109b) d8     lAi^f 

Let a(s)  be a continuous fxinction of a,   and let the Airy function 
have a(s)  as its argument in the following sense 

y(3)  = Ai[-a(s)] 

Then the property displayed as  Eq,   (5~l09b)  is  to be interpreted 
in the sense 

fkial]       = J__ = 1  
L ^   J3=n      ll-dy/d«l  13=,,      {Al,t-o(n)J}'! 

where n is an integer. 

The Olver relations permit us to express both Eqs, (5-l06a) and 

(5>-l06b) in the single relation which includes both the case 

q = 0 and the case q = », 

The Olver relation can be generalized to include the case of the 

roots T defined by s 
w1

,(Ts)-qw1(T8) = 0 

It can be shown that the generalized Olver relation for these 

roots is of the form 

LOCKHEED  MISSILES  &  SPACE COMPANY 
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dB 
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KM2 - T8lwi(v] (5-111) 

If we uso Eq.   (5-111)  in the representation 

i 1 , 1  8X8 

we see that Eq. (5-110) holds for arbitrary values of q« 

(5-112 

( 

If we use Eq.   (5-2)  along with Eq,   (5-112), we can express Eq. 

(5-92)  in tie form 

2/3 . 1/3 v    i,2/3 . 1/3   v U (x, y:xo. y0)=k/   f1'    2^ 

8=1 

♦ («>• \) ♦■(x<. \) 

w. 

F(y>VFCy0. V   r^^ ^y q)    nl 
(5-113) 

where P(y#X )  is assiuned to be defined as in Eq.   (5"96) 

Eq.   (5-110)  can be used to express U(x,y,5x0,y0)  in the form 

U(x, y; x0, y0) = 
4irk' 2/3 f 1/3 21 "   W. 

ll       8=1" 
ax. 

F(y. XB) F(y0. X8) -gf (5-111^) 

This form is very convenient for use with the Euler-Maclaurin 

summation formula 

ilk' J ^'V'^-Tzdm*^ ̂ «n mro^m 
M    B       .2n-l 

1   '    (2n)I   ^n-l f^>+ 
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j 

where B_ denotes the Bernouli numbers 
1     i 

Bl = 6' B2 = 3Ö •B3 = 42' B4 = 3S' B5a^' B6 = ^lfi'B7 = 6' * ' ' 
or the Gregory formula of numerical integration 

(5 " /P d8Waif<N>"^Af(N)+ÄA2f(N)-TiA3f(N) 

\s=N       8=N        / 34 863    A5 f/M. x   275    A6f .„. 
+ I6Ö A   f(N) ■ 6Ö48Ö A   f(N) + 24192 A f<N) 

33953    A7 f/v. .     8183     A8 . 
■ 36288ÖÖ A   f(N) + 1Ö368Ö0 A   f<N) 

3250433    A9 .„.. .    4671    A10 f 

- 479001600 A   f<N> + 78848ÖA     f<N) 

__13695779093_    llf . . 
2615348736000 Ä     IW (5-116) 

where  the foward differences are defined by 
A f (N) = f(N + 1) - f(N) 

A2 f(N) = f(N + 2) - 2f(N + 1) + f(N) 

An + 1 f(N) =An f(N + 1) - An f(N) 

Either of Eqst   (5-115) or  (5-116)   can be used to  express the 

wave function U(x,y;x0,y0)  in the form 

♦+(x ,\)* (x ,X) 
U(x.y; xo.yo) = —2737173    /    *W)     <       F(y,X) F(yo'X) dX 

1      k2f o 

/N^x .*)*>,X) 

-47rk2/3fl/3      /       ^(T^^  F(y>X)F<yo'X)dX 

1       k2f 

o 

U 8=1 

,+ 

(5-11Y) 
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The limits on the Integral of the form 

dA / (• • "I 
are used as  a shorthand way of specifying the path of Integration, 
The limit <» which appears as  the upper limit on this Integral Is 
to be interpreted in the  sense 

« r , \ 
A    • • •   dX»lim f    [•••  dX =/"[.. . dX 

^ A. 
2 

where c denotes a contour which starts at X = k f0 and goes to 
infinity along the root locus  along which one finds  the eigen- 
values  X .    With an exp(-l(«)t)   time dependance  this will usually 

2 be a contour which starts at a point X = k f0 on the positive 
real axis and then passes upward into the first quadrant and 
bends  so as  to pass into  the  second quadrant and go off to infinity 

(with the imaginary part of X > 0)  along a locus such that the 
angle between a point on the locus and the negative real X-axis 
tends to zero. 

The only case of such a locus  which has been extensively studied 
is  that of the Hank el functions,    Magnus  and Kotin   (Ref.  12)  have 
shown that for the roots v_ defined by s 

Hj^W-HiWo 
that 

where 

Vs 

vs = as + i^ 
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Let us now make some remarks concerning the integral 

oe ¥ (x ,X)#~(x , X) 

uf(x. y; x0. y0) =       2/3   173   /  W(A) ^ F(y'x) Föro'x> dx (5-118) 
47r K I, i_«r 4ir k      x1      k-f 

o 

This integral can generally be evaluated by approximating it by a 

Presnel integral when 

]f-^ri!' /') 6 

< 

For 6 < 0,  we can generally write 

> 0 (5-119) 

*\ 

^ r- V "„) ' ^7T/3-   / |- • ] *- 4Tk2/3fi/3 / (-f (5-120) 

1 -• 1 -«o 

where the integral 

-ao 

can be  evaluated by the method  of  stationary phase  and  the integral 

/'»(. . .] ax 

can be approximated by a Presnel integral. 

The stationary phase evaluation of the integral taken between the 

limits -oo and +oo generally yields the "free space field" which 

is present when there is no reflecting surface at y = 0« 

Before leaving the subject of these integral representations for 

the wave function ü(x,y|C(C0,y0), we should remark that it is also 

possible to express this function in the form of a Fourier 

integral 
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l     "* U(x.ytxo.yo)--  y 1/a I - (^.^♦"(x^X) 

4» k ' f, W(X) F^.X) Pj^.X) 

8F2(0,X) 
|   -MkZF^O.X) 

SF^O.X) ^(y.X) F1(y0,A) 
-^ + ikZF1(0,X) 

dX (5-121) 

If we evaluate this expression in the form of the residue series 

given in Eq« (5-92) we can readily verify the result given in 

Eq, (5-102). 

r 

5« 7 Direct Integration of N 

In our previous discussions, we arrived at some elegant repre- 

sentations for the normalization integral» Let us now consider 

an alternative procedure which is more direct and which contains 

some Interesting analysis« 

Ve want to evaluate the integral 

/|o(»,.8)fdu.k
2/V3/hy.vr* 

where G(u,t  )  can be obtained from Eq» Ij-üj-ß),    Thus s 

G(u, t) = w(t - u) - -j^ |(3u + 2t) w(t - u) + (3u2 + 4ut + 8t2) w'ct - u)| 

(5-122) 

(5-123) 

Let us define 

£ = t - u d^ = - du 

and observe that 

j fG(u, t)l2 du =   J w2(«:) dt - ^     ( j(5t - 3t) wÄ(0 + (15ta - 10 tt 

+ 3r)w(t)w,(i;) dt (5-121U 
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Since 
■^mjT 

_d 
dt 

tw2«:) - w,2(i:) = w2(£) + 2^' w - 2t w w' = w2(t) 

12   2      1 9 1 
= ^w2+^|-wW-±w'2-|£2wW 

4w'2+|£w2 = Sw2«:) 
and 

_d 
df | £2w2(i:) +1 £ w'V) - | w(S) w'(£) 

(5-125a) 

(5-125b) 

12 12 19 
= 3 £w*(£) + ^ f ^ w w' + ^ w'^ 

+ f£2wW-iw'2-ltw2      (5-125c) 

= r w(£) w'(£) 

we have the following Integrals 

/w2«:) d£ = £ w2(f) - w,2(f) 

/£ w2(J:) d£ = I £2 w2(£) - i £ w'2(£) + \ w(£) W(£) 

/w'^wlS) d£=|w2(j;) 

/j2 wU) w'(£) d£ =| £2 w2(£) +| £ w'2(£) - |w{£) w'(£) 

Therefore, we find that 
«or i o n o       2/3h9 o o ^12   2 

/"   G(u. t) Z du =t w2(t) - w'Z(t) - ^f  5t (t w^(t) - w'^W) -3 i t w , 

0 - 11 w,2(t) +1 w(t) w'tt)! ^ t2w2 (t) - 10t^ it) 

(5-126a) 

(5-1 26b) 

(5-126c) 

(5-126d) 

9 2    2^h2     2 «w^tXt-q4)--^ w^t) 

3 [l t2w2(t) + \ t w'2(t) - \ w(t)w'(tj 

12t2 - 8tq2 - 2q + . . . (5-^ 27) 

since 

Wi (t) - q w^t) = 0 

We can readily verify this result by using Eq. (5-82) to write 
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/ |o<ui «F du = 80 8G 
8t du 
o\j u\x     _  p 82G 

8t8u u = 0 
(5-128) 

where 

24 t2w2 - 16 t3 w w' (5-129b) 

F  H - 0 "W,2(t) + ^ [' W W, + 16t W,2 + 16 t3 w w,] (5-129a) 

I  G^ju = 0=tw2(t)+^{5WW'" 
It is readily verified that these results confirm Eq.   (5-127). 

In his paper.  Pock  (Ref. 10)  defined D(t)  by means of 

y foOi. t)|2 du = \G{O, t)]2 D(t) (5-130) 

Since 

[G(0, t)] 2 = w(t) - -^ [2t w(t) + 8t2 w'Ct)] I     = w2(t)   1 - -J (2t + 8t2q) + .45-131) 

we find that 

D(t) = 
(t-q2)-^ (12t2-8tq2-2q)-H- • • 

2^h2 2 1 - -rf (2t + St   q) + • • • 15 

= (t-q2) + i|tVq2)-|Mt-Q2)-l|V+^l 

Since Fock gave D(t)  to be (see his Eq«  5*09] 

D(t) = (t - q2) (1 - 4/3 ßi^t) + 2/3 fl^ q 

we must conclude that his result is in error* 

(5-132) 

(5-133) 

C 
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5«8    Eigenvalues Derived from the Langer Approxlmat?.on 

In this  section we Xi/ant to discuss a technique which may he of 

some value in obtaining more useful numerical  techniques  for the 

determination of the eigenvalues.     Let us  assume that the function 

G(u,t) which satisfies Eq«   (1^.-77), namely 

^-f- + l(-t + u)+/3h2u2+/32h3u3+ ••• ] G = 0 (5-^ 
du 

is to he  approximated "by an expression of the form 

/ein   \ 
G<u'^-UrNi^-V (5-135) 

where 

l\/2=    f Av - t) + ßh/+ ^hgv3 + • • ,    dv (5-i 36a) 

ul 

for u > u^,  and 

"i  
§(-TJ0)

3/2
=   /     ^(t - v) - /ShgV2 - /JhgV3 - • • .    dv (5-? 36b) 

u 

for u < u1, v/here u^ is   the  turning point defined hy 

t - u1 - ^u^ - ^2h3u1
3 - • . . = 0 (5-137) 

In Section 6 we shall refer to this type of approximation as  the 

"Langer  approximation«" 

Let i denote the root of 

*!  2(T)  = 0 (5-138) 

Then, in order to solve for the eigenvalue t defined hy 

^-[(lEr)    WI. 

5-3U 

(5-139) 
u=0 
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we must invert the equation 
u 

§T
3/2

 = /    A - u - /JhjjU2- ß\n3 - A^u4 - A5u5     du (5-11+0) 

and solve for t in terms of T«    In order to carry out these op- 

erations,  let us define 

and express   the integral in the form 

§T3/2=y ^(-g)dx (5-^2) 
0 

Since 
u = (t - x) - ^ hg (t - x)2 - /32 (h3 - 2h2

2) (t - x)3 

-/}3(h4-5h2h3 + 5h2
3)(t-x)4 

( - ^4 (h5 - 6h2 h4 * 3h32 + 21h22 ^ " 14h24) (t " x)5 + ' * ' (5-^3) 

we find that 

■ ^ = 1 " ^ V1 - x) * ^ <h3 " 2h22 > (t " x)2 

-4/J3(h4-5h2h3 + 5h2
3)(t-x)3 

- 5ß4 (h5 - öhjj h4 - Shg2 + 21h2
2 hg - 14h2

4) (t - x)4 + • • • (5-1^) 

Therefore,   if we use the results 

y /3r dx = § t3/2 

/^(t-x^dx-IZft«/2 

|/5r(t-x)dx = ^t6/2 0 

/^(t-x^dx^t7/2 0 
0 
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we arrive at 

t sh,3) t9/2 -Ue4 O-s- S^- V + 21h22"a 
Uhj4) tu/2 (S-iUS) 

J 

In order to invert Eq«   iS^h-S)$ we asstune that  t can "be repre- 
sented by a series of the form 

t = T + ß L1 + ß2 L2 + /33 L. + ^4 L4 + • (5-1^6) 

we can then use the binomial theorem to form the following 
expressions: 

t3/2 = T3/2 1+fl,3 bv + fl2   3 S    3 V 
1+P(2   T  )    P   (2    -     8     2 ) 

T 

^3 ,3^3.3^1    A^Lv 
+ P('j!T+d        2    "16     3) 

T T 
'2   T     4 

„4,3 L4 . 3L1L3  . 3L2        3  Ll L2   ,    3    Ll 
+ P   U    -r+4    2 8     2 " 16       3 128      < 

T T T T 2     T 

4 
L 
4 (5-lWa) 

t5/2 = T5/2 wfl.sh.  .fl2   5 S + 15^ 
1+P<2 T'    P   (2    T      8     2^ 

T 
3 

^JKBV  15
L

1
L

2+_5.
I

X.W        I + ^   <2T+T^2-+l6^J)+- ' ] (5-lij-7b) 

t7/2 = T7/2 7 Li        2   7 L2    35 Ll v 

T 
(5-^7c) 

t9/2 = T9/2 9  Ll, 
l+^(f  -f) + ' *  ' 
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c 

If we now use Eq.   (S-W)  in Eq,   (5-1^5),   we find that 

2 .3/2 _ 2   3/2 . . ,-   Tl/2    J.,  T5/2. . ft2 ..   .1/2 . 1 .   2.-1/2 
3* 3T       +^(LlT       "IsV      >+^   <L2T       +4L1T 

"S^V       "SSV       +35h2T      )+^   (L3T 

+ 1T   T  T-1/2    -IT  V3/2    ih T  T
3/2   h T  ^^ + 2 L1L2T " 24 Ll T "3 ^V 1,2L1 T 

8 ,   T   ,5/2     16.   2-     5/2 . 688 h h r9/2    688 h r9/2 

" 5 h3LlT       + T^J L1T       + -W W       " 315 V 
688.   3   9/2. J (5-1^8) 

Since the coefficients of ßn, n > 1, must vanish, we find that 

(5-%9a) 

(5-11+9D) 

T     --ih    T2 
Ll-l5h2T 

T        .16, 48,   2.    3 
L2 " <35 ^ " 175^  >T 

T       /li3*       11968 
^3    ^HF^" 17325 ^^ 

22912. 3. 4 
70875 ^ )T (5-1^9c) 

If we compare these value of I»n(T) with the values Dn(T) for 

q = oo In Eq« (5"4) w® find that these are precisely the terms 
which contain the highest power of T. The same thing is true 

concerning Eq« (5~7) in which Dn(T) are given for q = 0« This 

result suggests a valuable means of extending the computation 

of X when s (or mod T) is relatively large« Let T_ denote the s s 
solution of Eq« (S"1^)« Use the expansion 

T8 = TB + ^ ^V + ^  L2<T8) + ^ L3(TB) + ' • ■ (5-150) 

to compute an approximate value of T.  Then use this as an approx- 

imation in Eq. (5-1^-5) and use numerical methods to fins a more 

accurate value of T„« Then compute X_ by replacing Eq» (5-2) "by 
S B 

the equation 

8 0 1 
T8+S    fDn<V *) - VV] ^ 

n-1  l J 

(5-151) 
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Section 6 

HEIGHT GAIN FUNCTIONS FOR LARGE HEIGHTS 

6*1    The Langer Asymptotic Estimate 

The representation _ 1 

(6-1) 

where T] IS  defined by Eq.   (14.-118),  i.e, 

T|=u-t8 + ß*2 
TB"!3" + 4 ut - 8 t 

5] + oo2) (6-2) 

is only useful for small values of u»    Sinoe 

this  requires that we »estrict the use of this form of represen- 
tation for small heights«    However,   for large heights we can 
still use Eqt   (6-1) if we define T) hy means of Eq«   (l^l)«  Thus, 
if we let 

lt3/2-f tä^Tx dv 
yi 

(6-3) 

-^'•'f)2/>4ä^i<f)2/3ari73^-(k-
10/3,   <^) 

we find that 

2/3 o, 

where a0, a^^, and a2 are defined in Eqs« (ij."37) through (14.-39)« 

The approximation 

n « ^ (6-5) 

is often called the Langer asymptotic estimate in recognition of 

Lander's (Ref« 1) research on problems of this type« 

6-1 
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The Harvard University Computation Laboratory tables   fRef.  2)   can 

be used  to  evaluate w^  ^(-r])   for mod -q < 6«    These  tables give 

eight decimal values of 

hl,2(x *iy) = ^nexp & 3 7r) wl.2('X " iy) (6-6) 

2   2 and its derivatives for Ax = Ay = 0«1 and x + y < 36. The 

relation 

wl 2(x + iy^ = gZ!   exP ^ i 3 ^ [complex conjugate of hg jC- x + iy)|     (6-7) 

is valuable in connection with the use of these tables since 
the tabulation of l^ 2(x + iy) and h^ p'^ 

+ iy^ orly for V > 0, 

For  mod T] >> 1| we can compute W^(-TI) by using the phase and ampli- 
tude functions defined and tabluated by Miller (Ref. 3). Thus, 
we let 

w1>2(-T?) = >/i
r FH) exp [± I x (-TJ)] 

w^2(-T)) = >firG(-Ti) exp[±i^(-Tj)] 

(6-8a) 

(6-6b) 

and use for P,  G,  x»  and ♦  the asymptotic  expansions  given by 

Miller. 

12         1     ,,     1-3-5    1      1.3'5'?• 9-11      1-3» 5-7» 9-11-13-15» 17 WA-QD\ 

~v72(1"^rv   2!9.2,6 ^v "^ 

J 

' 

_.    ,12    1    1/2.-  . JL^3.    7     1- 3- 5- 7» 9 13 . 1' 3« 5» 7- 9» 11-13-15 19 .   (A.ohi 
GH)| -i*»     (1+Trä6 -3 5 ß+ a 9" ' ' ^ ^6 91)^ T ^ 96 TJ      2! 962       TJ6 3! 963 T|9 

1 -    2    3/2 M   J J. . 1105 _1    82825 J^ . 1282031525   1 .   , ^ 
4 7r~3 ^        tl" 32'   3 + 6144   6 " 65536   9       58720256     12 " ' '  *'   (6-9c) 

n V V i) 

iy   v     1        2   3/2.-,   7   1    1463  1 , 4 95271   1     206530429   1 .      ,,        v 
*(-Tj)+7ir~3T?       (1 +32 "3 "6144   6   3 27680   9      8388608     12 '     vO-VQ; 
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( The asymptotic expansions given in £q« (6-9) can be used for 
complex values of T) provided 

|*rgT,|<^ 

Miller showed that 
dXHrt        1 ,    dW-n) _     ti 

We can use these properties to write 

AA -1/2        r     i wi|2N)=^r (|f)        exp[±i^j 

(6-10) 

(6-11) 

(6-12) 

C 

From Eq«    (6-1)   w6 deduce the result 

ri,2(y. »>=<|)"1/2 «PH«! - ^/3 h1'* &Ui **h "1    (6"13) 

where x a: X^) = xi'^i^^j) ])  ls defined in terms of TI by means 
of iiq« (6-9c) and r]  is defined in terms of ^ by Eq« (6-I|.) and 
^ is defined in terms of y by Eq» (6-3)» Thus, we find that 

P/3 l-n rnl-^~Ut3/2--§._!    + 1105     1   1   L/3.?/3ri/2^  5 
P<«|   4~(3e 48^372+9216p72] +<2)       ^       + 32 

.-5/2 

1105 .-11/21 _a       f 1   3/2 + _5..-3/2    1105 ^-9/2l ao 

+ f(lt
5/2+J.t-l/2,J21.t-7/2 ^t"1/2 

[l5c       +32C 2048C        )0!1^16C 

115.-7/2,    2   /2
2/3     1 

"512^        >«     <3>        ^73+••, 

If we use the first term 

x|^(«|-f~| c3/2= yy A^f(v) - x dv 
yi 

we find that 

6-3 

(6-11^) 

(6-15) 
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F12(y,\) 
7kzf(y) - \ 

+ 1    / AZ£(v) - X dv (6-16) 

This is the well-known W.K.B.  approximation of the physicists 
or the Jeffrey's approximation of some of the Qiglish applied 
mathematicians.      Therefore,  we see that Eq,   {6-li<.) provides 
an extension of these classical approximations« 

J 

\- 

6»2    The W.K.B,  Approximation 

We do not need to solve first for r\ before arriving at Eq.   (6-1^) 
Since exp(±iX)   is a solution of 

i-f +Z = 0 
dx2 

(6-17) 

and P(y,X)  is a solution of 

.2 
^-f +l-X + k2f(y)lF=C 
(^y I J 

(6-18) 

we can use Eq. (i^-^l) to show that X(y) is a solution of 

(X)2 - | (f )2 4 ]h k2 f(y) - X (6"19) 

where the dots denote differentiation with respect to y. Prom 

Eq* (6-19) we find that 

[k2f(y)-x|-± (a2= k2f(y)-X| 
[k2f (y) - x| + 

_5. 
16 

J^lilL^ 
k4f(y) - X 

+ 0(k"2) 

or 
•  d*  /T^TT  T 1 k* f fy) 
X^^kf^-X -«UJ.X]3/2

+
32 7^^J5/2

T 
dy 8 |k2^ 

H.A kjliMJ +o(k-3 
[k2f(y)^x] 

(6-20a) 

) (6-20b) 

* 
For one of the most recent publications whlc.i deals with the 

W.K.B, approximation, see N. Proman and F. 0. Frbman, JWKB 

Approximation: Contributions to the Theory, Amsterdam, North- 

Holland Publishing Co., 1965» 0 
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c This equation can be integrated by writing 

XCy) 
/ mj nz)dz + x(y0) (6-21) 

where y0 is arbitrary«    However,  for comparison with Eq«   (6-114.), 
we should take y0 = y^» where y^ is the turning point. 

If we reconsider the result 

rVa -1/2, Plt2<y»x)  =(dT1/du)"x/'::w1>2(-n)  =  (dx/du)"x/S3cp(±ix)       (6-22) 

we see that Eq. (6-9c) allows us to calculate X if we know r\m 
Therefore, let us now show how to determine T] when we know X« We 

do this by inverting Eq. (6-9c).  Let us first define y by let- 

ting 

X=|+ Y 

and then write 

(6-23) 

c 

dV ■1/2        *- Hn "I/2 
Flt2(y.X) = (^)  exp(rif) exp (Hy) = (g)   w1 2 (- n) 

extended 
Jeffreys form 

From Eq« (6-9o), we find that 

extended 
Langer form 

2 3/2 

If we let 

j  5 1 UPS 1  82825 1  1282031525 1 
32 3 6144 6 " 65536 9   58720256  12 +' 

TJ TJ TJ TJ 

2 3/2    Al  A2 
r    y 

we can show that 

2 3/2 
Z71 

or 

_5.1  1255  1   272075 1 
7  72 y  31104  3  2239488 5 

y y 
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(6-2l|.) 

(6-25) 

(6-26a) 
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3  2/3  5 3  -4/3  295 3  -10/3 
T?=(2'y)   +48(2'y)   'zm(2y) +•••       {6-26b) 

This important result permits us to change from the extended 

Jeffreys form to the extended Langer form.  On the other hand, 

Eq. (6-25) permits us to change from the extended Langer form 

to the extended Jeffreys form. These results are elegant state- 

ments of a procedure which is suggested in a remark made by 

Cherry (Ref. \±t  p« 250, footnote) and which was used (in a differ- 

ent form) by Giver (Ref. 5» P« Sil-1)» 

In Eq. (lj.-29) we showed that T) is a solution of 

^)2-|<*>2+if = k2f<y>-x (6-2?) 

It may be convenient in golving this equation to let 

«- 3 TJ 

and observe that ^(y) is a solution of 
"2 'L* '2 

«)2-f(f) +H+^(f) =k2f<y)-x (6-28) 

where the dots denote differentiation with respect to y. .Eq.(6-26) 
is remarkably similar to Eq.   (6-19),   the only difference being 
the term containing the square of the logarithmic derivative of £;. 

We should also observe that Imai   (Ref.  6,  Eq. (19)) has given a 
result which can be interpreted as  an extended Jeffreys'  approxi- 
mation.     The result is of the form 

ki/sf 1/« 

\**'*~ttiz "• <*'f) -»l* 'fc» *2ar <¥«+^ •»<")   (6_29) 

where 

z= y   /fV) - Xk"z   dv (6-30a) 

Q^^/lQW^^ldv^i (6.30b) 
0 v 
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Q(Z) = - <36> ^ + « z"2/3 + «o " al z2/3 + * * * > (6-30C) z 

and   a, o0, and o-   are defined by Eq»   (14.-37)»  Eq#   (1^-38),  and Eq, 
(4-39)# respectively.    If we let 

y-kz-^Q^z) (6-31) 

and observe that 

we can show that 

-1/2 

^        "JT^T- 1-^2 Q(z)] -T-T-^    1+^2QH 

1     —  ^I^Q^l (6-32) 
tkZf (y) - X [4k: 

Therefore,  we can rewrite Imai's result in the concise form 
-1/2 

Flt2(y. X) ~ k1'3^176 (f)        exp (± 1 f) exp (± i y) (6-33) 

if we let Y be defined by Eq,   (6-31),     In order to use these re- 
sults,  we must require that 

|argY|<* 

6«3    Some Further Forms for F-   0(y,X) 

A study of a classic memoir by Lorenz   (Ref.  7) has led the present 
author to see that the methods which this 19th century author used 
to obtain asymptotic estimates for the Bessel functions provides a 
suggestion for an alternative approach to the computation of 
F1 2(y,X)«    Let 
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Fi 2(y• ^= v ± i A<y) exp <*l y) (6-34) 

If we let primes denote differentiation with respect to y, we 

can show that the function A(y) has the properties 

A(y) = F1(y,X)F2(y,X) = F1F2 

A'Cy) = F/ F2 + F1 F./ 

AM(y) = F^' F2 + F1 F^' + 2F1
, F^ = 2[k2f(y) " xJA(y) + 2F1

,F2
, 

in. A'» =2 

= 2 

k*f(y) - X 

kÄf(y) - X 

2,', i     it 
A (y) + 2k'f (y) A(y) + 2F1 F2   + 2F1   F2 

A'ör) + 2k2f,(y) A(y) + 2|k2f(y) - XIAV) 

J 

Therefore, we see that A(y) is a solution of the third-order 

differential equation 
3 
^ + 4 [X - k2f(y)l ^- 2k2f,(y) A(y) = 0 
dy 

(6-35) 

Differentiation of the relation 

eXP<i2Y)=?fe) 
F^.X) 

and use of '.he Wronskian relation W(P1,P2) defined by Eq. (5-99) 

namely 
ciF2(y. X)                   dFjCy. X) 

W(P1,P2)   = F^. X) -^ F2^. X) -^  = - 2i k*" " f 2/3 t 1/3 
2W'   '      dy  1 

leads to a first-order differential equation for Y(y) which is 

of the form 

ÜÜl F      ^I? x- k2/3f 1/3 
dl    dy    f2 " dy   Jl [l 
dy "        2i F1 F2 " A(y) 

(6-36) 

We can find an interesting special case of these relations in 

the introduction of Miller's   (Ref,  3)  table of the Airy functions. 

6-8 
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Miller showed that if a,b,  and c were arbitrary constants,   that 

the function 
Z(x) = a Ai2(x) + b Ai{x) Bi(x) + c Bi2(x) (6-37) 

was a solution of the third-order differential equation 

^f-4x^-2Z = 0 (6-38) 
dx2 ^ 

We have already cited some results taken from Miller's work 

which is related to these ideas employed by Lorenz. For example, 

since the Airy functions are solutions of 

d\  p(t) 
 i*|  = t w1 At) 

we can use the definitions 

w1 2(t) = V^ £Bi(t) ± iAi(t)] (6-39) 

to show that 

Z(t) =w1(t)w2(t) =n{[Bi(t)3
2 + {Ai(t)]2} =TiP2(t) 

is a solution of Eq« (6-3Y) provided we merely change the inde- 

pedent variable from x to t. We readily see that Eq. (6-10) pro- 

vides an example of Eq. (6-36) if we compare Eq, (6-39) with Eq. 

(6-11 )• If we compare the Lorenz form in Eq« (6-310 with the 

extended Jeffreys form in Eq. (6-3i|-) we see that they differ only 

in the manner .«' '.lieh the factor multiplying exp(±iY) are de- 

finedj however, Eq. (6-36) even provides a relationship between 

these factors. The basic difference in the Lorenz formulation 

is that the jhird-order differential equation in Eq. (6-35) Is 

to be solved, and then the "phase factor" determined by inte- 

grating the first-order equation given in Eq. (6-36). Prom Eq. 

(6-23) we can show that Y'(y) is a solution of the non-linear, 

third-order differential equation 

(V)2-|^)2+i(|) = k
2f(y)-X (6-M» 
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Prom the experience of the present author,  it appears  that if 
one is interested in deriving asymptotic  expansions  that the 
results are arrived at with  the greatest ease by solving Eq, 
(6-1^.0)  by assuming a form for  the solution  (such as  we have done 
in Eq.   (1^-115) in order to  solve Eq«   (l^-lllj.)  and using tho non- 
linear,   third-order differential equation to determine  the un- 
known coefficients.    The amplitude  (which we should put in quo- 
tation marks as "amplitude"  since the function will generally be 
a complex-valued function)   can then be determined by computing 
the derivative    dY/du as  shown in the extended Jeffreys form of 
Eq»   (6-2i|.).    However,  from the standpoint of obtaining the solu- 
tions  for F^  p^y»^)  by means of numerical methods  there  are ad- 
vantages associated with using the form given in Eq,   (6-3ij-)   and 
in starting the calculations by solving for A(y)  from the linear 
third-order differential  equation of Eq.   (6-35).     The  "phase" 
function Y(y)  is then to be determined by integrating  the first- 
order  differential  equation given as  Eq,   (6-36), 

Miller   (Ref. 6)  has made extensive use of Eq,   (6-35)  in his studies 
of the parabolic cylinder functions which satisfy the differential 
equation 

*4 +(-a + ±x2)f = 0 (6-^1) 
dxz 4 

The use of Eq. (6-35) and Eq. (6-36) is most attractive when X 
o p 

is real and positive, and k f (y) is real, and X > k f (y). Under 

those conditions, both A(y) and Y(y) are real. 

Lorenz (Ref. 7) also gave a method (for the study of the Bessel 

functions) which suggests a method which can be useful when X 

is real and [-X + k f(y)] < 0 for the values of y of interest. 

In this region we can show that for y not near the turning point 

y- that FA   o(y»X> has the asymptotic behavior 
kV3fl/« y 

lyj J 
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Since this result does not permit us to distinguish between F^ 

and Ppt we shall illustrate the idea set forth by Lorenz by con- 

sidering the analogous situation with the Airy functions as a 

model of the method*    Let us define two functions U(y,X)  and 

V(y,X) by means of the relation 

2Flt2(y,X) = U(y,A)±iV(y,X) (^3) 

so that 
FiCy. A) - F2(y. X) 

U(y.Ä) g^  (6-l|4a) 
F^. X) + F2(y. X) 

V(y,X) =     2 (6-i|4b) 

The corresponding Airy function formulae are 

2wli2(z) = u(z)±iv(z) (M5) 

v {z) - w2(z) 

W ' 21  = ^ Ai<z> (6.i|6a) 
w(z) + w2(z) 

u(z)=    9      — ^yfv   Bi(z) (6-i].6b) 

For y near the turning point y^, we use the function T) defined 
by Eq. (I4.-II8) and write 

U(y, X) = k1/3 fV* (fy'1 2 v H) (6^7a) 

V(y. X) = k1/3 fj/6 (^)"1/2 u H) i6mk7b) 

where T\ is negative and real when [-X + k f (y)] is real and 

negative« 

Miller (Ref.  3)  showed that for    arg x    < fn, 

2 1.216    {      2!(216)2   C 

7. 9-11» 13-15.17    1 
 3 3 + * * ' > (6-k8a) 3! (216)'* r ^    M^ «/ 
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.x      rs- »^ x       -1/4   i „ .     3.5     1 ^ 5» 7-9.11   1 
u(x) = /» Bi(z) ~ x        eMl + i. 216  ? + 2 ~2 

x. ^io   5      2! (216)^ r 

7- 9-11.13-15-17 J, ä . //   i AV\ 

31 (216)° r 

where 

i-l*3/2 

However,  the form of asymptotic expansion which is suggested by 

a study of Lorenz's memoir  (Ref.  7)  is dependent upon the intro- 

duction of the auxiliary functions r(x)  and ^(x) by means of 
-1/2 

2v(x) = 2/? Ai(x) = yPFW exp |- n (x)] = (^)        exp [-/z(x)] 

-1/2 
u(x) = V¥ Bi(x) = Vr^xT exp[/i(x)] = (^)        exp[M(x)] 

Since 

r(xj = 2v(x)u(x) = 2nAi{x)Bi(x) 

we see that r(x) is a solution of Eq. (6-38) and that 

dMx) 1 

dx r(x) 

or 
2 

(6-50) 

<w2+!<{!) -H =x (6-51) 

where  the dots denote differentiation with respect to x# We can 
show that r(x) and n.(x) possess asymptotic expansions of the 

r(x)~   ^ 1 + I'S'S J^     1.3'5-7» 9.11    1 
1196   x3 21 (96)2       x6 

+ 1'3'5-7'9-11'13-15.17 J, ^ . .) (6.52a) 

31 (96) x9 
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In a similar way,  we can show that 

2V1 (x) = 2V¥ AiV)«- Vp^T exp[- X(x)] 

u'Cx) = V¥ BiV) = Vp^xT exp[x(x)] 

where 

7E s pfel {6"53) 

and p(x) is a solution of the third-order differential equation 

2 d^p      ._ d2- x2 d^p . ^ dp +3 dß . ^3 dß + ^Sp ^ 0 

dx-5 dx dx dx 

We can show that p(x) ana X(x) possess asymptotic expansions of 

the form 

1/2 
p(x) ~  x 

., v  2 3/2 X(x) ~ g x ' 

1-3 7 1« 3« 5- 7« 9 13  1-3'5-9-1M3-15 1 
1196 x3 2!962   x6"   3!963      x9 ' " 

JL-L    1^63 1  495291 1  206530429 1 
1 " 32 3 " 6144 6 " 327680 9 " 8388608  12 

XXX X 

(6-55a) 

(6-S£b) 

Let us now turn to Eq.   (6-1^)   and obtain generalizations of Eq. 
(64t.8) by making the definitions 

2V(y,X)  = VffTyT exp{-r(y)] 

U(y,X)  = VfflyT e3cp[+r(y)] 

(6-56a) 

(6-56b) 

C 

The function R(y) will be a solution of Eq. (6-35) and r(y) will 

be a solution of 
,2/3 f 1/3 

f = dT =    1 

or 

dy   R(y) 

^2+!<f)2-2|sk2f<y)-x 

(6-57) 

(6-58) 

The procedures which we have derived from the methods employed by 

Lorenz were used extensively by Nicholson (Ref. 9)« The casual 
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manner in which Lorenz used these procedures suggests that they 

may have been well-known methods for analysts of the late nine- 

teenth century« One of the most extensive uses of these methods 

in recent years has been in the study of the parabolic cylinder 

functions by Miller (Ref. 8), 

Watson (Ref. 10, p. 22l\.)  says of the method used in Lorenz's 

memoir: "It is not easy to estimate exactly the magnitude or the 

sign of the remainder after any number of terms in these asymp- 

totic expansions when this method is used," This is still a very 

valid criticism. Nevertheless, these methods permit one to readi- 

ly "grind out" successive terms in the asymptotic expansions . 

These series are often found to "be useful for computational pur- 

poses« The value of these expansions can be greatly enhanced if 

one follows the suggestions of Miller (Ref. 11} and seeks to de- 

termine converging factors. Slater (Ref• 12) has had some out- 

standing success with Miller's converging factors in the study 

of the confluent hypergeometric functions which are solutions 

of Rummer's equation 

xd^ + (b . x)di . a y =: o 
dx dx 

If we define z(x)  by means  of 

y(x) =x"b/2 exp(x/2)  z(x) 

we see  that these studies involve Whittaker's equation 
.2 d w 

^ 2 + 

dx H-^-^i-» 
Since Whittaker's equation is of the same form as the height 

gain function, some of the methods and results which have been 

discussed above can be used in the study of this function.  In 

quantum physic^ this equation leads to the Coulomb wave functions 

for which there is an extensive literature. 
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Section 7 

AS'iMPTOTIG ESTIMATES FOR U(x,y}x0,y0) 

7.1 The Diffraction Functions 

In Section 1 we have discussed a mathematical model for the dif- 

fraction of waves by a convex surface which involved a function 

D(^,^,^0»q) which could "be represented by a series of the form 
« exp(l^T8) w1(T8-n W1(TB- t0) 

It  £. tn> q)= i N 5   '.        2       ^7-1 ^ D(^ 

in which the functions v^iz)  and w^'(z) are the Airy function 

ooe  • 

w. (z)« -i- /exp(i<D3 - o)z)da> (7-2) 

— 00 

and its  derivative 
dwj^ (z) 

w^Cz)  = 
dz 

and the quantitites x    are the roots of the equation 

w1'(T8)-qw1(TB) = 0 (7-3) 

We can refer to Eq.   (7-1)  as  the van der Pol-Bremmer formula 
since this function was first extensively used in their classic 
papers   (Refs.  1  and 2)  which appeared during the late 1930»s, 
Pryce     (Ref.  3)  and Pock  (Ref,  l\.)  also expressed D(f;,4,^0,q) 
in the form of a Fourier integral 

00 

•00 

where 
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v'(t)-qv(t) 

w1'(t)-qw1(t) 
. f w?'(t)-qw?(t) T 
2 0 L w^  t).qw1  t)    

1 J 
(7-ii.b) 

where v{t)  Is the Airy integral 
00 

v(t)  = —   /cos(^x^ - xt)dx = 
yß J 

^it)  + w2{0 

2i 
(7-5) 

We have discussed three limiting forms of Eq.(7-i) and three 
families of two-parameter functions have been introduced and 
have been referred to as  "diffraction functions." 

The attenuation function was defined by 

w. (t) 
V^)  = |/^/°*P<Ut)V(t)iqWiU)  dt {7-6a) 

-00 
oo 

= VH?S 
exp(iCi;s) 

The current distribution function was defined by 

oo 

^'^ ^/v^vlu)dt 

= 12^ 
exp(i^T:8) 

(T - q )w1 Ua) 

The reflection coefficient function was defined by 

(7-6b) 

(7-7a) 

(7-7b) 

J 
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oo 

Vu(§.q) = ^/exptlSt^jtj:^*)) at (7.6a) 
»00 

00 exp(i|T ) 

IST  (TS - q )[w1(f )] 

s V2^,q) + ^L (7.6c) 

These functions can serve as "models" for the defining of special 

functions which can be derived from the Green's function which 

was defined in Eq« (i|.-13), namely 

-    ♦+(VV*r(3kV    F(y.X,) F(y0,XB) 
u(x. y;,xo, yo) - y  ^r ir (7.9) 

However,  we  shall more often be interested in actually employing 
the functions D(4,^0,q),  V0(^,q),  V1(^,q),  V^i^q),  and V2(^,q) 
as asymptotic approximations to U(x,y, ;x0,y0), 

7«2    The Reflection Formula 

An exception to our aim of actually employing the functions de- 
fined in Eqs,   (7-1)  through  (7-8)  to approximate Eq,   (7-9)  is 
the case of the obtaining of a representation for the reflected 
wave which corresponds to the result obtained from geometrical 
optics.     In this case,  we shall use the  theory associated with 
the function D(€,^0,q)  as  a "model"  for how to proceed with 
the more general function U(x,yjx0,y0). 

According to Eq.   (1-1|.2), we have 
or 

D0(€^^o) = ^ A^P(^t)wi<t-4>)v(t-^<)  = -^L exp(-ia)       (7-10a) 
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where 

^      £, (^ - ^   )2 

S = SÜI-.K.KQ)  = (^ + ^o) — (7"10b) 
u 12       2 1+4 

If we decompose D(^,^,^0,q)  into the components 

D(C,4,^0,q)   = D0(4,^,^0)   + R(5,^,^0,qj (7-lla) 

we can use the fact that DQ^,^,*' ) is the field which exists 

when the "reflecting surface" does not exist to refer to the 

portion R(C*^>^0»q) as the "reflected wave." We can use the first 

of the equations in Eq, (7-i|.h) to arrive at the explicit form 

for R(^»^»^0»q) which is given in Eq. (1-^3).  However, we are 

interested at this point in our discussion in making a different 

decomposition of D(4,^,^0>q) by deforming the path of integra- 

tion and by using the second of the equations in Eq. (7-i|b). 

Thus, we define 

where 

Di(|,^,^0) = i- /^xp(i^t)w1(t-^>)w2(t^<)dt       (7-l2a) 
knJG 

Dr($,^0,q) = —/exp(i4t)R(t,q)w1(t-^)w1(t-^0)dt   (Y-I2b) 

wp'(t) - qw9(t) 
R(t,q) = -^ ^  (7-12c) 

Vi.it)   - qw1(t) 

The evaluation of D^is,,^,^^)  and Dr(£;,4,^0,q) by means of the 

method of stationary phase has been discussed iu considerable 

detail by Pock (Ref. i;, pp. 2ij.l-2i|.6, under the heading "The 

Reflection Formula«"). The contour C associated with tho inte- 

grals is to be chosen so as to permit the application of the 

method of stationary phase to the evaluation of the integrals. 
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Pock's analysis leads to the results 

where Q  is defined in Eq« (7-iOb), and 

Di(^4>^o)  * Do(?'^^0)   =-^zz exp(-iS2) (7-13a) 

Dr(a+a0,a
2+2aß,a0

2+2a0ß0,q)' 
ß»l 

-JL q - iß Vß 

where 
2V^ q + iß V2aa0+ß(a+a0J 

2 
ü* = -(a3+a0

3) + 2ß(a2+a0
2) + ß2(a + a0) 

exp(iü) ) (7-13b) 

(7-l3c) 

Eq« (7-13c) is merely a restatement of the result which we have 

already given as Eq. (l-i|4). 

With the background which we have sketched above, we can now 

turn to the case of the Green's function U(x,y;x0,y0).  If we 

consider the Fourier integral representation given in Eq. (5-i2l) 

we see that the counterpart of D (4,^,^0,q) which is defined in 

Eq. (7-12b) is the integral 

 j^ r   ♦'f(x>.  X)^-(x<,  X) 
Ur(xt y; xo, yo) - - — ^2/3 { 1/3    J W(^ 

F2' (0, \) + i k Z F2(0, \) 

F7 (ot X) + I k Z F^O. x) Fi<y'x) Fi<vx)dx {1.lk) 

We define 

X = k2^ 

and let y^ denote the "turning point" at which 

f(yi) * u 
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If we recall the Wronsklan property defined by Eq, (ij.-l9) ^J 

2 
and use X = k n,, we see that the asymptotic estimate (WKB approxi- 
mation) of Eq, (I4.-I6), namely 

yk^g(x) + x      [   / 
+ X      du 

k- 

leads  to  the asymptotic  result 

expllk     f     Vg(u) + /idu| 
♦•'•(x>. X)»^^ X)  I      x<  

^^ ^^^-zikt^rnrtg^rrni (7"15) 

If we use the leading term of Eq, (6-29) for P1 2(y,X), namely 

P1j2(y,x) = exp(±i/vk'if(v) - x dv) (7-16) 
vvt2f(y) - x y 

2 
and use X = k n,  we find  that 
F ' (0, X) + i k Z F2(0, X) Z - JT^J r 0        1 
F,' (0. A) M k Z F,(0. X)   T^T - 4 Wfo - M   ^h 2k / ^F?dv| (7-17) 

yl 

and 
k-l/3f 1/3 

where we recall  that f0 = f(0)  and ^ = f'(0).     We can now use 

Eqs,   (7-15)   through  (7-18)   to show that these  asymptotic results 
permit us  to express Eq»   (7-li|.)  in the form 

Ur(x. y; xol y0)rTTZ- h /A(M) exp [i k 0 (M)] dM .    1o4 
J (7-19) 

where 
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c 
AOi) 

z-vi^nr 
z + Vfo + /i   ^g(x)+^g(xJ + M^(y)-M Jf(yJ 

x        y            y 
*(M)=    /"     Vg(u) + M du +  /   VfM - M +   Z"0 Vf(v)-/i dv 

(7-20) 

(7-21) 

( 

C 

and the symbol P on the integral sign denotes  the fact that the 

path of    the integral is to pass  through the point of stationary 

phase»    According to the theory of the method of stationary 

phase, 

/g(2) exp Iikf(z)] dz ~ y.k^z )   g(z0) exp [lkf(z0) - if] (7-22) 

where zQ  is defined by the condition 

f',(Zo) =0 

and in the form given in Eq» (7-22) we assume that f"(z0) < 0, 

Therefore, we find that 

V^vV-g^r - v-aagM* QQ A(M0)expiik^(M0) + iJi    (7-23) 

where the point of stationary phase \i.Q  is defined by 

*'K>4/*itvh^ *>- JTüVTTT<,v-/"^hr^'* «-^ 

The second derivative  of 0{\i.)  is of the form 

«"(M) = -\     f>[8^)*H]■3/2 du + / lf(v) - Ml'^dv + J0 [f(v)-M]'3/2dvl 

For the case ^i = p.- we can express 0" (^t)   in the form 

_L[ /_ilvL_dv+  }< iliL 
[f(v) - M01 

— dv-    r> m  du 
x<       Ig(u) + M01 (7-25) 
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If we collect these results, we see that Eq.(7-23) informs us 

that the evaluation by means of the method of stationary phase 

has led us to the approximation 

J 

Ur(x,y>x0,y0) 

where 

k -♦ oo 

v^r^:z 
P(x,y,jx0,y0)exp[iP{x,y,x0,y0)]   (7-26) 

,2 
\n (ID Jisl 

IW - M01 
372--/> m. 

[P(x,y,;x0,y0)]    = 
x< I«(u) + M01 

8^ 
du 

v; [fW + Mftl lf(xft) + MJ lf(y) - nn] If(yj - ßn] O'     ^0 0'      ^O' 

and 

PU,y,jx0,y0) = / y
X> VfW + M0 du Yy >^rnro+ /

0 v^vF^dvj + l 

Further discussions of the result described by Eq. (7-26) can be 

found in Refs. $  through 11.  In the above discussion v;e have 

merely attempted to sketch the manner In which the WKB approxima- 

tions are employed to obtain this reflection formula for the field 

in the lighted region and well away from the "horizon." In this 

report we are primarily concerned with the applications of the 

diffraction functions which make it possible to describe the transi« 

tion across the "horizon". 

However, before returning to the applications of the diffraction 

functions, we will pause to malte some remarks concerning the use 

of the WKB approximation in the case of inhoiiogeneous media. The 

author is of the opinion that for many of the practical problems 

which confront the microwave engineer that tho changes in the index 

r-e 
y 
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of refraction are often too rapid to permit one to obtain a re- 

sult of the desired accuracy by means of the WKB approximation. 

Since the extensions of the WKB approximation to obtain higher- 

order corrections -generally involves the use of asymptotic series 

(such as the series we gave as Eq« (1^-42)), the theory is diffi- 

cult to "translate" into practical results and the use of these 

classical results has been rather limited. 

"'he future work on the height gain function will probably be very 

much influenced by the t ichniques which are developed for the 

treatment of the problem of propagation of waves through inhomo- 

geneous layers. Rydbeck (Ref. 12) has laid the foundation for a 

method which is attractive from the point of view of numerical 

analysis. Tischer (Roi*. 13) has presented a brief discussion 

of this method in his monograph on space communications. There 

is already a sizeable literature upon the theory behind these 

methods. Schelkunoff (Ref. 11;) and Bremmer (Ref. 15) have writ- 

ten papers that indicate how one can begin to tackle the problem 

of a medium in which the rate of change of the index of refraction 

plays an important role in the obtaining of numerical results. 

Bremmer (Ref. 15) showed that the WKB approximation could be in- 

terpreted as the first term in a series in which the successive 

terms are classified according to the number of "reflections" 

which they have undergone.  This series has become known as the 

"Bremmer series" and the reader is cautioned to not confuse the 

"Bremmer series" discucsed by Atkinson (Ref. 16) and Kay (Ref 1?) 

with the series described by Eq. (7-1) which the present author 

sometimes refers to as the "van der Pol-Bremmer formula." 

c 

The basic idea which is contained in Refs. 12 through 1? is that 

we should seelc to determine the "total" solution of height gain 

differential equation instead of trying to find the two solutions 

^1 2^5"»^) an^  seek representations for each of these solutions. 
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To illustrate the difference in approach which nay he expected 

to play an important role in future work,  let us observe that 

for y0 > y that Eq.   (fj-^l)  contains a function 
3Pp(0,X) 
—I-  + ikZ Pp(0,X) 

P(y,x) = P2(y,x) - affi6A)  Pi(y^) ^-27) 
—i-  + ikZ P-LIO.X) 

which is a solution of the height gain differencial equation 

d2F(y,x)       p 
 2  + [-X + kdf(y)J P{y,X) = 0        (Y-28a) 

dy 

which satisfies the boundary condition 

dFi0«X)  + ikZ P(0,X)  = 0 (Y-28b) 
öy 

If we use  the approximations  of Eq.   (T-1?)  and Eq.   (T-^-ö)   to 

obtain an asymptotic result for the quantity 

H(y,y0,x,k) = P(y,x)P1(y0,x) (7-29) 
2 

we  arrive at ohe result   (with X = k tO 

H(y,y0,M.,k) « H0(y,y0,ti,k) + %(y,y0,ii,k) (7-30a) 

v;here v 
-i   i Jo k 3^3 f 

H0(y,y0,^k)  = ,    '-■'■"- exp(ik/ Vf(v)-n dv)   (7-30b) 

V 

z - VTrf       k"^ f.* 
HiCy.yQ.^k) =  -^      ^=g exp{ikA)(Y-30c) 

and y   y0 

A = A(y,y0,ii) =N + /Wvr=T dv (7-30d) 
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Wo can interpret Eq« (7-30c) as a wave which has heen reflected 

from the surface y = 0 with a reflection coefficient 

Z - VTQ - ^ 
R(2,f0,li) =  -f  , 

0    Z + Vf o - ^ 

a "diverging factor" 

s(y,y0,ii,k) *  .I-L-,-—  --—p-* 0 .ATtyPil VHy^P? 

and a phase shift which is represented by the factor exp(ikA)» 

These considerations can be shown to permit one to interpret 

these results on the basis of a "geometrical optics" of inhomo- 

geneous media. However, if the function f (y) varies "rapidly" 

we should expect that the effect of traversing the inhomogeneous 
medium should involve some "internal reflections" in the medium 

as well as the "phase shift," If these effects are to be included 

in Eq# (7-27), one may be forced to obtain some extremely accu- 

rate solutions of Pjjy,^) and P2(y*^)« The author's experience 
with this problem has led him to favor seeking to solve for 

an approximation to P(y,X), as defined in Eq# (7-28), in the case 

of media in which these "internal reflections" are important. 

In order to illustrate the techniques which can be learned from 

a study of Refs. 12 through 17, let us consider the problem of 

finding a solution of the differential equation 

^-2 + p2(x)U = 0 (7-31) 
cbT 

under the condition that p(x) is continuous function of the vari- 

able x# We assume that p(x) = PQ = constant when x < 0« Then, 

if the time dependence exp^-iwt) is suppressed, an incident plane 

wave is given by exp(lp0x) in the region x < 0« For the sake of 
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simplicity, we shall assume that the medium to the right of x = 0 

extends to infinity. The theory can be readily extended to the 

case in which 

$U izu = 0 

at x = x > 0.  However, this complication "clutters up" the 

theory and our aim at this point is merely to point the way for 

further work in this type or treatment of Eq. (7-31 )• 

Let us assunc that in the region x > 0 the total field U(x) can 

be represented as the sum of two terms 

U(x) = V(x) + W(x) (7-32) 

where V(x)  is the  contribution of all waves moving foward which 

have  arisen from points to  the  left of x,   and W(x)  represents  the 

total of all backward waves  starting from points to the right of 

x.    Prom the theory of the WKB approximation,  we know that the 

function _ 
1 x 

Y(x) =—— exp(i/'p(s)ds) (7-33a) 
VPTST        0

J 

represents a transmitted wave propagating in the foward  direction, 

and 
1 x 

Z(x) =   ■ exp(-i/,p(s)ds) (7-33^) 
VPW 0

J 

represents a wave propagating in the backward direction.     We make 

the observation that Y(x)  and Z(x)   satisfy the first-order differ- 

ential equations 

P' 
Y' =  (+ip )Y (7-3^a) 

2p 

Z' = (-ip - £l)Z (7-3ij.b) 
2p 

The "trick" which is found in Refs. 12 through 1Y is that of 
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observing that the functions V(x)  and W(x)  are solutions of the 

coupled    first-order differential equations 

P P 
V = (+ip - —)V + — w 

2p 2p 

P' P' 
W*  =  (-ip )W + — V 

2p 2p 

(7-35a) 

(7-3^) 

We can readily verify that this pair of equations is equivalent to 

Eq. (7-31) by observing that 

IT = V + W', = ip(V - W^ 

and 

U"  = ip'(V - W)   + ip(V'  - W')  = - p^U 

If we define f (x)   to be the phase factor 

Y(x)   =yp(s)ds (7-36) 

we  can replace the pair of    coupled differential equations given 

above as  Eq.   (7-35)  by the coupled integral equations 

00 

exp[-if(x)]   /" p'(t) 
W(x)  = - 

VPIXT '■■ 

exp[+if (t)] 
2\/pTtT 

V(t)dt (7-37a) 

V(x) = 
exp[+if(x)] 

VPHCT 
A +/exp[-iy(t)]   ■ W(t)dt >fe: 

SVPTO" 
(7-37b) 

The constant A which appears in Eq, (7-37b) is to be determined by 

the boundary conditions at the interface x = 0, If we assume that 

the field for x < 0 is of the form 

U(x)  = exp(+ip0x)  + R exp(-ip0x) 

Y-13 

(7 -38) 
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If we require that both U(x)  and its derivative "be continuous at 
x = 0,  we readily see that 

A = VpW = Vp^ 

00 

exp[+if(t)] 
p'(t) 

2v^TtT 

(7-39a) 

V(t)dt      (7-39h) 

j 

• 

The author has not been able to find any literature v/hich deals 
with the numerical integration of Eq.   (7-37)  on an electronic 
computer.     Atkinson  (Ref.   16)   and Kay   (Ref.   17)  have discussed 
certain iteration processes which  lead to solutions»     One  of 
the chief  applications  of  this   theory appears  to be  that of  in- 
troducing  the concept of a "reflection coefficient"  v/hich is 
defined as   the ratio of W(x)   to V(x),  namely 

W(x) 
R(x)   =   

V(x) 

It is  customary to approximate V(x)  by neglecting the integral 
in Eq.   (7-37b).     This leads  to the  approximation 

00 

p'(t) 
R(x)   = - exp[-i2f(x)] /exp[+i2^(t)   dt 

2p(t) 
,/. (7-14-0) 

Our discussion of the replacement of the  second-order equation 

of the form of Eq«   (V-3l)  by the coupled first-order differential 

equations  has taken us quite far astray from our main purpose whici 

was that of finding approximations   for  the reflected wave which 

was defined by Eq.   (7 m^k) •    However,   the practical importance of 

problems involving inhomogeneous media surrounding convex surfaces 

(such as  the ionized layers surrounding  a re-entry body)   cannot 

be overemphasized.    The WKB approximation has only limited appli- 

cability in some  of these problems   and in order to enlarge   the 

scope of the applicability of our diffraction functions we need to 
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( bo  aware of new methods which may offer the prospect of extending 

the  theory to a wider range  of problems. 

The  author would liko to direct attention to the fact that the 

presence of the reciprocal of p(x)   in Eq.   (7*35)  indicates that 

the  type of decomposition of U(x)   which is given in Eq.   (7-32) 

can only be used "far away"   from the turning points   at which 

p(x)   vanishes. 

7.3    The Diffraction Formula 

Let us now turn to the problem of  expressing the Green's function 

U(x,y|X0,y0)  as defined in Eq,   (7-9)  in terms of the diffraction 

function D(^,^,^0>q)   as defined in Eq,   (7-1)«    The first step 

will be that of using the WKB estimates in Eq,   (1|.-16)  and the 

Wronskian definition in Eq,   (14.-19)   to show that 

r-        X 

exp 

-x 

i/V[k g(u) + Xs]  du 

Ws k ^  00 -i2y/[k2g(x)+Xs] y[k2g(x0)+Xs] 

We then recall Eq,   (5-2) 

SM7-l|.l) 

\ = k2fo + ^ff,i*)\ s 

and observe that 

V/[k2g(x)+Xs]  = k VWx)  + f0 +  (Vk)^^ 

/       1   k^f-i «t 

2/[gU) + f0] ^ 

Let us now use the leading term of Eq,   (Y-if.2)  in the  denominator 

of Eq,   (Y-lj.1)  and retain the  first two terms in the phase factor. 

We then have the approximation 
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WIM""!* mttlMIfWf '" ■   , 

♦(X^ X^ir^.X^ 

W. k-« 

ejcp 
1 ,   .1/3. 2/3     r

x> 1 iky>Vg(ü7TVdu + iit8k
1/3f1

2/3 />
7S?3jiTT du 

-i2kig(x) + f    *g(x) ? r 

We now recall from Eq.   (5"2)   ttiat 
00 

n=l 

and from Eq,   ($-112)   that 

k-tf^ 

2        i 
k^3 dt. 

Ns     i^i^f'^i^^)]2    dT s 

(7-U) 

(7-W 

(7-^5) 

J 

Let us now introduce several definitions which will simplify the 

writing out of the formulae which are   to follow.    Let 

Y  = Y(x,x0)  =   J> Vg(u) + f0 

5 = ?(x,x0) =1^*/' Tüsrn- du 

ü(x,yjx0,y0) 
i   (^/k)^ exp(ikY)        ^( 

exp{i^t_) 

(7-^6) 

(7-47) 

F(y.Xs) F(y0>Xfl) 

TsIwi(T8>J -iwl(Ts)r 

•    8D (T  ) 

n=l        B I (7-48) 

Prom the first several terras of Ea»   (4-"48)  we find that we can 
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( 

( 

express the height gain function P(y,X> for y -► 0 and k -> » in 

the form 

F(y, X) ~ w(t - u) - -~ I (3u + 2t) w(t - u) + (3u + 4ut + 8r) w^t - u) ] + ... (7-l|9) 

where 

u = k2/3f1
1/3y . x = k2fo + k4/3f1

2/3t  •  ß^-2/\-1/3 

t = T + D^T) ß + D2(T) ß2 + -   '   - 

and the Airy function w(z)  is understood  to be w^lz)«    For suffi- 

ciently large  value of k,   we  have   the parameter  ß -* 0 and we  can 

introduce  the further approximations 

ts * TS (7-50) 

P(y0,MP(y,x) « W1(TS - it2)w1(is - ix0
2) (7-51) 

where 

\i2    « A^y (7-52a) 

ix0
2 = A^yQ (7-52b) 

Tf we now use Eq. (7-50) and Ea# (7-51) in Eq, (7-i|.8), and recall 

that we have ß -> 0, we find that 

i 

(f^/k)3 exp(ikY) 
.2 .. 2 

U(x>y;x0,y0)-g-^-g-—-- 0(4,^ »^»^  (7"53) 

y -> 0 2 hw + f0 Tg^-y+Y 
y0- o 

This result should only be used in the thin boundary layer for 
2     2 which both \i    and [IQ are small (where "small" probably means that 

wo should require that these quantities be less than unity). 

Per larger heights, we should use the WKB approximation given in 

Eq« (6-16), namely 
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^*ffinSRWIIB8miMHnm9>fnK*H^ wraM(WPflI»»l^-«iwi^^—i-'r.B.-**v.-^,» 

' 

kl/3fiV6 

F^Cy.X) -4/0 exp(ij)exp 
1 Tk2f(y) - X 4 

where 

i    f    A2f(v) - X  dv 

L yi 

x = k2f +k
4/3f 2/3t o 1 

Prom Eqs.   (5-1+2)   and   (5-ij-5)  we see that 

,2 
?! ß t. 

(7-514-) 

ß -> 0 

and therefore we will replace the lower limit In Eq» (7-51^ hy 0 

when we consider tho case ß -> 0.  We also take 

\*  k2f0 + (k2^)^ 

and observe that the radicals can he approximatod by 
1     3 

s 0      2Vf(y) - ^0 

J 

We can then approximate Eq«   (7-5^) by 

1/6 
P1(y,X8)  «(A,       g^-exp v Vf(v) - f     dv 

1 ;s^^ -i^ T.k^f, 
.»/ 

dv 

We can then express U(x,yjx0,y0) in the form 

  f i(f1Ac)^ exp(ikY + ikA0 + i|) 

Yr ■" " 

*  exp(ieTB) w1(TB-y) \ 

where A0 and ^ are defined by 
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( 

( 

. 

Ao m A(yo) B Jc Vf(v)-f0dv (7-57a) 

Since WI'(TS)  = qw^tag),  we observe  that 

Tg^^Tg)]2 - [W^Tg)]2 = (Tg " q^^^g)]2 (   j ^   ) 

and,   therefore,  Vj^C^q)   as  defined toy Eq.   (7-7to) can also toe 

expressed in the form 
•   exp(UT ) 

V^t. q) = i2VF Y   5-5  

Therefore,   if we let y = 0 in Sq.   (7-56), we ototain 

"(f1/k)*exp(ikY + ilcA0 •*• i|) 

(7-59) 

ü(x,Ojx0,y0) 
ß -* 0 2SK  $9® + r   leixS+V   h(yn)-f o J 

V1(^,q)(7-60) 

When tooth y and y0 are large,  we use Bq,   (7-55) for tooth P(y0>^g) 
and P(y,A,  )   and arrive at s 

U(x,y{x0,y0) ■*• — 

ß -*> 0 

y -► oo 

(fi/k)^ exp(iko) 

o    o ^«w+fo vg(xo)+fo vrrr^r^r^i 

eaqMiTjT ) 

/ 

stl    T8IWl<T8>l2-IWl<T8^ 

(^/k)^ exp(iko + |) 

2N/«[/g?5^VVg(xo)^o Vf(y)-r0 Vför^ J 
V11tTi,q)(7-61) 

where Eq,(7-58) bas toeen used in Eq«   (7-8to) in order to show that 

the reflection function can toe written in the form 
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•               exp(li|T ) 
Vii (Tl,q)   = iSv^T >    —" "2 i 2" (7-62) 

and where a is defined by 

f >Vg(Sr^du+ /vT?vr^dv+  /0/l^^ ̂ "dv   (7-63) 

-i i 

xl 

where x^ and Xp are defined in Pig. 7-i» Similar discussions have 

been given by Secklor and Keller (Ref, 7) and by Jones (Refs, 8 

and 9)# 
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and the argument TJ is defined in terms of a quantity Ö by means of 

n = k k1/3f 2/3    />   .     du _ 1   i/3   2/3 // +   U      dv 
^21/       Vg/u) ? !0       2

k     fl      [/    /l^rT 

=  fk1/3^2/3* (7-61^) 

and 5 is defined by 

«= A TSJHV - / TTI^ -/0 ^T      
(7-65) ) x< "       0 0      0 0 

The physical significance of the parameters a  and Ö has been dis- 
cussed by Priedlander   (Ref. 6),    The path of the diffracted rays 
is depicted in Pig.   7-1.    Priedlander showed  that j] is the geo- 
desic distance of  (x,y)  from (xoty0)  measured along the descend- 
ing branch  (PA)  of the glancing ray,   the segment   (AB)  along the 
boundary,  and the diffracted ray  (BQ).    The variable 6 is  the 
geodesic distance from A to B, i.e.,   the distance the wave travels 
along the surface.     Priedlander showed  that it was possible to 
also express 6 in the form 

?2 du 
6 =    /    VgM +1 ^7-66) 

) 



( 

♦•x 

Pig, 7-1 Ray Paths in Inhomogeneous Medium 

These geometrical interpretations for the parameters appearing 

in the asymptotic estimate for U(x,y;x0,y0) are made possible 

by the use of the asymptotic estimate for the height gain func- 

tion which is given as Eq. (7-55)«  This estimate was used in 

the above form by Priedlander (Ref. 6), However, an analogous 

result had already been used by Pock (Ref, Ij., Eqs. (6.10) and 

(6,11, p, 2yij.) in his classic paper of 1914.Ö, 

Since 5 as defined by Eq. (7-66) is the same as y defined by Eq, 

(7-1^6), we observe that for y = y« = 0 that we can use the asymp- 

totic estimate 

U(x,0ix0,0) 
l(f1/k)*0xp(lka) ^«q>(inTs)(w1(Ts)]

: 

ß -^ oo  *g(x) + r tejn-ÄVVV1 " 1*1^ 
2 

(7-67) 

along with the property in Eq,   (7-58)   to show that 
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(f1/k)"3exp(ika + 77) 
U(x,0;x0,0)^ ^ ^ ^     V0(T1,q) (7-68) 

where V0(Ti,q)  is  the attenuation function defined in Eq.   (7-6)» 

and Eq,   (7-63)   reduces  to 

A^  
o =     /    VgTuT+fo du 

X 
1 

For the case y = 0, we observe that 

a = Y + A0 

whore Y and A0 are defined by Eqs. (Y-ij.6) and (7-57a), respective- 

ly. For this case, we also observe that ^ as defined "by Eq. (7-57b) 
is equivalent to r]  as defined by Eq. (7-61;).  Therefore, we can 

express Eq. (7-60) in the alternative form 

J 

(f1/k)aexp(ika + |) 
U(x,0jx0,y0)  * V3 (n.q)  (7-69)        \ 

The forms in which we have put Eqs. (7-61), (7-68) and (7-69) 
reveal that in each case where we have used the two-parameter 

functions V0(Ti,q), V1(Ti,q), and V11(Ti#q) that the parameter r\  is 
related to the distance that the wave has traveled along the in- 

terface at y = 0, whereas the parameter o which has appeared in 
the exponential factor that multiplies these special functions 

is related to tho geodesic distance that the wave has traveled 
along the ray path between the source at (x0,y0) and the receiver      % 

at (x,y). 

Although we have obtained some useful special results in the course     ^ 

of the above discussion, we do not have a formula which is valid 

for arbitrary values of y and y« as ß -»• 0. In Eq. (Y-53) we have 

obtained a result for the boundary layer in which both y and y0 
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are assumed to be small« In Eq. (7-69) we required that y = 0 and 

y0 -► oo, whereas In Eq« (7-61) we required that both y -»■ oo and 

y0 -+ oo. Let us now show how to obtain a result which contains all 

of the results given above as special cases. 

7«lj. A Digression on Hankel Functions 

Before introducing the type of result which we want to employ in 

place of Eq« (7-55) or Eq« (7-51)* let us consider the special 

case of the Hankel function for which Eq« (7-55) yields the 

asymptotic estimate 

-lt(f)  toiT1 Vr ^ * ]      (7.70) 

where 
2 9 Ira   ''" 
/ = (ka) +4(^)  t (7-71) 

The corresponding special form taken by Eq« (7-14.9) is 

Ht1)<kr)--^r(1|)
1/3 2/3 

wi <* " u) ' ^ (Ä)      I (3u + 2t) Wl<t " u> + <3u2 

.2   _r/2  4/3 

(7-72) + 4ut + 8r)w1'(t-u)]+0[(1^)  ] 

where 

2 1/3     _  ^ 2/3     2 
u«^)  kalog| = (^)  log(f) (7-73) 

The results in Eq« (7-72) are new since in the work of van der Pol, 

Bremmer, Pock, and other writers it has been customary to replace 

the Hankel functions H^^kr), K ^'(kr), where 

»/= (ka) + (ka/2)1/3 T (7-714.) 

by the asymptotic approximations 
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1/3 
H^kr) -'TT i&      w^T - y) 

2/3 
Hl1)' ^ ~ TT <H>   wi' <T ■ y> 

(7-75) 

(7-76) 

J 

whore 

Since 

y = (35)      k(r - a) 

a 

we can express Eq. (7-72) in the alternative form 

H?W-^) 1/3 

(7-77) 

(7-78) 

2/3 
wl(t - y) - ^ (||)      Kßy + ^w^t-y) 

+ (9y2 + 8y t + 16 t2) Wj' (t - y)] + O [(2/ka)4/3] (7-79) 

A comparison of Eq, (7-71)   and Eq,   (7-7ij-)   leads  to 

t=T+4(H) 
I.2.2/3   2 

(7-80) 

Therefore, Eq, (7-79) can he replaced "by 
1/3 ( 2/3 

H^V) = - 7T <H)   wi<T - y> - ^ <H)   w*+ 4T> wi(T - * 

+ (9yZ + Syr + T^) w^ (T - y)] + O [(2/ka)4/d] (7-81) 

Although Eq. (7-81) is an extension of the classical approximation 

deacribed by Eq, (7-75)» the result is of limited usefulness un- 

less ka is very large and (r - a) is small, or, more specifically, 

1 + 0[(2/ka)2/3] r = a (7-82) 

The results in Eqs.   (7-14-9)   and  (7-72)  are also useful only in the 

"boundary layer" defined by Eq«   (7-82), 

If we use the property 
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c 

we obtain 

w 

'iff-rt y»t^"»'[1ffr-t>    +1f] (7-83a' 

We then find that according to the  "boundary layer" approximation 
of Eq.   (7-75)   that 

-ly1/2T-lf| (7-8^) 

or 

<V) ~ y^vii^-a)    ^l'^^l ^ - (^)1/3 ^^1(7-85) 

This result does not agree with Eq«   (7-70).    However,  if in Eq« 
i (7-70) we ute  the  approximations 

rv g- 
vr  - a     =   V(r+ a (r - a) ~   V2a (r - a) 

ul/-2 T      ,   -1 /r2 - a2 \    k (r2-a2) ka [ 2(r - a)]3/2 

.1 TTTT    JJT* 
tan 1 /r2-a2       yr2-a2   ^ ^HL 

we see that Eq«   (7-70)   "joins" onto the result derived from Eq« 
(7-75)»    However,   these results serve to emphasize the fact  that 
Eq«   (7-75)  is only useful in the "boundary layer" defined by 
Eq.   (7-82)« 

A study of these results reveals  that if we merely replace the 
variable y by a new parameter 

t2 . fy*'* JLJL (7.86, 
a 

we obtain a modified approximation which has the property 
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1/3 

 ^ l     -21 ovnf, ka fr
2-a2 ^ 

ka 1/3     r2 - a2 

a 

1/2 
(7-87) 

This   result lias  the  advantage  of leading to  the  same  anplitudy  as 

given by Eq«   (7-70) #     However,   the phase is  only an approximation 

to the phase in the exponent of Eq«   (7-70) •     The phase  can ho 

readily corrected "by observing  that for givon (finite)   values  of 

£  and t. 

exp 

if £
3
 + UT 

2/3 
= exp 

= 1 + 0 

2 b5 . 1 2v
4/3,2.?    1 

2/3i 

A." 
II 

(7-88) 

Therefore,   the modified  asymptotic  estimate 

1/3 
^V)-^ (^)      expd^w^T-t2) (7-89) 

where 

• ^tf?.*^ SZ.. (if)
1/3

Tton-1(.£Z).|£3+ET   (7.90) 

leads to Eq. (7-70) for ^ -> « and to Eq, (7-75) for 2; -+ 0. 

If we use the property 

2     12 2/3 2 

we can use Eq* (7-81) to obtain the result 

(7-91) 

1/3 

(7-92) 
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( 

I 

r 

«VT-C2)-? 1 +' l^F2' mW 
Ay      T   , ,    1       ill+.J^.J-Il =   r«    I?'8:3    «4 16£5 

+ •   •   •        W^T - 

+ . .jw] (T-£
2
) 

1   T"     ±± 
32 £5 (7-93) 

t2) 

we can show that 
1/3 ^(^hf^-i^^^f---) 

+ 0<H> 

2/3 

4/311 WWT -r) (7-914.) 

The presence of the positive powers of ^ in the coefficient of 

(ka/2)'*'' reveals that this form of representation for H^ ' (kr) 

is only usefu.1. for moderate values of ^« However, if we write 

Eq« (7-90) in the form 

M 2/3 f)-1!^ ♦= 2 (~)  f - 2( 

= <H)2/3(-ff54^3) + (^ 

ka.1/3^-! 1/3 i 
)  n-T(^)  tan 

.4/3/2>.7 1  sv 
ka)  (7^ -5Tf > + 

(H) 
1/3 I -frW 

we find that 
2/3 4/3. 

Therefore, if we replace Eq, (Y-9ij.) by 

(7-95) 

(7-96) 

1/3 2/3 

2 4/3 I      2 

we find that 

1/3 
Hu^r^r-7t^   ^a*) 2 4/3 1 + 0[(H)  1 W^T-f*) 

(7-97) 

(7-98) 

This result shows that not only do we get the correct phase for 

the leading term "by using Eq, (7-89), but we also obtain a result 
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2 
for ^ -♦ oo in vihich the corrections of order (ka^)"7 vanish. 

Rq« (7-97) cannot be used for snail values of ^ "because of the 

presence of the inverse powers of ^, However, the alternative 
form 

m 1       2   1/8 ( 2 2   2/3 

H^(kr) ~ - 77- (!£)      exp [1 ♦] IW^T - ^) + (^     [(i 

+ (-^-llTt2+ft4)wl>-s2)l+--- 

f^-^X 

(7-99) 

"^^ 

can be used  for both large and   small values of ^.     For large values 

of ^,   the  form in Eq.   (7-97)  may  be unsatisfactory because  it nay 
2 be more convenient to replace w« (T - 2;  )  by an asymptotic  expan- 

sion.    We can obtain such a result from Eq.   (7-99) by using the 

expansions 

*i<T-'2)r^$T7 exp 2    2     5/2    .» 

5« 7-9-11 ,3/ 
9   ^2' 

i-yrf-d) H216 2'(t2-p- 

t-« 

M 2 „3 exp (igt 

2! (216) 

-lTt+if) 
TT 

(£2 - T) 

i+iii + JL.i.il) 1      4£     £2M    s^1 32' 

.6 
7T    +^T2) 1 /    T    4   5    3    J...  1   .J- 

+ 73("384    48T   "48'     £4 ^6144    384 T 192 

1  . T10        T7._35.4    _31TWn,_LN + 75 (1228iÖ" 512 + 612 T   "192T' + U^6J 

and 

V*7 " ^  'T^T^6^ (if t3 - IT t - if) 2 b3 

J      „J 

1 + 1T2    ^(^ + I) ^2 ^32T4' 

8 

4t 

^3 ^ 384     48 + 48' + ^4   (6144 " 384 ' 192 T  ' 

^( 

.10 

5U22880      1536     1536 
35   T4

+Jär) 192 

(7-100^ 

(Eq« concluded on next page,) 

7-28 
) 

LOCKHEED  MISSILES  &  SPACE  COMPANY 

1/* 
.■■ ■  ■ ■ ■ . ,-.■ 

J«»Jto^T/;r-V--i:*^Srt<*.-f;''-^*-'- ^'■,':■■■■■■■'■  -•-—■■   ■     - ■    ■ 



.12 
+--^r T-+-—rr T" - ^37J7 T   +TSKE) ■   1   f        T" 5      9 

+   6  {   2949120    73728T      6144 
7    _6     245 _3 .  455 

4608 2304 

(7-101) 

In the  discussion "between Eq»   (7-75)   and Ecu   (7-99)»   we have 

used 't as defined "by Eq,   (7-74)  in order to conform with the 

usage  of Pock, Wait,  and other authors.    However,  for the sake 

of completeness, we will also set down the Hankel function re- 

sults  which involve t as  defined in Eq«(7-71)«     In order to do 

this,   we use Eq.   (7-00)   to write 

j^ 2/3[   / -   2/3 1 i       o   2/3   2 2   4/3 

T = 2{f)      [n + i^)       t-1l = t4<H)      t+0^lk)      ] (7-102) 

We  then obtain from Eq.   (7-72)   the result 

1/3 
HiV)--^) 

2/3 
w^t - S2) - ^ (l|)      [(3£2 + 2t) w^t - S2) 

+ (- 12£4 + 4t2t + 8t2) w^t-t2)  + 0[(^)       ] (7-103) 

We can  also obtain this  result from Eq.   (7-72)  by using the 

property 

,ka 2/3 S     1,2 .2/3 b4 
U = (T)     log(t)  =«  -t(H)     f + (7-10^) 

In order to improve Eq. (7-103) for the case when ^ is very large, 

we define 

♦ = Wr -a    - ka tan -1 y?^?" ka 1/3 

a " ^ 2 
2  2/3      2   5     1      3 2  4/3 

-(£)     (-|r + fti:3)+o[(^)    ] 

tan -ivW - | £3 + tt 

ka' kaJ (7-105) 

C 
and obtain  the modified result 
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1/3 
w^-t^M^'Klfi:5-!^3 

« 4/3 
(7-106) 

J 

These results which we have given for the Hankel function have 

proven to be very useful In the case of the diffraction of waves 

by spheres and circular cylinders. We want to now use these con- 

cepts to obtain a more useful form for the more genoral height 

gain function P(y,X)« 

?• 5 The Extended Height Gain Approximation 

The form taken by Eq. (7-99) can serve as a model for an extended 

result for F1(y#^) which behaves like Eq. (7-1+9) for small values 

of y and which behaves like Eq# (7-55) for large values of y. 

The first step is to start from the asymptotic estimate of Eq, 

(7-1+9) and observe that 

F^. A) ~ w^t - u) = w^ - k2/3^1/3) T—r4)     ^pL 
hj 

exp ifkf^v^-itk^v/v/2 (7-107) 

Since the factor multiplying the exponent in Eq.   (7-55)  differs 
from that in Eq,   (7-107)#  we take a hint from Eq,   (7-86)   and de- 
fine 

or 

2/3 
t2'(r-)     ifir)'t0]'Vi*ßh2u2 + ß\uz + o(ß3) 

u = t2-^h2t
4 + 0(ß2) 

(7-l08a) 

(7-l08b) 

Next we take a hint from Eq« (7-105) and observe that the exponent 

in Eq. (7-S5) is of the form 
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♦ f^t'D + O»2) (7-109) 

Therefore, by defining 

♦ = k / VIR^dv - i k1/V/3 » f TK^ - ' t3 + « (T-"0a) 
-o     S 

-2/«l2(-|t
5+it£S)+0(?2) (7-110b) 

and observing that 

^(t - u) = w^t - t2) + ^hgf4 Wj'Ct - t2) + O (/32) (7-111) 

we can modify Eq«   (7-^9)   to obtain the representation 

F^. X) = exp (1 ♦J'w^t" t2) + 2^ hjj [(if £5 - l| tt3 - ^ t - ^ t2) w^t-f2) 

( M-3|t2-^t£2
+ft4)w1

,(t.t2)i+oo2)J (7-112) 

This extended form of the asymptotic expansion for P1(y,X) is 

very useful in the problem of finding representation for the 

Green's function U(x,yjx0,y0) which involve the van der Pol-Brem- 

mer formula D(^,^,^0*q)» Thus, we can now replace Eq, (7-53) 

ty 

f 1/3 
«(x, y, v y0) ~ (-i.)   ,  '"■PCy  - E (,,y2. r0

2. q)   (7-113) 
0 0  k  a^(x) + f0 *g(x0)+f0 

where 

E(r,, y2, y0
2. q) = exp I-if (y3+yo

3)] D(|. y8. y0
2, q) (7-11^) 

and 

{-i)+y + y0 (7-115a) 
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j 
r2 = ^)2/8[fC7)-f0l 

2        k 2/3 

y0
2 = (^)     [fOD-V 

(7-n£b) 

(7-115c) 

and a and n are defined in Eas, (7"63^ and (7-61j.), respectively. 

The result contained in £q» (7-113) is the desired extension of 

the previous results» For example, the limiting form 

E (n. y2. Y0
2
. q)Tpr^ | /^ v11(n. q)       (7-ii6) 

leads to Eq. (7-61).  The limiting form 

E(TI, o. ro
2, q)^^! yXI v^t,. q) (7-117) 

leads to Eq. (7-69)»  If we upe the approximation 

f (y) « fo + fly 

In Eqs. (7-115h) and (7-115c) we see that 

2   2 
Y « li 

2   2 

the boundary layer approximation of Eq.   (V-53)  follows from the 
more general result in Eq.   (7-113)« 

7«6    Extension of Bremmer's  Results 

The approximation which we have given above as Eq.   (7-113)  is one 
of the key results  of our Investigation.    This result permits us 
have an asymptotic  estimate which is  valid for arbitrary values  of 
the height parameters provided the parameter k is  large enough, 
i.e.,   ß = k'fj"* -* 0.    Eq.   (Y-l1-3)  is only the leading term in 
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an asymptotic expansion of UCxjyjXQjyg)  in powers of ß«    We have 
not attempted to include above the further terms in the expansion 
but it is readily seen that we have laid out the necessary formulae 
from which such an expansion can be obtained.    The further terms 
in the expansion will involve various derivatives  (and integrals) 
of the basic function D(C>4»4o»<l) which was defined in Eq«   (7-1)« 
In a later phase of the present research work we will give  the 
explicit forms for these corresctions along with numerical work 
related to finding the deriva tives  and the integrals of D(£>£*£0>q) 
which are required. 

We would like to conclude this discussion by indicating how one 
can modify the theory as given by Bremmer  (Ref« 18)    for the 
propagation of waves through a concentrically stratified tropo- 
sphere«    The results that we wish to give could be obtained direct- 
ly from Eq«   (7-ii3)«    However,  we have chosen to employ the notation 
used by Bremmer and to assume that the reader who wishes to fol- 
low the discussion which we now undertake will have a copy of 
Bremmerls paper before him. 

We start by making a few changes in the notation employed by Brem- 
mer« We define 

(7-ll8a) n« = n0ff(a)=n(a) 'eff 
a_ = a .. = a JA (7-ll8b) 

(7-ll8o) 
o      eff ~    n(a) + an'(a) 

n(r) = ueff(r) 

for convenience in writing out certain equations for which Bremmer 
employs  "eff" as subscripts.    We then replace Eq.   (^8)  of Bremmer^s 
paper with the asymptotic estimate 

., / v     2«   3/2 

Vr)~3T?« (7-ll9a) 

where 
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hJ/2 '*f\ v{,snV,-.Vw*y^ ' .<,; .)t (7-119t) 
S 

r 
ö(r) = na   f   ^       _ _     l        dp (Ml9c) 

a Mb n (p) - a n (a) 

The results which we have given in Eq#   (/VI9)   are directly related 
to the form of the  exponent which is used in the modified WKB ap- 
proximation which we gave above as Eq«   (7-55)•    In fact, we now 
replace Brernmer's WKB approximation for his height gain function 
by the result . v 

r 
which is essentially our Eq.   (7-55).       This  result is to he used 
when r   

k  T   ^   >/p2n2(p)-a2n2(a)   dp   » 1 (7-121) 
a 

which requires r > a.     For r -»• a, we use the asymptotic  approxi- 
mation which involves  the Airy function,  namely 

1/6 
L 

where 

Since 

(k    \ ' 
^ij       "li'.-f2) (7-122) 

\        / a n  (a) 

"if'.-^:—TT ^('ft3-1«'.-1!) c-^) ' r —♦ «o 

we obtain the result 
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fi(r) 
f_»«      ^2,^    a2    2. r   vn (r) - -TT n ( 

(l^3-i£ts) -   expligg   -insj (7-125) 
'(r) - ^z n"(a) 

Since  this result does not agree with that given as Kq«   (7-120), 

it is proposed  that Eq«   (7-122) Tje replaced "by the modified form 

wtiich contains both the properties of Eq.   (7-120)  and Eq,   (7-i22)« 

We observe that 

*<..-*& 

1/6 

«xW (Y-127) 

and therefore the height gain ratio given as Eq,   (59) by Bremmer 

is to be replaced by 

W      a 
W~ ' exp H „   3/2    .2^3^.^. 

''co      "if^   +Uts (7-128) 

Let us now turn to t^e problem of evaluating the expression re- 

ferred to in Bremmer's paper as Eq, (30), The quantity to he 

evaluated is 

_8 
81 

M%1 
■•% 

2k an 
00 

a2f 2(a) 
1 w   a 

/   f2(r)dr (7-^29) 

and we will use the  approximations 

1/6 
•ST  I*** \ 

I ̂ -^    M.-'0') 

' (kVo) 

(7-130a) 

1/3 
kn 

rjkV 
 0_ 
a. 

1/3 

y = r - a f7-l30h) 

t 
which are valid for the situation r -*■ &•    Prom the integral which 

we designated as Eq» ($~l26ei)  we find that 
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AV»*)*-^.^-».''^ (7-131) 

j 

Therefore, we can use the approximate result 

dr 
a 

/2k' 

^-y   a 

kv\1/3 

dy 

/r/^o 
1/6 »T2 

•' v 
to  show that 

81       rf. 

.KW]2-KW1: 

22/3kl/3    1/3    1/3 
 o       o 

a [-v<.2I 
where t    Is defined by  the familiar equation. 

VC.)-"""!^-0 

(7-i 32) 

(7-133) 

) 

where we must let q be related to Bremmer's notation by means of 

the relation 

The present author suspects that Bremme^s Eq« (38) and all re- 

sults based upon it are in error. We need to observe that in 

Bremmer's notation 

- t. s =|f va>| 
2/3 

and thdrefor« a comparison of our Eq# (T-^BB) with Bremmer's Eq. 

(30) suggests that neff (a) should be replaced by [n f.f (a)p' B nQ». 
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(i = r 
a 

2k2n2 

o 

1/3 

kn a o 

o o 
1/3 

il-l3k) 

Let us observe that Bremmer's Eq«   (1^.1)   appears  as 
1/3 

1 ~ kn a + o 

kn a o 

2a2 
t (7-135) 

in our notation« We can then use the results which we have given 

above to rewrite Bremmer's Eq. (i;2) in the extended form 

( 

, m  A iSTrkn a   . / _    \l/3        t ,     ,     «        « 
u™~(m-¥h*te l(i^r)   expK- HE(^t ^^ ^«^ (7"136) 

2 2 
where E(5,^   (r),^   (b),q)  is the function defined above  as Eq» 

(7-llij.)  and L is  the path length based upon the geometrical op- 

tics of inhomogeneous media 

L = n aö + o / + / U /p2n2(P) - a2n2(a) dp 
va a 

and the parameters ^ and ^ are defined by 

i = 
f kn a _o 

2a 

3\l/3 

0 - an 
**- J J \     /2 2   : 2~2  

a a J pvp n (p) - a n (a) 

(7-137) 

(7-138) 

t2(r) ■m 2/3      2 2 2 2 /0   r n (r) - a^n (a) 
2 2 an (a) 

(7-1-39) 

c 

In Breramer^ paper the concept of a "critical altitude" is intro- 

duced and certain expressions are doMvod which are to be used in 

place of his Eq»   (^2)  when the source or  the receiver lie above 
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this critical height« A comparison of Brenmer's discussion vdth 

the discussion which we have given above will reveal that Brem- 

me^s Eq« (60) is the analog of our Eq. (7-69) and his Eq» (61) 

is tho analog of our Eq« (7-61) • Just as we have caused Eqs» 

(7-61) and (7-69) to follow as special cases of the more general 

result given in Eq» (7-3-13), so also the results of Bremmer's 

Eqs« (60) and (61) follow as special cases of the more general 

result which wo have given above as Eq« (7-136)«  All of these 

results which we have based upon the discussion in Bremmer's 

paper correspond to results which are valid in the vicinity of, 

and below, the horizon« This is also true of our Eq« (7-136) 

Further research is needed to obtain an extension of the results 

Which involve the function D(^,^,^0,q) which will be valid within 

the lighted region and which will pass over smoothly to agree with 

the results of the method of stationary phase as outlined in 

Section 7«2«  The results which we have discussed in Section 3 

will provide some "checks" upon the extended theory when the re- 

search is completed« 

J 
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Section ö 

CHEBYSHEV POLYNOMIAL REPRESENTATIONS 

8,1  Introduction 

The time-span of the present contract was not adequate for the 

author to be ablo to develop the representations in terms of 

Chohychev polynomials which he envisioned at the start of this 

program.  The author's increasing awareness of the necessity to 

deal with functions defined in the complex-plane has dampened a 

little his orginal enthusiasm for the utility of the Ghehyshev 

polynomials. However, the conviction that the Chebyshev polyno- 

mials will play an important role in future work has not heen un- 

dermined in spite of the growing awareness of the fact that the 

use of these polynomials does not provide a panecea for all of 

the representation problems that confront the numerical analyst 

in the problems that arise in diffraction theory. 

The past decade has witnessed a rapid growth of interest in a 

branch of applied mathematics which will probably come to ho 

known as the constructive theory of functions.'  Until recently, 

thc:.se appeared to he much more intore; t in this subject display- 

ed by the papers appearing in Russian mathematical journals than 

in the papers being presented for publication in journals whose 

authors wore predominately .froin the United States,  This fact 

can probably "be traced to the fact that the Russian students of 

Chebyshev and ßernstein found their motives for thf^ study of this 

class of problems ulu-üu&h inspiration frori1 their t .achers who had 

"An excellent introduction to the subject is to be found in the 

monograph: J. Todd, Introduction to the Constructive Theory of 

Functions, Basel, Birkhauser, I963 
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found these problems to be fascinating«    The recent upsurge of 
interest in the United States would seem to be directly related 
to the fact    that the digital computer has given a "new life" to 
this "more-or-less classical" branch of mathematics« 

The basic problem is that of constructing approximate representa- 
tions of functions in terms of simpler functions.    To the rapidly 
expanding literature in English,   there have recently been added 
a number of English translations of standard works which origi- 
nally appeared in Russian. 

In this section, we are interested in only a very narrow spectrum 
of the  topics in the theory of the construction of approximate 
representations for mathematical functions.    We want to consider 
the advantages of expanding a function defined over a given range 
of a real vu'iable in terms of certain types of Fourier series in 
which one employs the so-called Chebyshev polynomials T   (x)  and 
Tn(x) which are defined by means of the relations 

4 

Tn(x) = cos[n cos"  (x)l , -1 < x < 1 (8-la) 

T*(x)  = cos[n cos'^Sx - 1)]  ,    0 < x < 1 (8-lb) 

In view of the fact that there exists  such a voluminous  litera- 
► ture upon the so-called Chebyshev approximation problem,  it is 

almost regretable that the nomenclature "Chebyshev polynomials" 
has come to be associated with the method of trigonometrical in- 
terpoltation of empirical and analytical functions which has been 
developed since the publication in 1930 of a classic paper by 

!•?• Natanson,  Constructive Theory of Functions, AEC Trans. 

TR-1|.503,  1961 

E« Remez, General Computation Methods for Chebyshev Approxima- 

tion, AEC Trans. TR-l|i;9l# I960 

N. I. Achleser, Theory of Approximation. New York, Ungar,  1956 
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Lanozos (Ref, 1). The "Chebyshov approximation problera" deals 

viith the developing of a representation for a function which 

possesses the ninimum maximum error.  The reader who is not famil- 

iar with those so-called "best fit" procedures may find it parti- 

cularly instructive to "thumb through" the small handbook prepared 

by Hastings (Ref. 2) and to road the chapter on these methods 

vrtiich appeared in a recent book by Ralston (Ref. 37)« 

The author wishes the reader to grasp the essential point that 

the Chebyshev polynomials arise only in those problems for which 

the form chosen for the approximation to the function is that of 

a polynomial.  Since the Chebyshev approximation theory often 

deals with representations in the form of continued fractions, 

rational fractions, series of exponentials, etc., there is often 

no relevance between the papers on Chebyshev "best fit" ana the 

clasr. of polynomials problems which the author proposes as a 

means of representing certain functions which occui' in diffraction 

theory.  Even when the mode of representation which is chosen is 

that of a polynomial, the representation advocated by the author 

is that of a truncated Chebyshev series expansion. Although these 

truncated series may be closely related to the "best fit" poly- 

nomial, the amount of labour necessary to compute the "Chebyshev 

approximation" is far greater than that of the method of trigono- 

metric interpolation which is employed when the truncated Cheby- 

shev series expansion is used to represent the function.  In a ■ 
recent paper, Clenshaw (Ref. 3) has discussed this problem and 

his references will lead the reader to other sources in which 

the Chebyshev series expansions are compared with the "best fitJ 

polynomials. The technical report by Murnaghan and Wrench (Ref. 

1;), which is summarized by the recent journal article (Ref. 5)» 

affords an excellent example of the labour which is required to 

arrive at the "best fit" polynomial. For most practical prob- 

lems, the obtaining of the "best fit" polynomial appears to the 

present author to be primarily of aoademlc interest if one has 
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at his disposal the means of obtaining readily a truncated Cheby- 
shev polynomial expansion. 

6*2    Polynomial Expansions 

unless the reader has had experience with numerical analysis,  he 
will probably be inclined to think of representations of functions 
in terms of Taylor seriös,  asymptotic  expansions in inverse powers 
of the variable,   or in terms of Fourier series. The Taylor series 
and the Fourier series are the most attractive from the standpoint 
of our knowledge of what types of functions can be represented 
and of the rules for the determination of the coefficients in the 
expansions.    Each of these types of expansions involve well-defined 
infinite processes.    Within the range of convergence of the series, 
vre can achieve an arbitrary degree of accuracy by considering a 
sufficient number of terras and by carrying each term to a suffici- 
ent number of significant figures.    The asymptotic series,   on the 
other hand,  are far more difficult to deal with since the terms 
in the series may not display a behavior which permits one to eval- 
uate the function for the values of the variable which are of in- 
terest. 

We can work with the Taylor series with the knowledge that the 
series will converge within any circle about the expansion point 
which does not intersect a point at which the function possesses 
a singularity« Lanzcos  (Ref.  1) has written a very interesting 
paper in which he demonstrates that the Taylor series is an 
extrapolating series    which takes all its information about 
the function at a given point and then employs this set of 
information to represent the function in a finite region which 
surrounds the given point«    The demands placed upon such a 
function are quite severe and we describe these conditions by 
saying that the function must be analytic in the neighborhood 
of the expansion point«    The function must possess derivatives 
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of all orders at the point, and the value of the derivctlvo must 

"be independent of the direction in which we approach the point 

from a neighboring point in the complex plane, 

Lanczos (Ref, 1) emphasizes the fact that the Fourier scries is 

an interpolating series»  If we consider the relations 

f(x) =2^ An(a,-b)exp{i2Tin[(x-a)/(lD-a)]} (8-2) 
n=-oo 

b 

A^Ujb) = yf(x)exp{-i2Tin[(x-a)/(b-a)j}[dx/(b-a)]       (8-3) 
a 

we see that f (x) Is represented on a < x < b in terms of the 

values of the function over this range. The function f(x) need 

not be defined anywhere except on the range a < x < b, and, 

in particular, it need not be analytic in the neighborhood of 

this range since the only requirement is that the integral be 

integrable.  Therefore, the Fourier series permits us to work 

with a much broader class of functioi;s than the exremely re- 

stricted clacs of functions which possess Taylor series. 

Research in the diffraction of waves by obstacles which are larger 

than a wavelength requires the investigator to possess a certain 

amount of familiarity uith asymptotic series. Since many of these 

series have the property that they converge in the beginning but 

that the terms increase in magnitude after a certain rainimuint the 

practical use of such series is sufficiently difficult that even 

the subject of such series is avoided in many textbooks. However, 

the modern reader now has access to two very clear introductions 

in the form of the little monographs by Copson (Ref, 6) and Erdelyi 

(Ref, 7),  Lanzcos (Rof, 1) discusses these types of series from 

the standpoint of interpolation and extrapolation and shows that 

they resemble the Taylor series in that they are extrapolating 
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series which involve information about the function at a single ) 
point   (usually the point at infinity since the series are usual- 
ly in inverse powers of the variable).  Furthermore,  Lanzcos re- 
marks  that, unlike  the Taylor series,   the value of the derivative 
need not be the same when infinity is  approached along different 
rays in the complex plane. This phenomena greatly complicates the 
practical use of asymptotic expansions of functions for complex 
values of the variable since it is often found that different ' 
asymptotic expansions are required for different sectors in the 
complex plane  as the variable is allowed to tend to infinity. 
With a number of problems that occur in diffraction theory,   this 
phenomenon is known as the "Stokes • phenomenon" and it has been 
discussed in a number of texts which have appeared in recent 
years.     The author particularly recommends  to the reader who is 
unfamiliar with this phenomenon that he consult the monographs 
by Jeffreys  (Ref.  8)  and by Heading  (Ref. 9)« 

The Taylor series  and the asymptotic  series have something in 
common in the sense that when they are  employed to evaluate a 
function that only a finite number of  terms  are employed.  The 
numerical problem then becomes  that of evaluating a polynomial. 
Until the usage of electronic computers became widespread,   very 
little thought was given to the fact that the classical Taylor 
series and the asymptotic series are very inefficient except for 
the cases in which the value of the function is obtained by use 
of only a few terms.    Not only does  the  electronic computer af- 
ford us  a motivation for seeking a more  efficient polynomial 
representation,  but the ease of evaluating polynomials on a com- 
puter has given a "new life" to  the classic  theorem of Welerstrass 
which asserts that:  For any continuous  function f(x)  defined upon 
the range a < x < b,  there exists a sequence of algebraic poly- 
nomials of the form 

Pn(x) :5 c0 + ^x + CgX    + o3x-'+ ... + cnxn 
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V,'     which convorrros uniformly to f (x) on a < x < b. This theorem 

informs us that there exist polynomial reprosent&tions for func- 

tions which may not possess a Taylor scries ovar the range of 

interest. 

The finite word-length of the electronic computer has changed 

some of the basic philosophy regarding what constitutes a "good" 

•      algorithm for the evaluation of a function.   If we are to work        I 

with floating point numbers which consist of ö-digits (which is 

generally the case in FORTRAN compilers when one works in single- 

precision), we readily see that any term in the polynomial which 

is less than 10" times the sum of the polynomial will not be 

used in forming tue sum. Alsoi since we seldom can find a single 

algorithm which is useful for an arbitrary value of the variable, 

we will find ourselves frequently writing a computer program 

which is to be used only for a certain range of the variables« 

When the values of the variable are taken over a real range, and 

the value of the variable which we will use in the program is 

likely to lie anywhere in the range with almost equal probability, 

we arrive at a situation where the conventional power series and 

asymptotic expansions become relatively inefficient as compared 

with a Fourier series for the function developed over this range« 

The Chebyshev polynomials are nothing more than a specific type 

of Fourier series which are particularly useful when the function 

is to be computed for arbitrary values of x lying in the range 

a < x < b and the computer to be employed has a finite word-size 

and hence the accuracy to which the function can be computed is 

limited by the computer. 

Since the transformation 

x = (2y - b - a)/(b - a) (0-iO 

transforms the segment a < y < b into the segment -1 < x < 1, we 
can simplify the discussion by restricting the range to the 
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x-axls between -1 and +1 when discussing the applications of the 

Chebysl 

mation 

Chebyshev polynomials Tn(x). In a similar manner, the transfer- 

x = (y - a)/(b - a) (8-5) 

transforms the segment a < y < b into the segment 0 < x < 1 which 

is the range over which the "T-star" polynomials T (x) have been 
# n 

defined. However, the Tn(x) polynomials will generally be most 

useful when the function is to be represented over the infinite 

range a <f y < «., In this important class of problems we can de- 

fine the variable x to be 

x = y/a (8-6) 

and then we see that x = 0 corresponds to y -* » and x = 1 corre- 
sponds to y = a« 

If we now assume that a function f (x)  which is defined on  (-1,1) 
has been expanded in a series of Chebyshev polynomials with coef- 
ficients .A 

00 00 

f(x) = - A0 +2 AnTn(x) as "A0 +2 AR
cos(ncos"lx) {8"7) 

2 n=l 2       n=l 
we can Intuitively make some predictions  about the behavior of 
the A^ if the function f(x) behaves in a sufficiently smooth man- 
ner.    Since Eq.   (8-7)  is essentially a resolution of the function 
f(x) into its "spectral components," we can expect that after the 
first several values  of A-  that,  as n increases,  the magnitude of 
AJJ will diminish rather rapidly because  they represent "small 
ripples" of successive "corrections*" Since no An which is less 
than 10"    times  the  largest of the iL will contribute to the sum 
(when employing conventional FORTRAN compilers), we can discard 
all such "spectral terms" and arrive thereby at an efficient 
means of evaluating the function f(x) for values of x in the 
range (-1,1)* From the conventional theory of Fourier series,  we 
recognize the fact that we can use Eq«   (6-3)  in the form 
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71 1 
f(x)T   (x) 

\=r    dx (Ü-Ö) 
?[ 2f  ftx)T   i 

^ ~ KI 
f(cose) cos(nG)dQ = -/   -^——> 

Howevor,  v/e  shall  show "bolow that it is  seldom neconcary to  r-o- 
sort to Eq«   (8-8)   to dotemlne  tho A  . 

8,3 Properties  of Chebyshev Polynomials 

The reader who undertakes   to employ  the  Chebyshev polynomials 
should  arrange   to  have  access  to Refs,   (  ^0)   and   (11)  whore a 
rather complete summary of the properties  of  the Chebyshev poly- 
nomials will bo found. 

Explicit expressions  for  the first  several  Chebyshev polynomials 
are 

T0(x)   = 1 

TI
1(X)  = x 

T2(x)  = 2x2  - 1 

T-(x)   = [pc-*  -  3x 

T, (x)   = Sx^  - 8x2 + 1 

T^(x)  = 16x^ - 20x3 + 5x 

Further polynomials  arc readily obtained  from the recursion for- 
mula 

rnn+l(x)   " 2x Tnu)  + Tn-l(x)  = 0 (8"9) 

^he ^"(x^  polynomials  are related  to the T   (x^   polynomials  through 
;:ac relationships 

T^(x2)   = T  (2x2 - 1)   = To   (x) (8-10) n n 2n 

and  the .'ei'oro it is merely a matter of notational convenience to 
introduce  the  "T'-star"  polynomials.       Tho  first few T.(x)  are n 
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TQCX) = 1 

T*(x) = 2x - 1 

TgCx) = 8x2 - 6x + 1 

T*(x) = 32x3 - ^Sx2 + I8x - 1 

T*(x) = I28x^ - 256x3 + 160x2 - 32x + 1 

T^(x) = $12x5  - ISSOX1
*- + 1120X3 - l].00x2 + 50: 

and the recursion forniula is 

4l(30 = 2{2X - l)T*(x) -^(x) 

- 1 

(8-11) 

J 

These relations can be employed when one wishes to convert a re- 

presentation in terms of Chehyshev polynomials into an algebraic 

polynomial, i.e., when carrying out the operations indicated by 

the following formulae: 

f(x) =|A0 + A^U) + A2T2(x) + A3T3(x) + ... + ANTN(x) 

= B0 + B^
1 + B2x

2 + B3x
3 + B^ + ... + BJJ: .N (8-12) 

I 

f(x) =|C0 + ^(x) + C2T*(x) + C T*(x) + ... + CNT*(x) 
1  - -2 . ^3 = D0 + D^  + D^" + D3x•

:, + D^x 4+... + vN (8-13) 

If one wishes to start with the coefficients Bn in Eq. (8-12) and n 
arrive at the coefficients A^, the following inverse relations 

will be found useful 

xu = T0(x) 

x1 = T^x) 

2x2 = T0(x) + T2(x) 

^ = 3T1(x) + T3(x) 

8x^ = 3T0(x) + ^T2(x) + T^(x) 
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If ono vdshes to ctart with the coefficients D in Eq. (Ö-I3) and 

arrive at the coefficients C . the following inverse relations 

will he found useful 

x0 =TQ(X) 

2x = TQ(X) + T^(x) 

ox2 = 3To(x) + ^(x) + TgCx) 

32x3 = 10TQ(X) + l^J (x) + 6T2U; + T^(x) 

I2öx^ = 35T^x) + 56TJ{X) + 28T2(x) + ÖT^(x) + T^(x) 

Lanczos (Ref. 10) has listed both types of inverse relations for 
12 

all terms up and including x • However, In actual practice one 

will seldom need these explicit representations "because the neces- 

sary coefficients are readily generated hy algorithms which will 

he discussed helow» 

8,ij. Summing Series of Ghehyshev Polynomials 

Extensive tables of the Ghehyshev polynomials are contained in 

a publication (Ref. 10) in the NBS Applied Mathematics Series. 

However, in practice one seldom has a need for these tables since 

Clenshaw (Ref. 11) has published an algorithm which permits one 

to sum a series of Ghehyshev polynomials without actually compu- 

ting the values of T (x) or T (x) for the particular value of x 

and the range of values of n. Before we present the algorithm, 

let us consider what might be necessary if the algorithm were 

not known. 

Let us introduce a set of FORTRAN variables which are related to 

the mathematical variables as follows: 

X = x 

SUM = f(x) 

A0 = A0 

A(I) = A^ 
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where I = n, for n = 1,2,3»• • • >N. In order to evaluate the sum 

in Eq« (Ö-12) we could employ the FORTRAN program designated as 

Program 8-1. 

Program 8-1 

SUBROUTINE CHEBYS (X, SUM, AO, A, N) 
DIMENSION A(N).T{N) 
IP(ABS(X).GT. (1.0))   Oft T^ 10 
T(l)  = 1.0 
T(2) « X 
D^ 1    I = 3,N 
T(I)  = 2.0»X*T(I-1)   - T(I-2) 

1 CONTINUE 
SUM = 0.5*A0 
DjZf 2 I = 2,N 
SUM = SUM + A(I)*T(I) 

2 CONTINUE 
RETURN 

10 WRITE(6,11)  X 
CALL EXIT 

11 FORMATOTHlSUBR^UTINE CHEBYS CANN0T HANDLE X = ,El5.8) 
END 

In the above program we have first set vp an array of numbers 

denoted by T(N)  which correspond to the values of  the Chebyshev 

polynomials Tn(x).     This has been done by programming the re- 

cursion formula in Eq.   (8-9),     Then,   iu the second D^-loop we 

have formed the  sum woich  appears In Eq.   (B-12). 

Clenshaw's algorithm permits us to sum the series  in Eq.   (8-12) 

by letting 

bN+2 " bN+l = 0 

and then recurring backwards with the recurrence formula 

br = 2xbr+l  - \+2 + Ar ^'^ 

until we have bp, b^   and b0.    We then determine f (x)  by means of 

the relation 
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f (x) = |(b0 - \>2) 

= x^  - b2 + §A0 (Ü-15) 

We observe that the only difference between the recurrence rela- 

tion in Eq. (8-lij.; and that in Eq« (8-9) is the presence of the 

term iL, in Eq. (8-lij.). 

We can carry out the operations indicated in Eqs, {8-lij.) and 

(8-15; by means of the FORTRAN program which is designated as 

Program 8-2. 

Program 8-2 

SUBROUTINE CLENSW(X,SUM,AO,A,N) 
DIMENSION A(N) 
IP(ABS(X).GT,(1.0)) G0 T0  10 
32 = 0,0 
Bl = 0.0 
D^ 1 I = 1,N 
M = N + 1 - I 
BO = 2.0»X»B1 - B2 + A(M) 
B2 = Bl 
Bl = BO 

1 CONTINUE 
SUM = X*B1 - B2 + O.S^AO 
RETURN 

10 WRITE(6,11) X 
CALL EXIT 

11 FORMAT(37H1 SUBROUTINE CLENSW CANN0T HANDLE X = ,E15.8) 
END 

A comparison of Program 8-1 with Program 8-2 reveals that we now 

have only one D^-loop, and that it is no longer necessary to set 

up the array T(I), I = 1 tc N. 

Since T^U) = Tn(2x - 1), we observe that the algorithm in Eq. 

(8-ll{.) can be employed to sum the series in Eq. (8-I3) If we 

merely replace the recurrence formula of Eq. (8-llj.) by 

br = 2(2x - l)br+1 -br+2 + Cr (8-16) 
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Therefore, we can sum a series of "T-star" polynomials as given 

in Eq# (6-I3) by means of Program 8-3, We observe that 

co = o0 

od) = oB 

for I = n, with n ranging from 1 to N. 

Program 8-3 

SUBROUTINE TNSTAR(X.SUM.CO.C.N) > 
DIMENSION C(N) 
IP((X,LT.(0,0)).OR.(X,(}T,{1,0))) Gft Tff 10 
Z = 2,0*X - 1.0 
CALL CLENSW(Z,SUM,CO.C.N) 
RETURN 

10 WRITE(6,11) X 
CALL EXIT 

11 FORMAT(37H1 SUBROUTINE TNSTAR CANNOT HANDLE X = ,El5,8) 
END 

The property of the Chebyshev polynomials 

T^U)  = Tn(2x2 - 1) 

permits us to sum a series of even polynomials of the form 

f(x)  =^E0 + E1T2(x) + EgT^U) + E3T6(x)  +...+ ElfT2N(x)   (8-1?) 

by replacing the recurrence formula o" Eq,   (8-1^; by 

br = 2(2x2- l)br+1  - br+2 + Er (8-18) 

If we then let 
r 

EO = E0 

E(I) = E^ 

for I = n, and n ranging from 1  to N,  we can evaluate the sum 

in Eq,   (8-1?) by means of Program 84|.# 

) 
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Program 8-J4. 

SUBROUTINE TNEVEN(X,SUM,EO,E, 10 
DIMENSION E(N) 
IP(ABS(XUGT,(1,0)) Gtf vtf 10 
Z = 2.0*X*X - 1,0 
CALL CLENSW(Z,SU14,E0,E,N) 
RETURN 

10 V/RITEf6,ll) X 
CALL EXIT 

11 FORMAT (37H1 SUBROUTINE TNEVEN CANNOT HANDLE X = ,E15.8) 
END 

If f(x) is expressed in the form of a odd series of the form 

f(x) =P1T:1(xJ < ..2T3(x) + P3T^(x) +...+PNT2N-1(x)     (8-19) 

it will often be convenient to use  the property described by 
Eq,   (8-9)   to  express f(x)  in the form 

f(x)   = x[ |E0 + E1T2(x)  + E2T^(x)  +...+ Eu.i'l^-a^)]     ^8-20) 

whore 

ZF^  E0 , 2P2 = E1  +  E2, 2P3 = E2 + E3, ..., 2PN = K^^ 

Clenshavj (Ref, 11) has pointed out that the form in Eq. (8-20) 

has the desirable property of yielding the correct behavior of 

f (x)/x near x = 0.  However, if one finds an occasion where the 

form in Eq« (8-I9) is preferred, the recurrence relation in Eq«. 

(8-1^) has to be replaced by 

br = 2(2x
2 - l)br+1 - br+2 + Pr (8-21) 

and the value of f (x) is given by 

f (x) = x(b0 - -b^ (8-22) 

The form of Eq« (8-22) reveals that the Clenshaw algorithm yields 

the correct behavior of f (x)/x for x near zero. Since many prac- 

tical applications lead to indeterminate forms (such as the 
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familiar form pin(ox)/x which occurs in many diffraction problems) 

in which the ratio f(x)/x occurs, it will he convenient to replace 

Eq« (8-22) hy the alternative form 

f (x) = x g{x) = x(b0 - h1) (8-23) 

and prepare a FORTRAN program in which 

sum = f (x) 
SUM2 = g(x) 

P(I) = Pn 

where I = nf and n ranges through the values 1,2,3,.•.,N. The 

series given in Eq« (8-I9) can be summed by Program 8-5« 

Program 8-5 

SUBROUTINE TN^DDS (X, SUMl, SUM2, PO, P, N) 
DIMENSION P(N) 
IP(ABS(X).GT.(1.0)) 00 10  10 
Z 8 2#0»(2,0*X*X - 1.0) 
B2 = 0.0 
Bly = 0,0 
D^ 1 I = 1,N 
M = N + 1 - I 
BO = Z*B1 - B2 + P(M) 
B2 = Bl 
Bl = BO 

1 CONTINUE 
SUM2 = Bl - B2 
SUMl = X*SUM2 
RETURN 

10 WRITE(6,11) X 
CALL EXIT 

11 FORMAT (37H1 SUBROUTINE TN#DDS CANNOT HANDLE X = ,E15«8) 
END 

) 

The reader will observe that each of the progrpms given above has 

been provided with a CALL EXIT which will cause the computer pro- 

gram which employs these subroutines to exit from the electronic 

computer when the variable x lies outside the allowed range« How- 

ever, in each case, the computer will write a message to indicate 

8-16 
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that the appropriate subroutine could not handle the value of x 

which caused the program to he terminated by the CALL EXIT state- 

ment« 

8«5 Further Remarks on the Clonshaw Algorithm 

The technique which we have employed in the discussion above to 

sum the Chebyshev series belongs to a wider class of algorithms 

which was introduced by Clenshaw (Ref. 12). Let f (x) be repre- 

sented in the form     JJ 

f<x) =S Vn(x) (8-2j+) 
n=0 

where the functions denoted by Pn(x) satisfy a linear recurrence 

relation of the form 

( 

Pn+l
(x) +anPn(x) + Vn-l(x) = 0 

where a and ß may be functions of x as well as of n. 
shaw algorithm asserts that if one defines 

(Ö-25) 

The Clen- 

bN+2 = Vl = 0 

and then constructs the sequence bN, ^w.i* ^w«?»***» ^ii ^o 
ac" 

cording to the rule 

br + arbr+l + Pr+lbr+2 = ^ ' r = N,N-1,.. ^b^^    (8-26) 

that the sum of the series in Eq. (8-2^) is given by 

f(x) = b0p0(x) + b1[p1(x) + a0p0(x)] (8-27) 

c 

A well-known example of this algorithm is the case in which 

.n PnU) = xJ 

for which Eq. (8-25j takes the simple form 

Pn+lU) - xpn(x) = 0 
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Therefore, we see that for this case 

a = - x n 3=0 

and Eq» (8-27) reduces to the simple form 

f U) = b0 
and the recurrence relation reduces to 

^r = xbr+l 
+ ^ 

If we consider a simple case, such as 

2     3 
f (x) = A0 + ^x + A2x + k^r 

we see that the algorithm yields the successive results 

h3 = A3 

^2 = xl)3 + A2 =s "^2 + A3X 

h1 = xh2 + A1 = Aj^ + A2x + A^x 
2     3 b0 = x^ + A0 = A0 + Aj^x + A2x + A^x-' 

The reader who is experienced in the methods of numerical analy- 

sis will probably recognize this algorithm as being merely the 

so-called "nested-multiplication" method of evaluating a poly- 

nomial, i»e#, 

f(x) = A0 + AjX + A^
2 + Ayc^ = {A0 + x^ + x(A2 + xAjJ} 

The Clenshaw algorithm provides an extension of the "nested mul- 

tiplication" technique which enables one to evaluate the function 

f (x) and its derivatives when it is expressed in the form of a 
Taylor series 

N    n 
f(x) =2^5" (8-28a) 

n=0 

and 
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f(m)(x) = d
mf(x) = ^j^  [n(n-l)...(n-m+l)]|r      (ö-28b) 
dx     n=m 

N-m 

= 2-/ ^n+k&r 
(8-2ÖC) 

k=0 

If we observe that the Pn(x) in Eq« (8-28) are xn/x! we see that 
the recurrence relation is 

P^ivx) = Jn+1'"'  n + 1 'n 

and hence a and ß are defined "by 

P„Cx) 

ttn n + 1 ,     ßn = o 

( 

Therefore,  if we let 

Vm+1 = 0 

br = ÄVl + Vm    ' r = N-m'  N-m-1,...,2,1,0 

we will find  that 

f(m)(x)  = bn 

The summation of Fourier series of the form 
N 

f(e) =^ ^cosine) (8-29a) 
n=0 

N 
g(e) =y^Ansln(ne) 

can be accomplished readily by using the algorithm in the form 

(8-29b) 

c 
V2 s bN+l = 0 
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t)r = 2 cose br+1  - br+2 + Ay ,  r = H,N-l,N-2,...,2,1,0 

The algorithm asserts that 

f (e)  = t)0 - l>i cose 

g(e)  - hj^ sine 

(8-30a) 

(ö-30h) 

Since many diffraction problems involving a circular cylinder 

can be solved by series of the form in Eq. (8-29), the use of this 

algorithm can be extremely helpful in making more efficient com- 

puter programs for the calculation of the scattering patterns, 

current distributions, and other quantities which can be express- 

ed in a Fourier series of the form of Eq« (8-29)• 

One can also obtain more efficient programs for the suimning of 

certain series of spherical harmonics such as occur in the theory 

of the diffraction of waves by a sphere.  In the case of a series 

of Legendre functions P (cose) such as 

N 

f (e) = ^ ABPI1(ooa9] (8-31) 
n=0 

we consider the recurrence formula for the polynomials, namely, 

(n + l)Pn+1(cose) = (2n + l)cose Pn(cose) - nPn-il(cose) 

and find that the o^ and ßn of Eq. (8-25) are 

a« - &£■ cose .  ß = -SV 

Therefore, if we set 

t>N+2 * Vl u  0 

and recur backwards with the formula 

r+l \ a ^r c^e br+1 F42 br+2 + ** 

8-20 
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c 
we will find    that 

f(e) =-b0 (Ö-33) 

( 

f 

The result contained in Eq« (6-33) can "be used as the basis for 

summing the many series of the form of Eq« (8-3I) vrtiich occur in 

boundary value prohlems involving a sphere. 

There are many other problems in applied mathematics which can be 

summed "by means of the Glenshaw algorithm« For example, in his 

original paper (Ref. 12), Glenshaw observed that the finite 

Neumann series of BesseL functions 

fU) = LVn+v
U) 

n=0 

could be evaluated in this manner« 

The author has encountered several cases in which the coefficients 

in series of the form described by Eq, (8-28) behaved in such a 

manner that the backward recursion led to incorrect results be- 

cause of some unfavorable cancellation which took place during 

the recurrence process. Therefore, until such time as the theory 

of the propagation of errors in such processes is better under- 

stood, the author would like to advise the reader that it may be 

advisable to test the algorithm by comparing its results with the 

results obtained by computing the magnitude of the quantities 

Av.P.Jx) in Eq. (8-2l|.) and listing these for visual inspection and 

The author suggests that "skeptics" Join him in observing that 

Eq. (8-33) is correct by considering the case of the simple func- 

tlon f(e) = P0(cos9) + P1{cose) + SPpCcosj) = cose + 3cos 9. We 

start with b. = b- = 0, and then compute "bg*  2;^ =(3/2)cose (2) 

+ 1 = 1 + 3 cosej and b^ = ooseU + 3 cose) - 0/2) (2) + 1 = 
2 

cose + 3 oos e.  Therefore, we do find that f (e) ** b- as im- 

plied by Eq. (8-33), 

8-21 

LOCKHEED  MISSILES &  SPACE  COMPANY 



». M gWM »"J^au't»» I It* Wy»»»*'^^'"' .^l!%*fHr.»*iV«Bn'w#W*' m 

comparing the stun of this "column" of figures with the results 

obtained from the algorithm« 

8#6 Determination of Coefficients 

We now want to take up the problem of the determination of the 

coefficients A in the truncated series of Chebyshev polynomials 

which is employed to represent a function f (x). 

J 

f(x) = ^ A0 + A^Cx) + A2T2(x) + A3T3(x) +;..+ ^^(x) 

= B0 + B^1  + Bf2  + B3x
3 + B^  +...+ Btf? (8~3lt) 

Let us first of all dispose of a related problem. Suppose we 

already have the A^ for n = 0,1,2,».^N and we would like to con- 

vert from the series of Chebyshev polynomials to the conventional 

algebraic polynomial, l«f«, we know the A^ in Eq» (8-3/;) and we 

would like to know the Bn. This was one of the first problems 

which the author undertook under the present contract, but dur- 

ing the course of the work there have appeared several programs 

which will accomplish this task. Golden (Ref# l±7,  pp. 120-121^.) 

has presented a good treatment of this problem^ and actual 

FORTRAN IV programs ere constructed. Prager (Ref. 79) restricts 

his discussion to the "shifted" Chebyshev polynomials (which we 

have referred to as the "T star" polynomials) and he has given 

FORTRAN IV programs that permit one to convert from the C of 

Eq« (Ö-I3) to the Dn, or vice versa. Arden has discussed this 

problem when it is in the form of Eq« (8-3l|.) (which is the same 

as Eq«(8-12)), but his treatment (Ref. lj.8) seems (to the present 

author) to fail to correctly yield the Bn from the A if N is 

greater than 5«  Since it would be convenient to have the abili- 

ty to carry out these operations as a suoroutlne, we give in 

Program 8-6 a subroutine which will take a set of A(I) - A , 

for I = n (and n < 97) and convert them to a set of B(I) = B « 
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The algorithm which has been programmed in Program 8-6 has two 

features which may require modification if the reader wishes to 

compile this FORTRAN IV subroutine on the electronic computer 

which is available to him. The UNIVAC 110? compiler permits one 

to use positive and negative integers, as well as zero, as a sub- 

script. This compiler also permits one to write D0f-loops which 

proceed in "negative" increments. Both of these features have 

been employed in Program Ö-6 (and in Program 8-7)• The reader 

will observe that in order for the program to have access to 

Program 8-6 

SUBROUTINE CBS2PS(N,A,B) 
DIMENSION A(N),B(N) 
DIMENSION AB1(98),AAB1(99),AB2(98).AAB2(99) 
EQUIVALENCE (ABl (1) ,AAB1 (2)) , (AB2(i) ,AAB2(2)) 
IP(N.GT.O) G^ T^ 10 
B(0) = A(0) 
RETURN 

10 IP(N,LE.97) Orfi  T^ 20 
WRITE(6,11) N 
CALL EXIT 

11 P0RMAT(37H1 SUBROUTINE CBS2PS CANNOT HANDLE N = ,16) 
20 D? 9 1=0,N 

AB1(I) = A(I) 
9 CONTINUE 

NM1 = N-l 
DO 8 I=NMl,l,-l 
AB2{I+2) = AB2(I+1) 
DO 7 J=I,1,-1 
AB2(J) = 2,0*AB1(J+1) - AB2{J+2) 

7 CONTINUE 
AB2(0) = AB1(1) - 0,5-:»AB2(2) 
B(N-I-l) = AB1(0) - 0,^AB2(1) 
D^ 6 J=0,I 
ABl(J) = A32(J) 

6 CONTINUE 
8 CONTINUE 

B(N-l) = AB1(0) 
B(N)  = AB1(1) 
RETURN 
END 
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the array AB1(0), AK. (1), ABl(2),... that it has been necessary 

to dimension AB1(98) and then introduce a second array AAB1(99), 

The EQUIVALENCE statement is then used in such a manner that 

a reference to ABi(O) is actually a reference to AAB1(1) and hence 

the compiler is able to work with zero as a subscript. Many com- 

pilers for FORTRAN IV will not permit a D^f-loop of the form 

D0 8 I = HML,1,-1 

since  the allowed form is generally 
D^ 8 I = N1,N2,N3 

where Nl,N2, and N3 are unsigned (i»e#, positive) integers. 

Both of these features of the ÜNIVAC 1107 compiler (and certain 

other FORTRAN IV compilers) are very convenient because they 

permit us to write an algorithm which is closer to the mathemati- 

cal language« 

Since the Program 8-6 expects to find a value for A10) and 

will give back a result B(0)f the calling program must contain 

a "gimmick" such as: 

DIMENSION A(N),B(N),AA(2),BB(2) 
EQUIVALENCE (A(1),AA(2)), (B(1),BB(2)) 

j 

) 

Program 8-6 may be found useful in the case of a function which 

is to be evaluated many times because there are fewer steps in- 

volved in evaluating the series when expressed in the form of an 

algebraic polynomial.  However, Clenshaw (Ref« 11, p« 13) has 

shown that the Chebyshev coefficients of ascending order usually 

decrease more rapidly than the coefficients of ascending powers« 

Therefore, the evaluation of the algebraic polynomial may be 

faster than that of the equivalent Chebyshev expansion, but the 

Chebyshev expansion may be subject to smaller errors»  Clen- 

shaw* s example shows definitely some advantages to leaving the 

function represented as a Chebyshev series« However, Beasley 

(Ref« 27) has shown that a different rearrangement of the series 
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used in Clenshav^s example can lead to an algebraic polynomial 

which does not suffer the disadvantages of the algebraic poly- 

nomial which was considered by Clonshaw« 

Let us turn now to  the problem of obtaining the coefficients A 

in Eq«   (8-3i;) when  the coefficients B    are assumed to be known. 

A program which will  accomplish this is given as Program 8-7« 

Many of the remarks made in connection with the discussion of 

Program 8-6 apply equally well to this program since we have  al- 

so employed the zero subscripts in A(0),  B(0),   etc«,  and backward 

steps are made in D^f-loops  such as "D^ 7 J = I»1»"^-»" 

Program 8-7 
SUBROUTINE PS2CBS(N,A,B) 
DIMENSION A(N),B(N) 
DIMENSION AB1(98),AAB1(99).AB2(98),AAB2{99) 
EQUIVALENCE  (ABl(l) ,AABl(2)), (AB2(1), AAB2{99)) 
IP(N.GT,0)  G^f T^ 10 
A{0)  = B(0) 
RETURN 

10 Tp(N.LB.97)  G^ T^ 20 
WRTTE(6,11)  N 
CALL EXIT 

11 FORMAT (37H1 SUBROUTINE PS2CBS CANNOT HANDLE N = ,16) 
20 D^ 2 1=0,N 

AB1(I) = B(I) 
2 CONTINUE 
NMSl = N-l 
DO 3 I=NMS1,1,-1 
AB2(I+2) = 0.0 
AB2(I+1) = 0,0 
DO If J=I,1,-1 
AB2(J) » 2.0^AB1{J+1) - AB2(J+2) 

k  CONTINUE 
AB2(0) = AB1(1) - 0.5*AB2(2) 
A(N-I-l) = AB1(0) - O.^AB2(l) 
DO $ J=i,i 
AB1(J) = AB2(J) 

? CONTINUE 
^ CONTTHUE 

A(N-l)  = AB1(0) 
A(N)       = ABl(l) 
RETTEN 
END 
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AlthouGh Program 8-7 is quite limited in its usefulness (since 

one needs to already have a polynomial represenation for the 

function), most of the literature on the Chebyshev series has 

evolved around the concept of using the Chehyshev polynomials to 

"telescope" a power series. This concept has been quite clearly 

discussed by Prager (Ref. 79), Golden (Ref. kl)»  Arden (Ref. I|.8), 

Lanzcoa-(Ref. 1 and Ref. 36), Mlnnlck (Ref. 1|4), Spielberg (Ref, 

l\.2),  and other authors whose papers are listed in the references 

for this Section. Often times the polynomial which one starts 

with is the Taylor's scries and then the process of "telescoping" 

permits one to obtain a power series containing fewer terms which 

can be used to compute the function to the same accuracy over '-'^ 

particular range of interest. 

The telescoping process ^as attracted so much attention in tao 

literature of the recent past that the important concepts assj- 

ciated with the idea of trigonometrical interpolation (which were 

stressed by Lanzcos (Ref. 1)) have not received sufficient em- 

phasis.  In Eq. (8-8) we showed that the coefficients in the 

expansion in a series of Chebyshev polynomials could be obtained 

by a process of numerical integration. 

The most promising approach to the determination of of the A in 

Eq. (8-51;) Is associated with an orthogonality property of the 

Fourier series which, as Lanzcos has emphasized, is peculiar to 

the Fourier series when one examines the Fourier series as being 

an example of expansions in terms of orthogonal functions. We 

refer the reader to the paper by Lanzcos (Ref. 1) and the discus- 

sion by Clenshaw (Ref. 11) for more details, the result which we 

want to employ is the following: 

NA^. =f(x0)+2f(x1)T1(xr)+...+2f(xN.1)TN-1(xr)+f(xN)TH(xr) (8-35) 

where r = 0,1,2,« ••,N, and the arguments x, appearing in f(x,) 
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are defined by 

Xj  = cos(jai/N) (8-36a) 

and the arguments x    of the Chebyshev polynomials T4(xr) are 

defined by 

xr = cos(nt/N) (8-36b) 

In the discussion above we have made no distinction in notations 

between the A which appear in the infinite series of Eq« (8-7) 

and the iL which appear in the truncated series of Eq, (Ö-12) or 

Eq# l8-3ij.). The reader will find this discussed by Clenshaw in 

his tables (Ref. 11) and in a recent paper (Ref, 3),  Further 

study of the relationships are needed, but it will suffice for our 

purposes to point out that we are assured by certain aspects of 

the theory of Fourier series that as N -► oo that the A which are 

computed on the basis of Eq« ^8-35) will converge to the A, em- 

ployed in Eq# (8-7) and defined by an integral in Eq« ^8-ö), 

It is interesting to observe that the formula in Eq« (8-35) is 

itself a truncated Chebyshev series and hence it can be summed 

by use of the Clenshaw algorithm.  All we need to do is to be 

able to compute the value of f(x) at N + 1 points x. defined ty 

Eq« (8-36a)« This aspect of the determination of the A empha- 

sises the interpolating nature of the truncated series of Cheby- 

shev polynomials.  An ALGOL 60 procedure for the calculation of 

these coefficients was given by Schwarz (Ref« 29) in his tutorial 

paper on this programming language« This i quite a sophisticated 

program in that the degree ci' approximation which the user feeds 

in as an input to the ALGOL procedure determines the degree N of 

the truncated Chebyshev series, and a random number generator is 

employed to check that the resulting series does indeed provide 

the desired interpolating polynomial. 

In this discussion, .MO will be content with the much simpler pro- 

gram for the evaluation of Eq. (8-35) as given In Program 8-8# 
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J 
Program 8-8 ^ 

SUBROUTINE CLNSHW (PUNCTN, A, B, N, C^EP) 
DOUBLE PRECISION A,B, C(Z(EP(N),BPA,BMA,DPL0AT,DCi5S,PI, PI0N, 
A      ZERO,/NE,TW0,X(1OO),T(1OO).E(1OO),P(1OO) 
DATA PI, ZER^^NE,TW0/3. li|.15926535o9793D0,0. 0D0,1 • 0D0, 2.ODO/ 

199 FORMAT (37H SUBROUTINE CLNSHW CANNOT HANDLE A = ,D25.16, 
A     5H B = ,D25.16,5H N = ,1k) 
DPLOAT(KK) = DBLE(PLOAT(KK)) 
IP(N.LT.2) Off TO 98 « 
IP(N.CrT,9ö) GO TO 98 
IP(DABS(A-B),LT, (l.OD-8)) GO TO 98 
BPA = B + A 
BMA = B - A 
PIÄI = Pl/DPT^ATCN-l) 
DJ! 1 1=1,N 
T(T) = DCOS(PION*DPLOAT(I-I)) 
X(I) = (BPA + BMA*T(I))/TW0 
CALL PUNCTN(X(I),E(I)) 

1 CONTINUE 
P(N+2)   = ZERO 
P(N+1)   = ZKRO 
E(N)       = E(N)/TWO 
PO 2 K =1,N 
D0 3 L =N,1,-1 
P(L)   = TW0*T(K)*P(L+1)   - P(L+2)   + E(L) 

3 CONTINUE 
COEP(K)   =  {P(l)  - PU))/DPL0AT(N-1) 

2 CONTINUE 
RETURN 

98 WRITE (   ,199)  A,B,N 
CALL EXIT 
END 

There are  a number of aspects of Program Ö-8 which require dis- 

cussion.     In the  argument list,  PUNCTN refers  to another SUBROU- 

TINE which it is  assumed  the reader will have provided.     It must 

he of the form: ' 

SUBROUTINE PUNCTN (ARG, VALUE) 
DOUBLE PRECISION ARG,  VALUE 

VALUE =  ... 
RETURN 
END 

When the statement CALL PUNCTN(ARG,VALUE)  appears  the function that 

is  served is  that of obtaining a value for f(x) where the relation 
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c between the mathematical quantities x and f(x) and the FORTRAN 

symbols are 

x = ARG 

f (x) = VALUE 

The A and B which appear in Program 8-8 give, the range of the 

variable x over which the function is to be approximated, i»e, 
i 

A < ARG < B 

Therefore, if A ^ -1,  B 5^ +1,   the user will have to arrange to 
1 use  Rq,   (8-ij.)   to employ the coefficients obtained from the pro- 

gram.    The coefficients A    are  contained in the  array COEP(N), 
i»e«, 

An = OOEP(I), with n =  (I-lJ,   for n = 0,t,2,..., (N-l) 

The appearance of the statement "Dfi  3 L=N,1,-1" reveals that 

this program must be modified if the compiler employed does not 

permit a D^-loop to proceed from "high" values to "low" values, 

V        In Program 8-9 we give a test program which was used to test the 

algorithm in Program 8-8. 

Program 8-9 

DOUBLE PREOISI^N COEP(lOO) 
EXTERNAL PUNC 

110 P^RMAri,(10X,Il|.,D25.16) 
CALL CLNSHW(PUNC,-1.0DO,+1#ÜDO,18,COEP) 
WRTTE(6,110) (I,C0EP(I),I=1,18) 
CALL EXIT 
END 
SUBROUTINE FUNG(ARG,VALUE) 

» DOUBLE PRECISION ARG, VALUE, DEXP 
VALUE = DEXP(ARG) 
RETURN 
END 

4 
In Table 8-1 we present the output from the use of Programs 8-8 

and 8-9»  In the right hand column wo present, for comparison, 

the Chebyshev coefficients for f(x) = exp(x) on -1 < x < +1 which 

are given by Clenshaw(Ref# 11). 
^L^ 
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Table 8-1 

CHKBySHiäV COEPPICIENTS FOR EXP(X) 

N Prom Program 8-9 
1 .2b321317555(W01^-K)l 
2 •1130318207984963+01 
3 .271^9b33953'»0757+00 
4 •4f336e'*98't866365-01 
b •547U2*fO«*42093978-02 
6 .54292631191'*0001-03 
7 .^49773229b421072-0«* 
8 .3198436462<f658b0-05 
9 .199212U80^986286-06 

10 .1103677183631729-07 
11 .bb0b89b'*781038bl-09 
12 .2^97978294801374-10 
13 .103911650b2597b2-ll 
14 .4004639757059681-13 
lb .1345329076898718-14 
16 .6530723674265623-16 
17 .0000000000000000 
18 .0000000000000000 

Prom Clenshaw  (Ref.11) 
. 253213175550ij.0i667l20+0l 
. 113031820798ii.9 700#442H-01 
,2 7149533953 W656237 +00 
./^3368ii.98l|.866380k95 -01 
. Bk7k2kokk209373265     -02 
.54292631191394375 -03 
.4497732295429515 -04 
.319843646240199 -05 
,19921240066728 -06 
.1103677172552 -07 
.55058960797 -09 
.2497956617 -10 
.103915223 -11 
.3991263 -13 
.142376 -14 
.4741 -16 
.148 -17 
.4 -18 

A study of the output from Program 8-9 with the more precise re- 
sults printed  alongside reveals  that the initial results  (N near 
1)  are accurate to about 15 decimal places, but that as N increases 
there is a growth of the error and by the time one reaches N = 14 
that there is only one significant figure and that this is in the 
14th decimal place.       These results are quite encouraging and sug- 
gest that Eq.   (8-35)  can be quite useful for the determination of 
the coefficients in the Chebyshev series which is    truncated as In 
Eq.   (8-34). 

) 

5,7 The Future for Diffraction Theory 

From the many references at the end of this section, the author 

has assembled a set of BLOCK DATA statements which contain (on 

punched oarda ) virtually all the Chebyshev coefficients which 

have been published to the present date. It was originally part 
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of the author's pltji for this report that these would be contain- 

ed in the Appendices. However, the compilation runs to many pages 

and the results are most useful when they can "be read directly in- 

to an electronic computer« Therefore, the author plans to run 

further checks upon these listings (to insure their accuracy) and 

to then submit the data (in the form of a strip of magnetic tape) 

to the SHARE organization so that it will be unnecessary for pro- 

grammers who have access to this tape to punch the data directly 

from the published tables« 

Before we discuss some possible applications of the Chebyshev 

series in diffraction theory, let us pause to point out a field 

which needs further investigation. The results in Eqs. (8-3^) 

and (8-35) permit us to interpolate (using the values of the 

function at N+l points) with efficiency and accuracy a function 

f(x) defined on -1 < x < +1. In diffraction theory (and in many 

other fields) we meet the need to interpolate when the function 

is defined in the complex plane and therefore we find ourselves 

dealing with a function of two (or more) variables. The ideas 

advanced by Lanzcos could be extended to such problems by "brute 

force." For example, if P(zj = P(x,y) is defined on -1 < x < +1, 

-1 < y < +1, we could write 

P(x,y) = §f0(y) + f1(y)T1(x) + f2(y)T2(x) +.. •+|fN(y)TN(x) 

where 

fr(y) =|Aj + AjT^y) + A^T2(y) +...+ A^T^y) + |^M(yJ 

5  
The questions related to the status of the "copyright" on these 

tables has also enterred the decision to omit these DATA BLOCKS 

from this report. However, since keypunching and verifying is 

relatively expensive, it is hoped that arrangements c^n be made 

whereby this file (consisting of several thousand IBM cards) can 

be shared with other scientists who employ the Chebyshev series» 
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where the coefficients A    could he determined from a result de- 
rived from Eq«   18-35)«    We ohserve that this  approach would require 
the knowledge of the value of the function P(x,y)  at  (N+1)(M+1) 
points in the domain of interest,  lie*,   the square -1 < x < +1, 
-1 < y < +!•       It is quite conceiveahle that  as we push foward 
in the field of the constructive  theory of functions that we will 
find means to interpolate over the rectangle which require many 
fewer points  than the   (N+lHM-t-1)   that the above approach requires. 
The interpolation problem bears  some resemblance to the problem 
of choosing points for the evaluation of multiple integrals, 
^his has begun to be a field which is attracting considerable in- 
terest«    One author recently pointed out that the use of a Gauss 
3-point formula for an n-dimensional integral would require 3n 

points, whereas comparable accuracy can be obtained with about 
2 2n    points«    Results such as this for the interpolation of func- 

tions of more than one variable are badly needed«    However,   the 
problem is sufficiently difficult that we may have to wait years 
for significant advances.    In the meantime,   the outstanding paper 
on interpolation of one-dimensional functions which was written 
in 193Ö by Lanzcos   ^Ref.  1) has only now begun to be properly ap- 
preciated by people who face applied problems. 

The outstanding advantages which will accrue  to diffraction 
theorists with the  further development of the  Chebyahev series 
representations for special functions will be demoistrated by 
considering several types of problems«    Let us  start with the 
Airy functions.   The behavior of the Airy functions Ai{x)  and Bi (x) 
are depicted in Pig.  8-1.    An essential point to be borne in mind 
when seeking representations in terms of truncated Chebyshev 
polynomials is that the coefficients in the expansion can be ex- 
pected to decrease rapidly with increasing order only if the 
function which is to be represented is "smooth." 

If we recall that we know Taylor series   (See Eq«   (B-i?)) for these 
functions, we can recognize the possibility of using the terms in 
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t'ig«  8-1    Behavior of the Airy Functions 

I 

these series In an algorithm (such as Program Ö-7) to obtain ef- 

ficient representations of the form 

A1U) = ^ A0 + A^U) +...+ AJJTJJU) 

BlU) = I B0 + B^U) +•••+ BjfM(3C) 

(8-3Va) 

(8-37b) 

where N need not he the same as M,  and where -1 < x < +1.    It 
might even be worthwhile to expand the range to -2 < x < +2,   and 
employ series  of the form 

6(:c)  =: ? 00 + 0lV-^  ■'••••+ GKTK(i) (8-38) 

The use of either Eq« (8-37) or Eq, (8-38) would be merely a con- 

ventional use of the Ohebyshev polynomials to "telescope" a power 
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series. However, if one expected to compute the Airy functions 

many times on an electronic computer, it would Toe  economically 
sound to seek these more efficient series« 

Before leaving the subject of the Airy functions near the origin, 

the author would like to point out that it may prove to he advan- 

tageous to consider the form of Rq» (B-5) and express Ai(x) and 

Bi(x) in the form * 

Ai(x) =(*!(£,)  -ßxf2(€) , Bi(x) =V3 lof^s) + ßxf2U)}, (8-39)   , 

where 

€ = X3/A3 

and f^fg) and f2(c) are  expressed in the form of Chebyshev series 

fj(?) = ^ E0 + WU)  +•••+ %%(€) ,  j = 1,2 

and the expansion would be employed for the range -A < x < +A« \ 

The author hopes that this alternative causes the reader to see 

that the employment of the Chebyshev representations is not pure- 

ly "mechanical."  One will often find that some preliminary 

analytical work will suggest an argument to be employed in the 

Chebyshev polynomial which is most appropriate for the problem 

under consideration. 

Let us turn now to an aspect of the Chebyshev representation of 

the Airy functions which is more than Just "financially economic" 

in the sense that we will consider representations which cannot 

be "telescoped" because they start from asymptotic series. Mil-      ' 

ler has shown (See Eq. (B-3)) that the Airy functions can be ex- 

pressed in terms of certain auxiliary functions P(x) and x(x) 

when x is large and negative. We recall that the forms are 

Ai(-n) = p(-n) sin[x(-T))j , Bi(-n) = p(-n) cos[y(-D)] (8-40) 

where asymptotic expansions for P(-ti)  and y(-r))   are given in Eq. 

8-31J. 
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(6-9)«    Suppose we seek a representation for A < TI < <»•    Since 
this is a "one-sided" range,  we would protably choose to use the 
shifted (or T-star) polynomials Tn(x),    An inspection of Eq.   (6-9) 
suggests that we express P(-T))  and X(-TI)  in the forms 

F2{-n) = ^~    '   x^) - r = -l^3 f2(^ ' € = A3/TI3 (8-^) 

where fj^Cg) and fpl?) are to be expressed in the form of series 

of shifted Chebyshev polynomials 

t(x)  = ^ A0 + AilJCx) + A2T2(x) +...+ AjjTg.U) (8-ij.2a) 

where the counterpart of Eq. (8-35) is 

NAr =f(x0)+2f(x1)T*(xr)+...+2f(xN-1)T^1(xr)+f(xN)T*(xr) (8-^2b) 

and the x^,  and x^ (j = 0,1#2,...,N) are given by 

= cos(^)  ,  Xj = cos(^) , = 0,1,2,...,N   (8-i^2c) 

In arriving at the choice of this form of expansion we have been 

guided by the asymptotic theory which led to Eq# (6-9), but unless 

we take A extremely large (in which case we can evaluate the asym- 

totic series in Eq. (6-9) by considering only a few decreasing 

terms) we cannot convert the series of inverse powers in Eq. (6-9) 

into series of Chebyshev polynomials by means of Program 8-7. If, 

however, we use Eq« (6-9) only for those values of f)  for which 

the asymptotic series yields the desired accuracy, and then by 

"brute force" (such as by numerical integration from large values 

of T) to smaller values, or vice versa) obtain the values of P(-TI) 

and x^-n) &t (N + 1) points such as those required in Eq« (8-35) 

and Program 8-8, we can determine a set of values of An for use 

In Eq« (8-142)« In this way we will obtain a polynomial which 
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possesses many of the features of the asymptotic series, "but which     I 

will possess the advantage of "being ahle to "be used down to very 

small values of the variable (TJ in Eq, (8-i|.l)) which were com- 

pletely inconceiveable with the asymptotic series« The procedures 

suggested above depend upon the analytical study of the asymp- 

totic "behavior to provide the motivation for which portion of 

the function will be sufficiently "smooth" to possess a rapidly 

decreasing set of coefficients A in the Chebyshev seriest Pur-      * 

thermore, we have used the asymptotic theory to provide a motiva- 

tion for the selection of a "argument" to employ in the Chebyshev 

polynomial« 

A similar set of relations can be developed for the computation 

of the Airy functions for large, positive values of the argument 

by using the relations in Eqs« (6-52a) and (6-52b)#  However, 

this would so closely parallel the result in Eq. (S-I^l) that we 

will choose instead to consider the asymptotic expansions 

\    1:216 4   2:(2i6r r     aimer     r     / 

\       1-216 *      2'(216)2    i2 3:(216)3 4 / 

where -IvP 
This field is so new that there has not been accumulated (in the 

literature or in the experience of the present author) enough ex- 

perience to be certain that the natural argument suggested by the 

asymptotic theory is the "best" argument to employ.  The reader 

who undertakes work along the lines suggested above should enter 

this field with an "open mind" and be prepared to "experiment«" 
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to suggest that representations be sought for Ai(x) and Bl(x) 

which are of the form 

2\Av^Ai(x) = exp(-^)f1(Ti) , V^Bi(x) = exp(+?)fp(Ti)  (8-lj.3) 

where 

T) = v(A/x)^ ,  A < x < 00 

and the functions f1{r))  and f^it))  are series of the form given 
in Eq. (0-1^.2) 

We can look foward to finding many expansions similar to those 

above in the literature of the next several years«  The reader's 

attention is directed to the papers of wimp (Ref. 67) and of 

Luke sind Wimp (Ref. 68) as being typical of some of the work 

which has been done to date* 

The present author has begun work on the obtaining of Chebyshev 

polynomial representations for the roots t (q) of the Airy s 
function combination 

Wi'Ctg) - q w^tg) = 0 

where arg q is held fixed (for certain values of arg q which oc- 

cur in practical problems) and the Chebyshev expansions are with 

respect to the modulus of q« 

Some more interesting applications, however, arise in the case 

of soi.:e of the diffraction functions.  Consider the case of the 

asymptotic expansion for the current distribution function g(4). 

3 
1+1J L_ «JggX^SOOS    1   .  .1122121   1 

4^3     ^6 64^9      64    ^12 + l     1024    ^15 

24 33368 1      i 16102 89919   1 
Ifi ~ * Anne oi      + 128     .18 4096      .21 (8-100 

We know a  ..ide variety of representations for g(^)«     If we use 
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2irl J 
exp 

AI'(p) dp 
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one of the following representations 

g(|).l     iexp(l|t)d   ,1    ?     expatt) 
75r   J   w'(t) *    /  Bl'(t) + lAl'(t) 

«■90 —00 

dt 
expdlfl 

s-l's^s' 

J 

irj  BI'(t)-IAl'(t)   dt + wJ   Bl'(t) + 1 Al'(t) *      Z-rg    ^ nl ^-^' 
n=o 

or make use of the fact that g(^)  satisfies the integral equation 

gU)   S2exp(-ll{3)-i^r-i;y'   gUJexp^tf-xflvr^d*  (8-46) 
-00 

we can devise "brute fore a" means of evaluating g(^) for all 

values of £• We can then use the interpolation properties of the 

Chebyshev polynomials to find a representation in terms of Cheby- 

shev polynomials which will be more convenierfc (as well as more 

economical) to employ when further values of g^) are required 

for arbitrary values of ^« 

Let us start with the case in which ^ is large and negative» Al- 

though it might turn out to be convenient to find Chebyshev poly- 

nomial representations for the real and the imaginary parts of 

the quantity in braces in Eq« (8-i|l(.), the present author suggests 

that Eq« (8-l|i|.J be replaced by 

P(TI) 
gU) = 2 exp(-ii€3)M(Ti)exp[-i *] 
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where M(T]) is an amplitude function and P(T)) is a "modified" 

(since it has been divided by !;(*£)^) phase function« Both M(n) 

and PCTI) tend to unity as £; -* -«• In order to find a representa- 

tion for these functions for 5 in the range -<»<£<-A <0, it 

is proposed that one take TI to be defined by 

Ti = (-A/*:)
3 

and seek representations for M(ri) and P(n) in the form of the 

series contained in Kq. (8-[|2)# 

We can draw many parallels between methods to be employed for the 
functions of which g(£) is an example, and the methods which we 

have suggested for the representation of the Airy functions. The 

form for g(r) in Eq. (ö-i;?) is the analog of Eq. (8-i;0). Near 

the origin, we can use an analog of Rq» (8-37) and seek to repre- 

sent g(£) in the form of a Chebyshev series 

gU) = I A0 + A1T1(x) + A2T2(x; +...+ ANTN(x) ,  x-= ^/A 

where -A < ^ < +A, and the result in Eq# (8-35) or the method of 

telescoping a power series can be used to determine the A^« 

For large positive values of ^ we know that 

exp(- &JJ. 
6(?)- 

ßi€) 
= G_(£) 

K - 
(8-^8) 

ß1Ai(-ß1) 

where ß1 is the root of Ai*(-ß1) = 0 which l.as the value ß1 = 

1,101879»••• For smaller values of £, but £ > 0, we have to re- 

place the approximation in Eq« (6-/4.8) by a sum over a finite num- 

ber of the roots ßs.  If g(^) is to be computed very frequently, 

it might be advantageous to express g(4J in the form 

6U) = G0O(C)M(T))exp[iP(n)] (8-i;9) 

where M(x) and P(x) are expressed in the form of series of the 

type defined in Eq, (8-lj2) and the variable TJ is defined by 
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T) = (A/^) when the range of^isO<A<§<oo, 

The present author believes that the development of methods such 
as  those described ahove can transform diffraction theory from 
an interesting theoretical exercise into a practical tool for 
engineers and scientists who are concerned with the problems  that 
arise in connection with the diffraction and scattering of waves 
by convex surfaces«    Most of the theory leads to representations 
which permit the evaluation of the functions that occur in only 
limited regions.    For example,  it is  characteristic of most of 
these problems  that  there is a "gap" between the largest values 
of a variable for which it is practical to  employ a power series 
representation    and the smallest values of the variable for which 
the asymptotic series can be employed.    If  this  "gap" lies in the 
region for which engineering results  are required one is forced 
to considering graphs of the functions and  the use of  "artistic 
license" in drawing  the curves  so as  to close the  "gap."    However, 
the use of such an approach requires  considerable manual manipula- 
tion of graphs and "French curves."     If a "brute force" method is 
used to close   the "gap" 5n order to  determine the coefficients in 
the Chebyshev polynomial representations,   one will  then be  able 
to handle the functions in a manner which will permit the use of 
an electronic  computer to assist in the practical applications. 

The author has been seeking to determine  "brute force" methods 
to olose the  "gap" by employing methods of numerical analysis  in 
order to obtain relatively accurate  representations for the  dif- 
fraction functions,   uowever,  In a practical problerr when one is 
faced with the need to obtain values in the "gap"  to employ in 
either Eq.   (8-35)  or Eq.   (8-lj.2),  it  should be borne in mind that 
an "educated guess"  can sometimes be made by drawing a curve of 
the function and attempting to  see if a "French curve" will pro- 
vide an approximate means of bridging the  "gap." 
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Associated Functions," Math.  Comp., Vol.  16,  Oct.,  1961, 
pp. I1ij.6-I4.5o 

68. Y.L.  Luke and J. Wimp,   "Jacobi Polynomial Expansions of a 
Generalized Hypergeometric Function over a Serai-Infinite 
Ray," Math.  Comp..  Vol.  17, Oct.,  1963, pp.  395-l|-0ii. 

69*    A.M. Arthurs and R. Carroll,  "Expansion of Spherical Bessel 
Functions in a Series of Chebyshev Polynomials," Math. Comp., 
Vol. 15, April,  1961,  pp. 159-162 

70»     D. G. Hummer,"Expansion of Dawson's Function in a Series of 
Chebyshev Polynomials," Math.  Comp., Vol.  18,  April,  I96i|, 

PP.  317-319 

71«    E. L. Stiefel,   "Approximations," An Introduction to Numerical 
Mathematics. New York,  Academic Press,  I963,  PP» 216-253 

72.    L. Lapidus,  "Further Methods of Approximation," Digital Com- 
putations for Chemical Engineers, New York,  McUraw-Hill, 
1962, pp. 323-36Ö 
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73«    C» Lanzcos,  "Global Integration by Chebyshev Polynomials," 
Linear Differential Operators, Princeton, N.J.,  Van Nostrand, 

1961, pp. 536-2*) 

7Jj.«    C.E« Proberg," Approximation," Introduction to Numerical 
Analysis, Reading,  Mass., Addison-Wesley,  1965, PP«  277-299 

75. E. L. Stiefel,   "Ntimerical Methods of Tchebycheff Approxi- 
mation," On Numerical Approximation,    R.  E.  Langer,  ed., 
Madison, Wise,  Univ. Wisconsin Pxess,  1959, PP» 2^7-232 

76. L. Pox, "MLnimax Methods in Table Construction," On Numeri- 
cal Approximation, R. E. Langer, ed., Madison, Wise, Univ. 
Wisconsin,Press,  1959,  PP«  233-2i|4 

77. J. C« P. Miller,   "Extremal Approximation-A Summary," On 
Numerical Approximation,  R. E. Langer,  ed., Madison, Wise, 
Univ. Wisconsin Press,  1959,  PP«  329-3l|.0 

78-      L. Pox,  "Chebyshev Polynomials," The Use and Construction 
of Mathematical Tables,    National Physical Laboratory 
Mathematical Tables.  Vol.  1^, London, Her Majesty's Stationery 
Office,  1956, pp.  12-114. 

79»      W« Prager,   "Computing with Polynomials," Introduction to 
Basic PORTRAN Programming and Numerical Methods, New York, 
Blaisdell,  1965, pp.  61-79«   (Program VII.5«1 performs the 
transformation of a Qhebyshev polynomial expansion into a 
polynomial.) 

80.      Staff of the National Physical Laboratory,   "Chebyshev 
Series," Modern Computing Methods,  London,  Her Majesty's 
Stationery Office,  1961, pp.  71-79, 88-90 
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8l        0« Meinardus, Approximation von Funktionen und Ihre 
numerische Behmdlung,   Berlin,  Springer,   196k.»   (The 
7-page list of references in this book provide a good 
starting point for a discovery of many papers which 
deal with the  "best fit"  type of minimum maximum 
approximation«) 

J 

) 

ti-50 

LOCKHEED  MISSILES & SPACE COMPANY 

3 

BaÄÄMii9asss^!£'tw*at^ ..■-.-.■*i'v 



( 

c 

Appendix A 

FORTRAN AND NUMERICAL ANALYSIS 

At' the present time, numerical methods ar3 assuming a role of in- 

creasing importance in applied science;  the actual,  rather than 

the theoretical, production of a solution is of paramount inter- 

est«    Diffraction theory provides many interesting challenges to 

the numerical analyst.     Although very few of the papers which 

have come to the attention of the present author have  actually 

been written by people  engaged in studies in diffraction theory, 

the author finds that almost every new issue of  journals devoted 

to numerical analysis contains papers which are of direct inter- 

est to those who faca problems in diffraction theory. 

We are now at the threshold of an era in which the electronic 

digital computer is becoming as common an engineering tool as the 

slide rule.    We are reaching the point where even relatively sim- 

ple problems which are  traditionally performed by persons opera- 

ting manual-type desk calculators can be more economically (as 

well as more accurately in the sense of the elimination of the 

chances of human error in transcribing numbers from computation 

sheets to the keyboard and from the registers to the computation 

sheets)  executed on the electronic computer.      The problem of 

setting up a set of computation sheets for the hand-computer is 

hardly more difficult than the devising of the FORTRAN program 

for the electronic computer»    Much of the inertia which causes 

scientists and engineers    to continue the traditional hand-compu- 

tations is due  to the fact that although the  task might require 

only 30 seconds  (perhaps  a charge of three to five dollars for 

computer time),  there is present the delays in getting the IBM 

cards punched by the "keypunch pool" and the "turn around" time 

in getting the problem onto and off the electronic computer« 
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We are also at the threshold of a new era in which even the use 

of the electronic computer is being revolutionised through the 

introduction of "time-sharing" concepts and other innovations. 

These new advances will soon make the use of the manually-opera- 

ted desk machine less attractive. 

J 

The present author is a strong advocate of the  "open shop" opera- 
tion of computing facilities;   that is,  he advocates that the pro- 
gramming "be done "by the  scientist or engineer who devises  the 
theoretical formulae  (or "by one  of their close assistants)  instead 
of being "farmed out" to  a "closed shop" facility where  special- 
ists in programming and numerical analysis translate  the  formulae 
into output in the form of tables or graphs.    The "do-it-yourself" 
programmer will build up a background of experience in the particu- 
lar types of calculations which his field of research is  centered 
around  and he will be able to draw upon his experience with pre- 
vious  computations to devise methods for the computation of new 
problems.     Furthermore,   since new problems are often only rela- 
tively small perturbations of problems which have already been 
considered,   the engineer and scientist will begin to develop a 
nucleus of programs which often require but minor changes in or- 
der to undertake a new problem.       Moreover,  since these  engineers 
and scientists have an understanding of the importance of the par-^ 
ticular problem in their field,   they are in a position to be able 
to recognize when a program that has been devised will be valua- 
ble to his colleagues.    The reporting of these computing programs 
can become a vital part of the task of preparing the results of 
the theory and the calculations for inclusion in technical re- 
ports* 

We are now able to undertake problems which would have been far 
too complex to have attempted to do by hand on manually-operated 
desk machines.    However, we are also able,  in a matter of seconds, 
to produce thousands of meaningless results because of the use of 
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( an algorithm which is not appropriate for the prohlem under con- 
sideration for the range of values of the parameters which are of 
interest«    A method of calculation  (an algorithm)  which may have 
worked well for a hand computation for a small value of a para- 
meter may lead to mere computer noise when the  electronic com- 
puter is used to evaluate the same physical phenomena for a large 
value of the parameter. While doing a problem "by hand,   the human 
operator would generally recognize when the results were fading 
away into the roundoff noise   (such as when finding the differ- 
ence between two numbers which are identical to all of the signi- 
ficant digits)»    However,  when using the electronic computers 
which are available  today, most of the intermediate results are 
"out-of-sight" and the user must be alert to the possibility that 
the results which he obtains may be meaningless in spite  of the 
fact that a "correct" program has been written and has been used 
for a value of the parameter for which results  are known from 
hand computations or from the results published by a previous 
author. 

* 

The experience of the present author has offered a good example 
of where "mathematically correct" procedures can lead to  erroneous 
results when used with the  finite word size of the modern elec- 
tronic computer.     In 1955 the author supervised the preparation 
of a set of data for the scattering properties of perfectly con- 
ducting spheres with diameters up to about seven wavelengths. 
Curves based upon these data were published in an appendix of 
a monograpb. on diffraction theory, namely 

R,W.P. King and T,T, Wu,  The Scattering and Diffraction 
of Waves,  Cambridge,  Mass., Harvard University Press,  1959 

and have been reproduced in the Encyclopedia of Physics and in 
J,  van Bladel's Electromagnetic Fields   (New York,  McGraw-Hill, 
1961+),    On three occasions   the author has received long distance 
telephone calls from Individuals who have programmed  the  exact 
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solution for the  sphere and have had difficulty in obtaining 
results which correspond to those presented in the curves which 
were hased upon the author's data.    On each occasion,   the author 
was  able  to resolve the problem on the telephone by inquiring 
as to how the  spherical Bessel functions had been obtained«    In 
each case,  the investigators had made use of the property  that 
the first two  j   (x) functions are 

sin(x)                           sin(x)        cos(x) 
j0(x)   =       ,   ^(x)   = —*  

X XX 

and the other values obtained from the recursion formula 
2n + 1 

Wx)  =- Wx)  +   V*) 

When x is larger than unity, and n is allowed to range through 

values that exceed the magnitude of x, the calculation (using 

the finite word size of the computer) deteriorates rapidly and 

eventually one even gets results which show the calculated values 

of jn(x) increasing with increasing values of n instead of pos- 

sessing the correct property of decreasing with increasing values 

of n» The author was able to help his telephone callers by re- 

ferring them to literature in which it is shown that the Jn(x) 

functions should be calculated by "backward recurrence" by 

means of 

2n + 1 

Jn-l(:c) = - Wx) +   Jn(x) 

There is, by now,  a rather extensive literature upon this  subject. 
For example: 

I. A«  Stegun and M« Abramowitz,   "Generation of Bessel Func- 
tions on High Speed Computers," Math« Tables,  Vol.  11,  Oct., 

1957,  PP. 255-257 

A-ij. 

LOCKHEED  MISSILES  &  SPACE COMPANY 

.,    ;/:.i;. ;, „JMWHr.^^   *    ■- 

J 

) 



( 

( 

J*  B. Randeis ar i R. Ft  Reeves,   "Note on Empirical Bounds 

for Generating Bessel Functions," Corara.  Assoc.  Comput» 

Mach.,  Vol,  1,  May,   1958,   pp.   3-5 

M,  Goldstein and R.  M.  Thalor,   "Recurrence Techniques for 

the Calculation of Bessel Junctions," Math. Tables,  Vol. 

13,  April,  1959, PP.  I02-I08 
* 

F.   J.  Corbato and J.  L.   Uretsky,   "Generation of Bessel 

Functions in Digital Computers,"  J,  Assoc.  Comput.  Mach., 

Vol.  6,   July,  1959, pp.  366-375 

W« Gautschi, "Recursive Computation of the Repeated Inte- 

grals of the Error Function," Math. Comp», Vol. 15» July, 
1961, pp. 227-232 

F.  W,   J.  Giver,   "Error Analysis of Miller's Recurrence 

Algorithm," Math,  Comp.,     Vol.   18,  Jan.,   196^,  pp.  65-7^ 

The present author considors  this problem of the computation of 

the Bessel functions to be a good example of why the individual 

research worker in diffraction theory cannot afford to "divorce 

himself"  from the field of numerical analysis.    The textbooks 

from which we learn our basic applied mathematics present us with 

devices  such as  the recurrence formulae for the Bessel functions, 

but we often fail to realize  that  these exact    mathematical pro- 

perties may have to be experimented with before they can be used 

on a calculating device which works with only a finite number of 

digits. 

The author highly recommends  that the reader acquaint himself with 

the paper 

I*  A. Stegun and M. Abramowitz,   "Pitfalls in Computation," 

J«  Sot,  Indust. Appl.  Math.,  Vol. ij., Dec,  1956,  pp.  207- 

219 
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Among the related papers on this subject of difficulties associ- 
ated with translating exact mathematical formulae into numerical- 
ly meaningful results, the author recommends the following: 

A«  S«  Householder,  "Generation of Errors in Digital Compu- 
tation," Bull« Amer« Math«  Soc>,  Vol. 60,  June, 1954»   PP» 

G«  E.  Porsythe,  "Singularity and Near Singularity in 
Numerical Analysis," Amer» Math» Monthly,Vol.  65»  April, 
1958,   pp.   229-2ij.O 

Mathematics Research Center,   The University of Wisconsin, 
Some Considerations in Practical Computation, by A. S» 
Chai,and H«   J« Wertz,  MRC Technical Summary Report No, 
ij.69.  Contract No, DA-11-022-ORD-2059, Madison, Wise, 
May,  I961j. 

To date, the author knows of no book which has "been written ex- 
pressly for the engineer and scientist who is Interested in the 
diffraction and the propagation of radio waves. However, such 
books are beginning to appear in other fields. For example: 

R,  S,  Ledley, Use of Computers in Biology and Medicine, 
New York,   McGraw-Hill,  I965 

L,  Lapidus,  Digital Computation for Chemical Engineers, 
New York,  McGraw-Hill,  1962 

An examination of these books will reveal,  however,   that they are 
primarily concerned with "classical" numerical analysis and  that 
they are primarily a collection of methods which are not very 
different from those to be found it   books which are concerned with 
numerical analysis and which refrain from the use of "digital" 
or "computer" in their titles.    However,   the author does recom- 
mend the book hy Ledley for its introductory material which will 
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provide the reader with some photographs and descriptions of some 

of the digital equipment which is currently available« 

A different type of book which is "beginning to appear is to be 

found in the efforts of certain authors to make available to 

other scientists the actual computer programs which have been 

developed in specific fields.  Examples of books of this type 

are: 

M. A« Melkanoff, D. S« Saxon, J, S« NodrU;, and D. G,  Cantor, 

A FORTRAN Program for Elastic Scattering Analyses with the 

Nuclear Optical Model, Berkeley, University of California 

Press, I96I 

P« A* D« de Maine and R» D. Seawright, Digital Computer Pro- 

grams for Physical Chemistry, New York, Macmillan, 1963 

P« Herman and S* Sklllman, Atomic Structure Calculations, 

Englewood Cliffs, N.J., Prentice-Hall, I963 

The book by de Maine and Seawright is unique in that it presents 

the programs in both FORTRAN II and ALGOL 60. The present author 

has had no experience with the use of ALGOL 60 and, therefore, is 

in no position to pass judgement upon the relative merits of the 

use of these languages.  However, since ALGOL 60 has been adopted 

as a "publication" language by several Journals, the scientist 

who wishes to adapt for his useage the published algorithms of 

other scientists will often find the need to be able to read an 

ALGOL 60 procedure. The reader who wishes to acquaint himself with 

this programming language will probably find that one of the best 

sources for "self-study" is the following manual: 

D. D. McCracken, A Guide to ALGOL Programming, New York, 

John Wiley, 1962 

Other books which deal with ALGOL are: 
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E« W«  Dijkstra, A Primer of ALGOL 60 Programrnlng, New York, 
1962 

R« Wooldridge and J.  P» Ractliffe, An Introduction to 
ALGOL Programmlngj Princeton,  N.J.,  Van Nostrand, 1963 

C» M» Reeves and M« Wells, A Coxirse on Programming in 
ALGOL 60«  Chicago, Educational Methods Inc.,  I96I4. 

The reader who is not familiar with FORTRAN and who wishes to 
set out to learn this programming language will find himself con- 
fronted with the making of a choice between a number of texts If 
he wishes to begin a "self-study" program to acquaint himself 
with the features of the language.    The suggestion as to what 
text a particular person would find most helpful as a starting 
point is dependent upon the background,   interests,  and tempera- 
ment of the individual«    In the opinion of the present author, 
none of the texts presently available provide the mature scien- 
tists and engineers   (assumed to have an education in electro- 
magnetic theory and advanced calculus which includes  some gradu- 
ate courses)  with an adequate "marriage" between the teaching of 
programming concepts and the use of these in numerical methods. 
One of the best efforts in this direction is the text 

Mm Prager,  Introduction to Basic FORTRAN Programming and 
Numerical Methods. New York,  Blalsdell,  1965 

This  text was written for a sophomore course for students of ap- 
plied mathematics.     It provides  a readable  account of the ele- 
ments of FORTRAN  (essentially FORTRAN II)  and has the advantage 
of introducing at an early stage some flow charts and programs 

#In the San Francisco area one of the local TV stations has been 
conducting a course in FORTRAN during the early morning hours. 
A least one course  (of twenty lessons) has been taped and is 
available for classroom use in certain universities. 
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which will serve to answer the demands of the reader who starts 

his  study and very soon hecomes impatient and starts saying to 

himself:   "Okay,   so FORTRAN provides  a set of precise rules  for 

the writing of mathematical expressions» Now show me how you em- 

ploy these rules in a typical scientific problem,"    However,   after 

giving a few programs,  the emphasis of the text shifts to the pre- 

sentation  (in a rather lucid manner)  of a "minimum" knowledge of 

classical numerical methods« The present author is of the opinion 
that this text will be useful to many persons   (engaged in electro- 

magnetic studies)  who work with "closed shop" programmers or with 

younger assistants who have been "college trained" in computer 

programming and numerical methods«     The study of this text will 

help to open up the lines of communication between the scientist- 

engineer and his programming assistant« 

For the person who wishes to persue his study of FORTRAN to the 

point of undertaking to do his own programming,  the present 

author highly recommends either of  the following texts: 

J.  T« Golden, FORTRAN IV Programming and Computing,   Engle- 

wood Cliffs,  N«J«, Prentice-Hall,   1965 

D« D,  McCracken, A Guide  to FORTRAN IV Programming,  New 

York,   John Wiley,  1965 

Either of these texts will,  if diligently studied  (and if help is 

sought from colleagues who have had more experience with pro- 

gramming when obscure points arise),   should provide the necessary 

background to undertake to write FORTRAN IV programs« 

The reader who Irishes to "shop  around"  for other texts will find 

himself faced with a "flood" of books   (some of which are rather 

expensive)   from which to choose«    A partial list includes the 

following: 

A-9 

LOCKHEED MISSILES A  SPACE COMPANY 

-. ,...:■. ■   -.<*;--.     ■ 



jwwwwiBtrowwwwww^^ nwwww» 

Several of the titles  above reveal that many writers are trying 
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J J. N« Haag, Comprehensive FORTRAN Programming, New York, 

Hayden, 196^ 

L« D* Harris, Numerical Methods Using FORTRAN« Columbus, 

Ohio, Charles E* Merrill, 19614. 

J« M« McCormick and M. G« Salvadori, Numerical Methods in 

FORTRAN. Englewood Cliffs, N.J., Prentice-Hall, 196k. 

D» D. McCracken, A Guide to FORTRAN Profiramming. New York, 

John Wuley, I96I t 

D« D. McCracken and W. S. Dorn, Numerical Methods and 

FORTRAN Programming. New York, John Wiley, I96i|. 

E« I. Organick, A FORTRAN Primer. Reading, Mass., Addison- 

Wesley, I963 

R. H. Pennington, Introductory Computer Methods and Numeri- 

cal Analysis, New York, Macmillan, 1965 / 

S. V. Pollack, A Guide to FORTRAN IV, New York, Columbia 

University Press, 1965 

The present author has also derived some "benefits from sections 

in the book 

B« W. Arden, An Introduction to Digital Computing« Reading, 

Mass., Addison-Wesley, 1963. 

However, this book contains programs which are written in the • 

MAD (Michigan Algorithm Decoder) language which resembles FORTRAN 

(FORmula TRANslation) in many respects, and yet has some of the 

features of ALGOL 60, while at the same time having features not 

found in either of the two more common languages. 
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teach numerical methods and computer programming with tho aame 

text« Although this is very desirable in that it affords the 

scientist-engine er the opportunity to see the programming rules 

applied to the type of problems which he is likely to encounter 

in his work, the result is generally that the book is an inferior 

text on numerical analysis» 

The present author feels that the two books which he personally 

feels to be the most valuable books on numerical analysis are 

C# Lanczos, Applied Analysis. Englewood Cliffs, N.J«, 

Prentice-Hall, 1956 

A« Ralston, A First Course in Numerical Analysis, New 

York, McGraw-Hill, I965 

In many respects, the book by Lanczos is "unorthodox" since its 

emphasis is somewhat different from a host of other books. How- 

ever, Lanczoz has presented many "tricks of the trade" which he 

has found useful during his long and highly successful career as 

a physicist and a consultant in applied mathematics. The book 

by Ralston, although it is newly off the press, promises to be- 

come a classic. Ralston acknowledges his endebtedness to his 

teachers who wrote the excellent treatises: 

P. B« Hildebrand, Introduction to Numerical Analysis, 

New York, McGraw-Hill, 1956 

Z* Kopal, Numerical Analysis, 2nd ed«, London, Chapman 

and Hall, I96I 

and to his former colleague who wrote the very useful book: 

R, W, Hamming, Numerical Methods for Scientists and Engi- 
neers, New York, McGraw-Hill, 196~ -----—• —  — 
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Two other books which the author has found quite useful are: 
-^^ 

Staff of National Physical Laboratory, Modem Computing 
Methods,  London,  Her Majesty's Stationery Office,  I96I 

G» N»  Lance,  Numerical Methods for High Speed Computers, 
New York, Gordon and Breach, i960 

Three books have appeared which have been the result of the  joint 
efforts of a number of authors and which contain much valuable 
reference material«     These are: 

L« Pox, ed,, Numerical Solution of Ordinary and Partial 
Differential Equations, Reading, Mass., Addison-Wesley, 
1962 

A« Ralston and H*  S« Wilf,  eds«. Mathematical Methods for 
Digital Computers.       New York,  John Wiley,   i960 

J. Todd,  ed..  Survey of Numerical Analysis.  New York, 
McGraw-Hill,  I962 

The collection of papers  edited by Ralston and Wilf is especially 
recommended to the reader who wishes to study some  examples of 
the preparation of flow charts which can often be of great help 
in  the explanation of the methods which underlie a computer 
program. 

' 

There are many other textbooks available which provide the reader 
with a collection of techniques for use in numerical analysis. 
Much of the material which is included is classical and can be 
found In some of the older texts,  such as 

E»T. Whittaker and G. Robinson, The Calculus of Observa- 
tions;  a Treatise on Numerical Mathematics.   London, 
Blackle,  1921; 
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Among the newer texts, the author has consulted the following: 

P. J. Davis, Interpolation and Approximation, New York, 

Blaisdell, 1963 

C. E» Pröberg, Introduction to Numerical Analysis, Reading, 

Mass«, Addison-Wesley, 1965 

D. R. Hartree, Numerical Analysis. Oxford, Oxford Univer- 

sity Press, 1958 

P» Henrici, Elements of Numerical Analysis, New York, 

John Wiley, 1961^ 

J« G# Herriot, Methods of Mathematical Analysis and Compu- 

tation. New York, John Wiley, I963 

A» S« Householder, Principles of Numerical Analysis,, New 

York, McGraw-Hill, 1953 

C« Lanczos, Linear Differential Operators, New York, Van 

Nostra nd, I96I 

B, Noble, Numerical Methods; 1  and 2, New York, Inter- 

science, 1961^ 

R« G. Stanton, Numerical Methods for Science and Engineer- 

ing. Englewood Cliffs, N.J., Prentice-Hall, 1961 

Et L. Stiefel, An Introduction to Numerical Mathematics. 

New York, Academic Press, I963 

Since two of the most important problems which face the numerical 

analyst are those of evaluating integrals and of solving differ- 

ential equations, the author wishes to direct attention to the 

two books: 
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V» I« Krylov (trans, by A« H» Stroud), Approximate Calcu- 
lation of    Integrals. New York, Macmillan,  1962 

P» Henricl,  Discrete Variable Methods in Ordinary Differ- 
ential Equations.    New York,  John Wiley,  1962 

This survey of some of the recent "books which have appeared on 
FORTRAN programming and numerical methods serves to indicate that 
the scientist-engineer   (whose formal education has included no 
courses in programming and numerical methods) who wishes  to ac- 
quire skills which will permit him to make use of the electronic 
digital computer will find a wealth of source material available 
to him.      The problem which the individual will have to resolve 
is that of choosing where he is going to start.    The author feels 
that most of the above books  are excellent and the choice of 
which books are to be singled out for use by any given individual 
will depend largely upon the background of that person.    However, 
with apologies to all the authors whose works are slighted,  the 
present author recommends to most of his colleagues  in the field 
of electromagnetic  theory that they consider as  a basic library 
the three books: 

W« Prager,  Introduction to Basic FORTRAN Programming and 
Numerical Methods, New York, Blaisdell,  1965 

J« T. Golden,  FORTRAN IV Programming and Computing.  Engle- 
wood Cliffs,  N.J.,  Prentice-Hall,  1965 

A« Ralston, A First Course in Numerical Analysis.  New York, 
McGraw-Hill,  1965 

For the use of any given computer,  the potential user will have 
to consider the manuals on FORTRAN which have been prepared by 
the manufacturer.    Although these manuals are generally written 
in such terse language that they do not constitute a good text 
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for the learning of FORTRAN, they constitute a vital reference 

once one has begun to acquire a familiarity with the language, 

A great deal of care has been taken in the preparation of most 

of these manuals. 

The present author feels that one of the most difficult concepts 

to master in the FORTRAN language is that of the FORMAT state- 

ments for the input and output of the data.  When one has mas- 

tered these concepts it is possible to devise a display of the 

output data which is essentially the format which one would like 

to have reproduced as a table in a technical report. One of the 

best ways to master FORMAT is to actually write programs and 

gradually attempt to be more sophisticated in the layout of the 

output data. In connection with the INPUT/OUTPUT statements, the 

author would like to direct attention to one manufacturer's manu- 

al in which he believes that an exceptionally good job has been 

done in illustrating the concepts associated with this important 

aspect of computer programming« The manual is; 

Honeywell Electronic Data Processing, AUTOMATH 1800 Lan- 

guage Manual. Wellesley Hills, Mass., 1961^ 

The AUTOMATH 1800 language is a "dialect" of FORTRAN IV. How- 

ever, most of the features of the FORMAT specifications are iden- 

tical with those of the features of most of the FORTRAN IV com- 

pilers for the larger electronic computers. Through the use of 

skillfully-executed drawings and illustrations this manual suc- 

ceeds (in the opinion of the present author) in clearing up a 

lot of points which one might be forced to learn to master from 

experience if one trios to follow some of the more terse descrip- 

tions given in some of the other manuals and texts.  It is ex- 

tremely important to master FORMAT because in many instances one 

can have a program which is working "perfectly" from a mathemati- 

cal point of view but one will be forced to re-run the job be- 

cause of a mistake in format specification. 
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Appendix B 

TABLES OP THE AIRY FUNCTION ON THE REAL AXIS 

In this  appendix we will  present some tables of the Airy functions 

which we have constructed for real values of the  argument.     The 

definitions which we use in this section are those  employed hy 
Miller*. 

Al(x)  = | y cos ( ^- + xt) dt (B-l) 

B1W = F /   [ 8in (V + ^ + exp(- T+ ^ 1 dt (B"2) 

We recall that Miller also defined the Auxiliary functions de- 

fined by 

Ai(x)  = P(x)  sin[x(x)]       ,     Bi(x)  = P(x)  cos[x(x)]     (B-3) 

Ai'(x)  = G(x)  sin[\|f(x)]      , Bl'(x)  = G(x)   cos[\!/(x) ]     (B-i^.) 

For small values of x,  one can evaluate these functions by means 
of the Taylor series 

Ai(x)  = ayj -py2 BI(x) = ^^{ay^ßy^     (B-5) 

y   =1 +J.x3+ llix6+ L±l   9 „  ■.,, 2    4    2-5   7     2-5-8    10 , 
yl     1     31 x       6'. 9»     x  +---        y2    x    4:X       7!X      ^oi^X     +   •• 

If  
J«C«P« Miller, The Airy Integral. British Association Mathema- 

tical Tables, Part-Volume B, Cambridge, Cambridge University 

Press, l9i|.6 
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where a and ß are the constants 

a = 3^/H)l  = 0.355028053887Ö17239256... 

ß = 3"*/(-|)l  = 0.2508191^03792806 79Ö1J.05...- 

The tables given by Miller include the following 

Al(x)  and Ai'(x).   x = -20.00(0.01) + 2.00.   8D 
Log10 Al(x) and Al,(x)/Al(x).   x = 0.0(0.1)25.0(1)75.   7-8D 
Zeros and Turning-Values of AI(x) and Al'fr).   The first 50 of each.   8D 
Bi(x) and Reduced Derivatives,   x = - 10.0(0.1) + 2.5.   7-8D 
Zeros and Turning-Values of Bi(x) and Bi'fx).    The first 20 of each.   8D 
Log10 Bi(x) and Bi'(x)/Bi(x).   x = 0.0(0.1)10.0.    7-8D 
Auxiliary Functions.   F(x), x(x), G(x),-<(i(x).   x =-80(1)-30.0(0.1)+ 2.5. 8D 

J 

Values of Ai(z), Bi(z), Al'(z), and Bi'(z) have been given by 

Woodward and Woodward for complex values of z = x +iy for which 

the magnitudes of x and y are less than 2.1;,  If one makes use 

of the relationships between these Airy functions and the modi- 

fied Hankel functions which were computed by the staff of the 

Harvard Computation Laboratory , one can obtain values of these 

functions for complex values of z for which the modulus of z is 

less than 6« 

We have programmed (using data from the Harvard tables ) Eq» (B-3) 

and Eq» (B-ij.) so as to be able to evaluate the Airy functions in 

P» M« Woodward and A« M» Woodward, "Four-Figure Tables of the 

Airy Function in the Complex Plane," Phil« Mag»» Vol» 37, pp» 

236-261 

♦»Harvard University Computation Laboratory, Tables of the Modi- 
fied Hankel Functions of Order One-Third and of Their Derivatives. 

Annals of the Computation Laboratory of Harvard Uhlveralty» Vol» 

II» Cambridge, Mass», Harvard University Press, 191+5 
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( v- the complex plane under the condition that the modulus of z he 

less than 6.1 •    The program is known as 

SUBROUTINE AIBIZ(Z,AI,BI,AIP,BIP) 

and is listed in Program B-l.     The relation of the FORTRAN vari- 

ahles  to the mathematical definitions  are as follows: 

« z = Z 

Ai(z)  = AI 

Bi(z)   = BI 

* Ai'(z)  = AIP 

Bi'(z)  = BIP 

The presence of the type declaration 

COMPLEX Z,AI,BI,AIP,BIP 

reveals that the complex arithmetic features of FORTRAN IV are 

utilized. However, the program actually employs double precision 

|       arithmetic« For values of z which are somewhat smaller than the 

limit of 6,1 which has heen placed on the modulus of z, the pro- 

gram can be easily modifiedv so as to obtain more than the eight 

. 
f 

For example,   let z = ZR + iZI  and add "D0UBLE PRECISION ZR,Z1" 

while retaining "COMPLEX Z." Omit the statements defining AI,   BI, 

AIP,  and BIP,  Then rename the subprogram as  follows:   "SUBROUTINE 

AIBIZ(ZR,ZI,DAIR,DAII,DAIPR,DAIPI,DBIR,DBII,DBIPR,DBIPI)."  Let 

the first executable statement be "Z = -CMPLX(ZR,ZI)."  Replace 

the  statements defining DRZ and DIZ with "DRZ = -ZR"  and "DIZ = 

-ZI."  The "CALL EXIT" which will occur when CABS(Z)  is  greater 

than 6.1 will have to be modified according to what accuracy the 

user wishes to achieve.  Since the greatest loss of accuracy oc- 

curs when computing Ai(x)   and Ai'(x)  for positive values of x, 

a comparison of the output of these quantities with the tabula- 

ted values given in Block B-2 will provide the basis for a cri- 

terion for the number of significant figures  available. 
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J decimal digits which are availahle when employing the "COMPLEX" 

features of FORTRAN IV, We have employed this feature in the 

argument list of the subprogram because we had in mind the needs 

of a user who is employing complex arithmetic in the calling pro- 

gram. 

If the modulus of z exceeds 6*1, the program writes a message 

AIBIZ CANNOT HANDLE Z = ... * 

(where the dots indicate that the value of z is printed) and then 

executes a CALL EXIT* « 

The NPREC subroutines (described in the Preface) have been employ- 

ed to compute values of the Airy functions on the real axis which 

are accurate to from 15 to 21 significant figures. In Block B-2 

we present the values of the Airy functions and their derivatives 

for the interval x = 0.1(0«1)10«0,  These data have been arranged 

in the form of a BLOCK DATA subprogram with the data stored in a 

labeled C^MM^N block referred to by the FORTRAN name EQUADP for       \ 

its relation to the EftUal-interval Airy function in Double Preci- 

sion. If we let the mathematical variable x be related to the 

FORTRAN index I by means of the relationship 

x = 0.1»FL^AT(I) 

then the functions that are tabulated are 

Al(x) = EAIRYF(I) 

Bi(x) = EBIRYFd) 
Ai'(x) s EAIRYD(I) 

Bi' (x)  = EBIRYDd) % 

The values of Bi(x)  and Bi'(x)  are accurate to 20 figures  through- 
out most of the range, but the values  of Ai(x) and Ai'(x)  deterio- 

rate to about 15 or 16 figures in the middle of the range.  The 
author has been unable to devise an algorithm which will achieve 
more accuracy for Ai(x)  and Ai'(x)  for x in the vicinity of 5 
when doing the calculations with a  "word length"  of 21 decimal 
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digits. Since the need for higher accuracy has not arisen, the au- 

thor has not undertaken the computation of the auxiliary functions 
r(x),  n.(x),   p(x),  and X(x) in the representations 

2v^ Ai(x) = vHxT exp[-M.(x)] (B-6a) 

V^ Bi(x) = VrTxT exp[+ii(x)] (B-6b) 

-2^Ai' (x) = VP&T exp[-X(x) ] (B-7a) 

VttBi'(x) = VPIXT exp[+X(x)] (B-7b) 

where the differential equations for the functions have been 

given in Eqs. (6-38), (6-50), (6-53) and (6-5^) • Accurate values 

for these auxiliary functions can be obtained for small values of 

x from the Taylor series in Eq# (B-5) and for large values of x 

from the asymptotic expansions of Eqs, (6-5>2) and (6-55)«  If 

step-by-step integration is employed from the small and large 

values of x, it is quite possible that one can close the "gap" 

that occurs around x = 5 with very precise values (whose accuracy 

will be apparent from the degree of overlap between the values 

obtained by starting at the two edges of the "gap"). 

In Table B-l we give the values of Ai(x) and Bi(x) for x = 10.0 

(0,1)25.0.  In Table B-2 we give the values of Ai' (x) and Bi' (x) 

over the same range. The reader should observe that for x greater 

than 25»0 one will soon reach the point where the values of the 

Airy functions will lie outside the range lO"-* to 10+^ which is 

employed by most FORTRAN compilers. The manner in which the Airy 

functions continue to grow with increasing x is displayed in 

Tables B-3 and B-l; where we present the values of these functions 

for (l/x) in the range 0*001(0,O0l)O«l00, Since problems occur 

in which we require values (for large values of x) for products 

such as Ai(x)Bi'(x) or ratios such as Bi'(»)/[Bi'(x) - qBi(x) ], 

it is not practical to use the Airy functions from Tables B-3 

and B-ij.»  These products and ratios are wall within the range 

of the FORTRAN numbers and therefore it is convenient to employ 
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tables of the auxiliary functions r(x), M-W» p(x) and X(x) ) 
which are defined in Eq* (B-7).  In order to tabulate a function 
which will permit accurate and easy interpolation, it is conveni- 
ent to consider the asymptotic expansions in Eqs, (6-5*2) and 
(6-55) and define auxiliary functions which have the property of 

approaching unity for x tending to infinity. Let us first intro- 
duce the quantity ^ = €(x) which is defined by 

^ = |(v£?) (B-8) 

We then define the auxiliary functions * 

Q(x) = V* rU) = 2icv^ Ai(x)Bi(x) (B-9a) 

M(x) = €"V*) (B-^) 

P(x) = — p(x) = - ^Ai' (x)Bi' (x) (B-lOa) 
V^c       Vx 

A(x) = ^"1X(x) (B-lOb)      ) 

Tables of Q(x) and M{x) are given in Table B-5 for (l/x) » 0#00l 
(0»OOl)0«lOO« Tables over the same range are given for P(x) and 
A(x)  in Table B-6« 

Pox    has also considered the case of Airy functions for large, 
positive values of the argument»    The auxiliary functions which 
he employs are suggested by the asymptotic  expansions which are 
of the form described by Eq«   (6-i].8),    Let us supplement Eq«   (6-I;8) 
by giving the explicit form for the asymptotic expansions for 
Ai'(x)   and Bi'(x),    Let ^ be as defined in Eq,   (B-8)  and let us » 
express the asymptotic expansions in the form 

L. Pox,  Tables of Weber Parabolic Cylinder Punctions and Other 
Punctions for Large Arguments. National Physical Laboratory Mathe- 
matical Tables.  Vol. Ij., London, Her Majesty's Stationery Office, 
I960 
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2V^ Ai(x)  = x'^expC-^LC-C)   ,    V^ Bi(x)  = x"1^exp(^)L(4) (B-ll) 

2v€ Ai'(x) = -x^expC-^KC-C)  , y/n Bi'(x)  = x1^ exp(4)K(^ (B-12) 

where L(^)  and K(£)  are the asymptotic  series 

V* Ua        ,  .     3-5  1 .S-T-Qll 1   ,  7-9-11-131517   1 

s=o 

V1 US        ,3-5  1 . 5-7-9-11 1   t 7'9-lM3-15-17   1  + / . 
'U)   =  2?  = ii2r6l+2I(216)2   p+       31(216)3 ^ + •'•      ^B"^) 

„/   v        V Vs        ,        3-7 1     5-7'9-13   1      7-9-11-1315-19   1 /     „ . v M(«)  =  Z is   =  1 ■ 11216 4 '   21(216)2 I7 "      31(216)3 ^ " '''      (B-ll|.) 
s=o 

In which u    = 1  and 

u8 = (2stl>(26t3
e^16V

)-'6"-"     . '3 = -I^T "s (B-15) 

The functions  tabulated by Pox can be defined as follows: 

R(z) = L(- |) (B-16) 

S(z) = L(|) (B-17) 

W(z) = -K(- |) (B-181 

X(z) =K{|) (B-19) 

Pox showed that R(z) and S(z)  satisfy the differential equation 

y"(z)  + 2(i± ^y'Cz)  + -2-. y(z)  = 0 (B-20) 
z      zc 36z£: 

where the + sign is used for R(z) and the - sign for S(z). He al- 

so showed that W(z) and X(z) satisfy the differential equation 

y" (z) + 2(i ± ^y' (z) - -L- y(z) = 0        (B-21) 
z  z        36z 

where the + sign Is used for W(z) and the - sign is used for 

X(z)« These differential equations are very promising for the 
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purpose of developing a method of numerical Integration which, can 

be used to obtain the values of the Airy functions In the "gap" 

between the region where the Taylor series of Eq, (B-5) become 

impractical  and the smallest values of x for which the asymp- 

totic series of Eq« (B-I3) can be employed to compute the func- 

tions to the desired accuracy* A very promising approach would 

be that of employing the asymptotic series of Eqs» (B-13) and 

(B-llj.) for large values of 4 (l»e., for large values of x or 

small values of z = ^" ) and developing a program for the step- 

by-step Integration of Eqs. (B-20) and (B-21) which would carry 

the computation to smaller values of x and ^ (or to larger values 

of z). 

In Tables B-7 and B-6 we present our results for the functions 

R(z), S(z), W(z),and X(z). The tables are given as a function of 

(1/x), where x = (fz)^, for (1/x) = O.OOl (0,001)0,100, The tables 

are accurate to about 20 decimals« 

Since Fox has tabulated the functions as a function of z = £ , 

there is only one point in common in the two sets of calculations, 

namely x = 2$  where (1/x) = 0»0l^ and z =» 0.012. The values given 

by Pox are 

J 

The Taylor series for the Airy function Ai(x) presents the  same 
numerical difficulties for large positive values of x as does the 
Taylor series for the more familiar function exp(-x)t The terms 
in the series so completely cancel each other that when one  em- 
ploys a computer word length of 21 decimal digits the output has 
become "computer noise" by the time one reaches x » 10.    The use 
of step-by-step integration starting from x = 0 and going towards 
x » 10 was found to yield essentially the san;e accuracy as that • 
obtained with the Taylor series. However,  step-by-step integra- 
tion starting from large values of x and working towards smaller 
values is a more stable numerical process and one can preserve a 
relatively high degree of accuracy, "V 
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R(0.012) = 0.9991719li.9i|. , S(0,0l2) = 1,0008387^ 

-W(0.012) = I,00ll60i+193 , X(0.012) = 0.9988269392 

The reader can readily see for himself that these agree with our 

results in Tables B-7 and B-8 for (1/x) = 0#0l;0, 

Pox computed these auxiliary functions to 10 decimals over the 

range z = 0«000(0,00l)0«050. In terms of the argument x of the 

Airy functions Ai(x) and Bi(x), this range is x < x < 00, where 

x a 9.65» This is essentially the same range as that of Tables 

B-7 and B-8, namely 10 < x < 00, 

The tables which have been given as Tables B-5 through B-8 pro- 

vide excellent examples of slowly varying functions which can be 

represented very efficiently by Chebyshev polynomial series of 

the form given in Eq, (8-^2). A representation in terms of a 

series of the form 2anT (T]) would require only a small number of 

coefficients a^ in order to compute these functions to high ac- 

curacy over the range employed in Tables B-5 through B-8, If x 

lies in the range A < x < 00, then we would take T) to be in the 

form x] -  (A/x)v, where appropriate choices of v might be v = 3 

for Tables B-5 and B-6 and v = 1.5 for Tables B-7 and B-8. 

Let us now direct our attention to negative values of x. In 

Tables B-9 and B-lO we present values for the Airy functions and 

their derivatives for the range -10 < x < 0 at increments of 0.1. 

However, we have followed the convention employed by Miller in 

The Airy Integral (see footnote on p. B-l) and we give tables of 

Ai(-x), Bi(-x), Ai'(-x) and Bi'(-x). Therefore, the arguments 

in the tables are positive and x « 0(0.1)10.0. When these calcu- 

lations were compared with the results obtained from the asymp- 

totic series the agreement was found to exist to 19 decimals. 

Therefore, we assume that throughout most of these tables the 

results are good to approximately 20 decimals. 
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Since the facilities to work with 21 decimal digits are not gener- 
ally available  (and since  the NFREC subroutines are not especial- 
ly suited for writing output on magnetic tape to be later reread 
into the computer), we formed the auxiliary functions P('x),x(-x), 
G(-x), and ^(-x)  at the  time of computing the Airy functions in 
the range 0 < x < 10.0»    The auxiliary functions are defined by 
means of the relations 

Ai(-x) = P(-x)sin[x(-x)]        ,      Ai'(-x) = G(-x)sin[^(-x)]   (B-22) 

Bi(-x)  = P(-x)cos[x(-x)] ,      Bi'(-x) = G(-x)cos[^(-x)]   (B-23) > 

or 

P2(-x) «Ai2(-x)    + Bi2(-x)   ,, x(-x) "tan^L Ai(-x)/Bi(-x)  ]  (B-2^) 

G2(-x)-Ai#2(-x)  + Bi'2(-x)  , ^(-x)»tan"1[Ai'(-x)/Bi'(-x)]   (B-25) 

In Tables B-ll and B-12 we present our output for these auxiliary 

functions for x = 0.0(0«1)10#0. unfortunately, the computer pro- 

gram was written without adequate forethought and the angles de- 

fined as x^"x) and Vf"**) which appear in these tables require a 

correction for those cases in which the angle lies in either the 

second or the third quadrants since the tabular values are in the 

range from -ft/2 to -HC/2«  The reader who wishes to use these values 

can readily determine if a quadrant correction is required by con- 

sulting the corresponding values of Ai(-x), Bi(-x), Ai'(-x) and 

Bi'(-x) which are given in Tables B-9 and B-lO# 

For x between 10 and 2$,  we computed the auxiliary functions by        » 

means of the asymptotic series given in K+»   (6-9)• We then used 

Eqs. (B-22) and (B-23) to compute the Airy functions. The Airy 

functions are given in Tables B-13 and B-ll; and the auxiliary 

functions are given in Tables B-15 and B-16« In Tables B-15 and 

B-16 the angles x^"x) and t|r(~x) a?6 given in radians, but the 

reader will observe that they are not confined to the range from 
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( 
0 to 2n radians«  The functions which we have tabulated (in radi- 

ans) will have the behavior depicted in Fig« B-l if we extend the 

tables back towards the origin« Since the quantities tabulated 

in the tables are x^"x) and 'j'(~x)# where 10 < x < 2$,  the reader 
will observe that the tables represent the behavior of the func- 

tions plotted in Pig« B-l in the region far to the left of the 

-r 

|(-)3/2 -1 
I -^ 

C 
Pig. B-l The Auxiliary Functions xU) and \j/(x) 
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portions of the curves which are depicted In the figure« \ 

For large values of x,   the  auxiliary functions possess the asymp- 
totic expansions 

\vt    \\2        1       /.     1'3'5     1      1» 3»5«7-9» 11   1     1.3.5»7»9.11.13'15'17   1 \ 
'  ('X>I ~ ,^ I      l! 96   X3 2'. 962 x6 ' 3! 963 x9,     ' 7 

< 

x(-x) -i.-lx^A . A -X. 1105. X .JglgLX + 1282031525   J^, .. .W27) , 
43 \      32  x       6144  xb      65536  xa 58720256   x1Z       / 

\ri v\\
2      1-1/2 A .     1-3     7       l'3'5'7-9   13   .  1'3'5'7'9-11« 13» 15   19 \ 

iG('x)i~ix r^?"i^~x^    ^    x^"-/ 
(B-28) 

«(-X) 4-1 x3/^! + JL   1 _ 1463X +i952nx..206530429 _^+ .. W29) ^ 
\       32 x       6144 x0     3 27680 xy 8388608 x12 / 

It would he easier to Interpolate in the tahles If the quantities 

which were tabulated were the slowly varying functions f(x), e(x), 
g(x)  and <p(x) which Eire defined as follows: 

f2(x)  = nj% P2(-x) (B-30) 

e(x)  =| x^  [x(-x) -itA] (B-31) 

g200  = -S. G
2
(-X) (B-32) 

(p(x) = | ** [y|,(-x) + %/k] (B-33) 

There was not adequate time under the present contract period to 

■ 
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/       prepare tables of these function« The author plans to return to 

this prohleni and to compute the functions for (1/x) = 0.000(0,001) 

(0.100). The functions f(x), eU), g(x) and (p(x) should also be 

developed into series of the Chenbyshev polynomials T (r]) where 

T)  = (A/x)-3 and A < x < « , 

The asymptotic expansions for f(x) and g(x), namely 

1x3x5  1X3X5X7X9XU  Ix3x5x7x9xlixl3xl5xl7 
f (X)   =1  + — ^-r—  -  T—*  +   ... 

96 x3        2i(96)2xb 3l(96)3x9 (B-^) 

2,  x             
1>«3x7     1x3x5x7x9x13     1x3x5x7x9x11x13x15x19 g  (x) = 1 +  __— + . — + ### 

96 x3   2i(96)2xb        3!(96)3 x9        ^^ 

can be readily extended to higher order terms. However, it is 

not so obvious as to how to develop the further terms in the ex- 

pansions for e(x) and (p(x), namely 

/ 5 1105 82825 1282031525 
I e(x) =1 _ +  —— +      + ### (BM37) 
v- 32 x3     6li|l|. xb     65536 x9     58/20256 x12 

,  %                  7           1463            1^.95271          206530ij.29 
cpCx) = 1 + _ - ——- + -_ +,,,     (B-38) 

32 x^     611+4 xö      327680X9     8388608 x12 

However,   the properties 

5 dvC-x) p <M-x) 
ttP^C-x)   = 1 ,      ^(-x)   = x (B.^) 

dx dx 

permit us to assume a series representation for e(x)  and (p(x) 

00 00 

e(x) = 1 + 2-r v"311     » (p(x) = 1 - 2Lt v"311 (B"^0^ 
n=l n=^L 

and to determine the relationship between the known coefficients 
2        2 

in the expansions of f (x) and g (x) and the unknown coefficients 

in the expansions of e(x) and <p(x), 
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Block B-l 

THE COEFFICIENTS FOR ASYMPTOTIC EXPANSION OP e(x) AND <p(x) 
DOUBLE PRECISION CHI(16)* PSKIS) 
DATA (CHim»PSIU>»I = l»18)/ 

A -0.1562bOOOOOOOOOOOOOOOOD»00 »»Q 
B ^0.17V850260Ul666b666667D>Ö0 »-0 
C -U.1263ÖÜ920U10156250000D+01 '+0 
D ■•-0.2163206675385066441130^02 »-0 
E -0.696828225368840826882D+03 »+0 
F ♦Ü.355539815813912851313D^05 »-0 
G -0.2653258417117625465560+07_HiO 
H ♦0.272583213024155993423D+09 »-0 
I -Ü.36Ö940270110980019016D+11 »+0 
J +0.636302047661337503479D-H3 »-0 
K -U.136224391805Ü07603521D+16 »+0 
L +Ü.354468285810780747936D+18 »-0 
M -Ü.1101799028791106007000*21 »-»-O 
N +0.40320Ö235777473355338D+23 »-0 
0 -0.171596466927167933860D+26 »+0 
P ♦0.8403103511019300552750+28 »-0 
U -0.4691665261659304360890+31 »+0 
R +0.2962548908311494713150+34 »-0 

.2187500000000000000000+00 

.2361184895833333333330+00 

.1511447143554687500000+01 

.2462034571170806884770+ 2 

.7608629420403805043960+ 3 

.3809212886818864022970+ 5 

.2808256224408019527590+ 7 
•2660794645326238563660+ 9 
.3848079090574717938580+11 
.6605061987087537408510+13 
. 1408710720378626689550+16 
.3654298473725017326380+18 
.1132963945001199420070+21 
.4137174440487588301650+23 
. 1757434964273766305900+26 
.8592416050699651455740+28 
.4790655102546575151570+31 
.3021326942151140149970+34 

J 

In Block B-l we present numerical values for the coefficients. 

The relationship between A^  and Bn and the CHI (I) and PSI(I) is 

Aj = CHI (I) Bj =  PSI(I) 

I   dX(D 

irF2(t)"" dt 

I  I |  I I I I | I I  I  I 

r62(t)  dt      -" 

Pig«  B-2   The Behavior of x'(*) «nd ^ it) 
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c 

The behavior of the derivatives of x^i am1 ^(t) Is depicted in 

Pig, B -2. 

In Program B-2 we present a FORTRAN subroutine which evaluates 

the Airy functions and their derivatives by using the classical 

expansions 

y-A. .   x          1    -1/4   -| .,        3-5     1 ^ 5» 7-9-11   1 /„, - ^ 
VilAiU)   =    2X e M1 - it 216   T* r"2 (B-i|i) 

7. 9-11-13-15« 17    1 . 
 3 3 + * * * ^ 

31 (216) r 

/r™ t^   -      -lA   ^ /, ^     3.5     1 ^ 5.7.9.11   1 /n 1 o 
VSBiU)  =    x        e   (1 + 1, olfi  7* 2~2 (B-l;2) 1. 216   €      2,   216)2     2 

where 

7» 9» 11» 13.15-17   1 
+ _ _ + . 

3j (216)*      r 

The reader will note that Program B-2 will set the Airy functions 

equal  to the following 

Ai(x) «    0 , Ai'(x)  • 0 

Bilx) « 10+38 Bi'(x) « 10+38 

when 5 becomes large enough that the FORTRAN subroutine cannot 

compute exp(±^). In Table B-l? we present a table of values of 

exp(±^)« The reader will observe that the overflow and underflow 

occur for x between 25»5 and 26,0, 

In Table B-18 we ßive tables of values of the sine and cosine of 

(^ + Ti/k) which will be helpful in considerations associated with 
the employment of the asymptotic expansions 

V^t Al(-x) = x"1/^[P(x)sin(^ + nA) - Q(X)COS(^ + n/ij.)] {B-i|.3) 

V^T Bi(-x) = x'^CPUjcosC^ + %/k)  + Q(xjsin(^ + %/k)]     (B-l|4) 
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where.  If we let 
J 

£=|   «3/2 

the functions P(^)  and Q(€)  are the asymptotic expansions 

5x7x9x11 9x11x13x15x17x19x21x23 __ 
P(x)  =1 _ +           +,,. (ß-iöf 

21 (216) V l|.l 1216) V 

3x5               7x9x11x13x15x17 
QU)   =     ■ j-r- —  + ,.• (B-i|4) 

1I(216)V    31 (216) V 

The reader will ohssrve that Eqe« (B-ijl) and (B-i{.2) and Eqs. 
(B-I4.3) and (B-Ijli.) involve the expressions 

3x5 
^(x) =      1 1 

l!(216)V 
5x7x9x11 

Ap(x) = *   m 
* 2!(216)V 

7x9x11x13x15x17 
A Ax)  ss       A ^ 
3      31(216)V 

In Table B-I9 we present the values of A^U) for n = 1(1)30 for 
x - lj..0(l»0)ö#0# These tables have been retyped from computer 
output so-as to present the numbers in "fixed point" format, i.e., 
as decimal digits which are not multiplied at powers of 10« Tills 
display of the behavior of the A^Cx) provides a graphic picture 
of the asymptotic nature of series in the classical asymptotic 
expansions for the Airy functions.  In Table B-20 we present the 
values of An(x) for n = 1(1)1^ for x = 1.0(1.0) 20.0,  These re- 
sults have been reproduced from computer output and appear as 
"floating point" numbers. It is hored that the availability of 
these tables which present the value i of the successive terms in 
the series will attract the interest of people who have been 
interested in summation techniques for asymptotic series« 
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Block B-2 

AIRY FUNCTIONS ON POSITIVE AXIS 

^ (M to d-in vo r« (o cr o     ~4 cu to 4-in «o r» co o* o <-t CM to 4-in «o r» co o« o 
m in in in in in tn tn m \o     so «o vo vo «o vo vo vo vo r» N r^ r^ r-r-r-r--r» r» « 

u. L. u. u. u. u. u. u. u. LL  U. U. U. U. U. U. U. U. ü. U. U. U. U. U. ü. U. U. üL U. U. 
>->•>->->->->->->->-  >->->->->->->->->->- >->->->->->->->->->- 
a: a oc o: o: a: ac oc cc oc    oc oc oc oc ac cc cc oc oc oc oc oc oc oc oc oc ac oc oc ac 
»H M 1-4 M M •-• »H Hi »4 M   |^ M 1-4 IH I-« M M M •-« IH M IH Kl IH »-« M HI IH M IH 
CDCDGDODODODCOflDGDOO  CD CD CD CD CD CD CD 00 CD 00 CD CD 00 CD CD CD CD 00 CD CD 

»•.»»•»•••.v •••.••.•.•»•% •.•.•.«.•...•.•.•.v 
000000^^^*4 ^4 <H «4 <M (M <M (M (M CM K) K) (O K> W »O * * * * tf) 
oooooooooo oooooooooo oooooooooo 
+ + + + + +IIII I  I  I  I  I i  I I  I  I I I  I  I  I i I  i  I I 
oooooooooo oooooooooo oooooooooo 
co o* vo co in vo o to *4 in 4-«r o «o \o «H 10 »o co «o N »o \o o* r-if m J* an*- 
co r-* ^ cy 10 o it r-oo ^ vo co vo co o« in 4-o co vo so co «o to \0 ^ in r-o 
oo oiotMinN rocM CM CM 4-in \0 o 4-vo m^ m 4- r»-o* oo * »o o» CM oo CM o» 
d-\0 oo o* in CM *o to CM-H in to «H \o «H o (MO o« ro * in CM co r* oo 10 o» o* vo 
<r *\0in-4* r-omo* o»^ *o» ^o» h-cor-r» Nin* ^-^ooocMin 
o^ io* oo*m r» *o of>» v4so COCM o« of>o oco 10«HCM o*if o CMr«-ino* 
** vO Ot 4* ** CM >0 0* CO K) CM if cf vO-4 CM O r» 0» «-l K) CM O if 4> «4 \0 0^ CM CO 
cor> h-«o co^ o «4 m 4- K)m ^a> i^ co CM«H r^ o \o vo in 10^ co <o o* r*co 
io \oioK) eoio^io *r«. r» r-r* (o oo* if cor-<o ^o* * * o* »^ ^r* CM 
vO in \0 4-<M IO \o 9 co CM r* (T \0 CM «o io oio o 3- O» \0 * \0 vO CM »-• co co in 
oo o^ <o *'-i *o r-«D \0 K> »H CM a« o^ 4-o o> vo *4 o o oo CM oo to in ^-vo in CM 
CMCM\Od-IOCMO<0\OCM CMCMCMif^ifCTCMCMCM t0»00^CM»-»CM0*0^fl0O 
4-4-«4 ^ «o CM oo o« co 4- if «o m •-• in r^ r-co o» «-I co \o to to oo a> o CM in ^o 
in in <o ^ <-! \0 9> r^ \0 o it-10 CM cr to CM i*-^o oo in «o co CM CM <M in «H 10 o 10 
•Hiooto^-ro^o^io OO^COVOO^O^CMCOCMCO ooin»-iini»-in*o-iin* 
iocMovO!Minoo»cM«H d-ocMOfoto^-Ncrto iniocMtn^inco^or-o^ 
O if 04-C« CM (8«0 \0 3- O «0 (Mn-4 if K) ^ IO \0 0^ !*• to CM d" CO O» O ^ \0 
^ r» co co CM ^ to to to CM ^m co o »HN CMVO a« in * o> * to« CM CMO oh» 
lO^-crcMnvoomocr \oincM«^o«vOiocMCM»4 h-<Mnoootor*>iniOif 
oin o«o toocM cMr» 4- in co to 4-min «-t•-<^ in cMo«or> o COCM \0 «oo« 
K) CM CM «H-^ «-• CO ^0 * to CM *-•<-< O« vO if tO CM «4 O« \0 ^ CM «H «^ vO d* CM »4 9 

oooooooooo oooooooooo oooooooooo 
♦ + + + + ♦♦♦ + ♦ •♦■♦•♦• + ♦ + + •♦■♦+ ♦♦♦♦♦■f-f-f-f-f 

000000^^^-4       «-4 ^4 «H ^ CM CM CM CM CM CM       tO K) IO lO IO * * * * * 
oooooooooo     oooooooooo     oooooooooo 
♦ + ■♦••»• + +1111      I  I  I I  I I I I  I I     I I  I  I  I  I I I  I I 
OOOOOOOOOO'S.OOOOOOOOOOVOOOOOOOOOO 
r>r-^)fO^-<Hcoin<H(M'--ioo^»^cMvoco4-cMin'«d'«4«4eooiotOifr>cM 

w w •, vo to «o o o> r^ ^ in fH 4- h> o^ CM h> o^ to «-i in CM o to oo CM to it »^ CM »^ CM o» 
u.u.u.o^a>f^tooo^vor-insooo\ood'0*r^a>h>incooovin.voooo»»H^cM^in 
>->->-cMo^io»io»4r^oovOh-vO*vOiooo>ro«Hvo*tooovO\OCMio^«soo-**^nn 
oc oc oc •ocM<or-*o«oo»o»r^\o »vOcMooaotocMO^^tif »cocrocMto^r^^vor^ 
i-ll-iM^>H0^4-oio«ooosoo^<HCMioacooh>to^'0^o>*4«HCMOkinm4'\o^aoeo 
<<< coiftooifh-h-*itifcMm\Oifcotoiointoh»*ifNO»oor*r»ifin«\Oif 

* bjiüüJiifOoroin^-o^cMino^oviiNOCMoincMcot^soo^^-iio^ifocrsoooocrod- 
»-•inoco^intoooHi(M»-iM>cMh>v0^vo>oo»o*«Ht-tin»Hioinocooc-\oco 

z z •ioinocooinin<-40tin »CO^O^-OCMCOCMCOOO^ »^vo^eomro^mcM^ 
o o-> ^ m oo a« 4-in ^ oo CM'H «^ m o 0*4 «4 «H 00 9 vo o^ ^ com »4 in »4 ^ to cc to o« 
iHvtHMOvos4,to\oior>oio»OHi«HcDooin^o>vOsOocMH(h>v4mtoo\o<Ho<-to 
inQ.i/)«^a>«^vOoior'No»<ow»4»4fo*o*cM«oor»'«-toooto-4^ooo*r»in 
«-•o»Hu.cMooooocMinh>cMoa.cMiotointoiOifh>ocou.vONOCMcM^h>'4«Hr<>if 
0<ü>-«-4i^vO*OOifNOO>0»CM>-00»CMtOCMNOOOOOCM*>-vO«-llOO^^CMtO*-l»40» 

<uj3iiJOitosOfOCMvOO^«o.*r-*ocvOO*o>in-40»«)o*r«»ina:o»r-oocMifinioooo 
HQeoaeMoookvOooit4>o^^'N4CM«4inflOto(*cMoin\o»-icMeoin\00»rMoininN 
<Q.ijjQ.<cMoo<0'-icoof<'*cMO><intocMO»xOtON*inr*<\or-cMcoo*»oo*oooif 

4 o     v    u» o» oo-< o^ «H o if f'to in LJ cr oo r^ •-• oo o^ oo co 4-^o u to r» o CM in »4 o vo eo N 
üJZUJw,cM^.ioooincMto*4<to<-»o»»<in^co*f<inr-»4 — Noio^ioo^toocM 

^JO-i    tocMCM'-J^^o^i^m*     cMCMt-4^ih>intocMH^4    r^tniocM^comtocMH 
U CD Z CD<    • <••••••••••<•••••  
OOZ3HOOOOOOOOOOKOOOOOOOOOOKOOOOOOOOOO 
_IOOO< + + + + + + + + + + <+ + ++ + + + + + +<++ + + + + + + + + 
cooo oo o o 

* < OOU O Ulli. O X H4-}       < CD U O Ul U. COX •-• O      < COO OUJ U. CD X »i "5 
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Block B-2   (Cont'd) 

AIRY FUNCTIONS ON  POSITIVE AXIS 

-« <M 10 * in *» r* eo o» o    -H CM 10 d-in <o r» eo o« o    ^ <M 10 4-w ^o t>* eo ov o ^CMIO^ J 

>->•>->->•>->->->->- >->->.>.>->->->->->- >.>->.>.>.>->.>.>.>. >.>.>.>. 
occctccccctt trottete,    ecececaiecocococtrir    ococtccceccccctccca: occcte.tr 
M M ^4 1^ »^ l-t »H 1-4 H« Ml        IH M M^4 MIH l^*H »^IH        |-» »^ M M Ht •-*»-• 1^ « I-* |-| •-••-• H« 
CD CD OD1 CD 0) CD CO CD OD CD  CD CD CD CD CD CD CD CD CD CD  CD CD CD CD CD CD CD CD CD CD CD CD CD CD 

,•«.«•,•.•.*»•.%, »»•,•»••••% »••.•«•»•.«.v •••-. 
in in in in «o vo wo <o h'r> h. h> co <o ao co o« o> o> o^ o o o «4 «H *4 *H «-i *4 <H ^^^«<M 
0000000000 0000000000 0000000000 0000 
1 1 1 t 1 1 1 1 1 1 1 1 1 1 i 1 1 1 1 1 + + + + + + + + + + + + + + 
0000000000 0000000000 0000000000 0000 
,0 ai «o co ao in 4-to o (u ^ CM (vi« co CM N 10 CM r» oinio^ino»4ocMin cMincMO^ 
«■tf'4-loco o«or^ «O<H oiotrci-om 100 ^«h> on »-•**« in «0^10 oo»fO\0 
\0 CM in co o» «o ^ in ^ in o» «0 «0 Jt 10 ^ CM 0« o« o« *«o eooo^o»<MO» o o o^mo^ 
^0» co arr»'00* or* CM CM <o \0 in * r* eo h» ** 10 mo»-«oin <o cocoo« ^ IOVO«O<H 
CM 0» o> «H o CM ^ r> <H «o 10 «0 9 in co CM «o 4-«-• in 1010 co t" CM o eo «0 CM t- r«-m 10 in 
co CM 0» co r> CM CM 10 o ^ 00 «^ 1010 o> 10-^ in 10 o CMCM 4-O<H«O<-I o« j^-i^cMin 
o» o «4 \o «o «o in in (MO r«<M(Mo eo^otor^h- ^r* o»or» ^ OO«H 0^ cr o* r* 0 
»4 (0 O« «0 *4 CM r» CM CD CM CM 0> ^01«* * h-CM <-♦ CO «0 « O» « ID (0 K) \0 «H (T CM \0 in CM h- 
«»^ «o ^o r-CM «o »^ ^ o^ co «H in to CM o (Mn o (r \o in o> «^ (M o o ^ 10 co *OOMK> 
om» r^o« Jt <o OCMO» CM h-«in r* r* r* »H 10 co com *ioin-4ioin * r^ «OCMCO\0 
«o co in co o»-H CM co CM o o Jt «0*4 COK) h>d-^ CM ^-1 o»<Ma><oincM N 0» r>-4or- 
o« co <M \0 in o» 0« «r *o «o 4 0» *40» 010 o o (M in o» o »o «H * in «H «-i vo o» «H^ioh- 
»4 «H m »4 a> in 10 ^ «o »4 10 o» in «4 n co h> n CM in CM o-4 r» a« r-«-• r-m o» eomcMo 
r*ioo>*oo»oa>^o<o co^-^ind-^^mcocM oo.i-<Hif»\Ob-»-»ioa in«o«oo 
o CM (M^ ao «o-4 vo o r» «H in «0 o ao CM-410 CM 10 CM o 10 CM 10 to o> d-0* 3- voor^r* 
«o«ocrr*cM%Oh-Jta>o d-ioosfio^o^iooin ^-loiocMCMiomr^^xr »o r» eo CM 
^■r-ineo»4'H*40>o»cM No»in.^'^*5rcM»4h' >oh-\04'4-<^»od-(Do oh>oin 
(Mf^omcM^N^cMCM o>*iocM-4*r*ioio4' ^-t'-ocMN^iocMinco r^inoo» 
CM »4 in r» oh «o CM in co o> ror^eo«^ N^-vooooo in«-i «-t*oeMoeoo»o> \O<HV4*4 
o \0 «4 CM 4-»o in ^-CM «D «0 «-»4 in 4-10 CM o> o *4 00 «tocMd-r^om CM cMOino 
^O K) CM <H r» * CM »4 CD * CM ^4 00 4- CM *4 h> 10 CV «4 h-«) 0» ^4 »4 *4 <H CM CM K} 4-tf) h> «H 

) 

?999??9000    oooooooooo     oooooooooo    oooo 

k inininin«o^OvO«ovor-    N^NOOCOCDO^O^O^O»    oooo^^^^^^    ^^«^««H « 
??99??90?0    oooooooooo     oooooooooo    oooo I 
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Üf ^^P 22fyS!^ ^ ^ w^^* ^«o^wo^win »H UJO> CM 4-10-4 omi*> ^^«UJ* co com j 

r!2t:s?t,^20*0^l,,,'!50*00,0«o<o»r>«om—minmN»4K>m«K»o*«-'r^oo-tr^ *                       .' 
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Block B-2   (Cont'd) 

AlflY FUNCTIONS ON  POSITIVE AXIS 
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Block B-2 (Cont'd) 

AIRY FUNCTIONS ON POSITIVE AXIS 
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Block B-2 (Cont'd) 

AIRY FUNCTIONS ON POSITIVE AXIS 
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Block B-2 (Cont'd) 

AIRY FUNCTIONS ON POSITIVE AXIS 
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SUBROUTINE AIBIZ(Z,AI,BI,AIP,BIP) 
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Program B-l   (Cont'd) 
SUBROUTINE AIBIZ(Z,AlyBI,AlF,BIF) 
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Program B-l   (Cont'd) 

SUBROUTINE AIBIZ(Z,AI,BI,AIP,BIP) 
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c Program B-2 (Cont'd) 
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Program B-2  (ContM) J 
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:  O Table B-l 

THE AIRY FUNCTIONS   (10 < x < 2$) 

( 

10.0 
10.1 
10.2 
10.3 
io4 
io.5 
10.6 
10.7 
10.8 
10.9 
11.0 
11.1 
11.2 
11.3 
11.5 
ii.5 
11.6 lul 
11.8 
11.9 
12.0 
12.1 
12.2 
12.3 
12.i|. 
12.5 
12.6 
12.7 
12.8 
12.9 
13*0 
i3.1 
13«2 
13.3 
ii4 
13.5 
13.6 

13.Ö 
13.9 
l(.0 

Ai(x) 

.n0««7£3255289e685935UE -9 

.802650U702909S9S 1038i4 E-1C 
• 58225673931Ub971366«iGE-lC 
.U2172819226260 W61tdCE-K 
.30i»9e8818659»»0013019eE-lC 
.22022 7ii519283»*0l6U3 78E-1C 
.1587€09G78«»6761020«*95e-1C 
.I1U3C5570U006619CC122E-1C 
.8216«i03U 15359878 79 103E-1 
.58971785U2355e3209735E-l 
.«I22627586I496035959278E- 1 
.302U3029H3390258477 ICE-1 
.2l60973U6i»206»«0172»4 70t-l 
• 15»«iei7736556U07183COE-l 
.1098Ui«63 17760 130698 17E-1 
• 781U290'i8396285U3U76lE-12 
.55509561502U136U98269E-12 
.393746092799 13277UU4 IE-12 
w278892938693867579U16E-12 
.19725778U30252027998UE-12 
• 1393 181(668875360839 16E-12 
.982570348972166959969E-13 
.69199270136656906396 16-12 
.486658957563709191193E-13 
.341/71385120404C93962E-13 
•23968278260/8049936816-13 
.1678535402849063286506-13 
. 117386739477356562230E-13 
.819794032816253390974E-14 
•57172861665207871C946E-14 
.3981776078833335363686-1«! 
.27692852 7454 303941924E-14 
k 1923378383265192324286-14 
.1334043904436 132248 13E-U 
•9240299231256377377636-15 
•6391673876741866651826-15 
•4415277017994101159846-15 
•3045917781195526435726-15 
•2098443778378903728606-15 
% 1443768268407858795476-15 
•9920205491192377268286-16 

Bi(x) 

.45564115354822514C8356 9 

.6240208078751005586706 9 

.8559919521429397243416 9 

.1176064627812018572156 10 

.1616378355925988532496 10 

.2230554441136695228826 10 

.3079116097411633707416 10 

.4257124992535575608136 10 

.5894955352414365464516 10 

.8175515560123620780946 10 

.1135578253043047628106 1 

.1579730840830296144186 1 

.220C94965796322737891E 1 

.3071107495362083891456 1 

.4291753611130391608196 1 

.6006568015889603654826 1 

.8419124146271474900786 1 

.1181825636207017335756 12 

.1661433640266314817876 12 

.2339121892419696753236 12 

.3298072258290741761556 12 

.4656956415799357210546 12 

.6585308813868049516966 12 

.9325655972826153889886 12 

.1322541314728766546846 13 

.1878291935622051866976 13 

.26713964013C5799377976 15 

.38048051132C195C027166 1? 

.5426787378459237553196 13 

.7751165406321977621856 13 

.1108670671905940474526 14 

.1587987282606835661786 14 

.2277707673685720484986 14 

.3271546334029509215746 14 

.4705545112262510632466 14 

.67774^9026570790720766 14 

.9775066832787969634006 14 

.1411783489044016659646 15 

.2041780754334598085516 15 

.2956926569962840911246 15 

.4288053617865341494506 15 

c 
B-29 

LOCKHEED  MISSILES & SPACE COMPANY 

mKKmmmtm aw*" 



Table B-l   (Cont'd) 

THE AIRY FUNCTIONS   (10 < X < 25) 

J 

li^O 
11^1 
11^2 
11^3 
lk.L 

Zl 
14.9 
15.0 
15.1 
1$.2 

154 
15.5 
15.6 

15.8 
15.9 
16.0 
16.1 
16.2 
16*3 
16.4 
16.5 
16.6 
16.7 
16.6 
16.9 
17.0 
17.1 
17.2 
17.3 
17.4 
17.5 
i7.e 

17.6 
17.9 
16.0 

ll(x> 

99202051J.9119237726Ö28B-16 
68072056678M93U1M2 H16E- 16 
«♦66»»9 1686992 17*»5 H«9 1UE- 16 
3192627866595625152676-16 
2182U»J»lii530K5ii6«i35«*7E-16 
Hi89537li5»i965927 I958UE-16 
1015139812<t27i»3<t52799E-l6 
6913ii30l»839317009«i789E-17 
l»7007V7ii5i*9U528969li80E-17 
3192l982iie7U692068992E-17 
216U962520737992299»»7E-17 
1l»66<i0e39180U85896765E-17 
99 1965118711 It2699992 11 IE-18 
670198278089UC7213293E-18 
«»522209«iC936555302753E-ie 
30U7538152U560I2681I26E-18 
205 116Ui| 7056730 1669H5E- 18 
13786 1622673«i7052«»835E-18 
92S696356U5V6363S7690E- 19 
6207099007635 J26ii4586E-19 
»»156€8882891702«»39i«59E-19 
2780»» 13696 18C7302362eE- 19 
1857i»337755095Ul6e320E-l'3 
12393152«i303»i58891909E- i9 
8256 78930U858ii1699275E-?C 
5U969 1117296706076i»27E-?0 
365U 1836M02301733S73Ub-20 
2ii2623S22063067i| 71752E-20 
16089697306 U4e330l4990E-20 
106570U5527532U568209E-20 
7050 1972983886 H»5U316E-?1 
'»658H639 16M2382958885E-2I 
3071»ii 16599652 19«i65920E-21 
202657508692925886650E-21 
1331*2713««7613301«92736£-21 
877M22082329II70973712E-22 

• 57<»3n585«4826131l86o3£-?2 
w378C6719i»U«U859eCl7?5E-?2 
k2«i77501007i»7575«i21298E-22 
.162 152772953339028691E-22 
b 10600M668252II79556569E-22 

Bl(x) 

.6?266l4667522772ii.i653B 15 

.622681U667522772U1653E 15 

.905131li8677Sli66<i95ii33E 15 

. 13183388389 18ii7870723E 16 

. 192' :C9e«*U19«»i«2C95902E 16 

.28C612«ie32CC50«*0«»«4l72E 16 

.«i1C2H»ei999«426«*e73870E 16 

.600i«671ii5957S67317280E 16 

.88C113S151I0339O6I2038E 16 

.l2916eei5e3852^753293E 17 

. 18982C99S67ii935e96803E 17 

.2793164C9283672851039E 17 

.li11S>iC29216eii21176798E 17 

.6071ii1716C93S86C208U5E 17 

.896866288053209(1818806 17 

.1326Sii92278CC92e27686E 18 

. I96«i60U9695l825582493E 18 

.291327ii9l9751699I1057E 18 

.432553921259tt7eC85776E 18 

.6«»3C57U7837e96ll08950E 18 

.95721239Q60ii918652615E 18 

. l«*2fc63l-e5661837IU«8U17E 19 

.212891190 111IC216270192E 19 

.318C97U7362901U706626E 19 

.«♦758797M192997IU62631E 19 

.71281I271519508131268E 19 

.106903 16511 lUC92Ui»0Ufl5E 20 

.I60S2533099II10898636UE 20 

.2«»12»i1U617572C067U956E 20 

.36329CH8823U62927JI956E 20 

.5U7530381133058698161E 20 

.e262H«7C69I78»iCM93119E 20 

.12ii826ii262ii23132US922E 21 

.188819783539238664059E 21 

.28596S892i»8C123612397E 21 

.«♦3361591835»i300699855E 21 

.658292«»93175876l9928U£ 21 

.100058115105 I3U7861296E 22 

.1522678902673337313236 22 

.23199630888I76SCU5897E 22 

.3538918250356568669796  22 

1 
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( Tatle B-l   (Cont'd) 

THE AIRY FUNCTIONS   (10 < X < 2$) 

( 

18.0 
18.1 
18.2 
18.3 
18.14. 
18.5 
18.6 
18.7 
18.8 
18.9 
19.0 
19.1 
19.2 
19.3 
194 
19.5 
19.6 
19.7 
19.8 
19.9 
20.0 
20.1 
20*2 
20.3 
20.1*. 
20.5 
20.6 
20.7 
20.8 
20.9 
21.0 
21.1 
21.2 
21.3 
21.£ 
21.5 
21.6 
21.7 
21.8 
21.9 
22.0 

Ai(x) 

. 10600^6682521^795565698-22 
*6921768»42161265116230E-2J 
.U51)4ii2O2)5i481i|ii010205E-23 
*29U090577881i88059609E-?3 
. 19 I3620i«76«i52e5272726E-?3 
.12U37337669719M0U5779E-23 
.807U I58960273683706»»7E-2»I 
• 5235603U50227579823M5E-2«! 
. 339 1C72623653 155 1257»»E-?*« 
.2l93e63675365»i39C09ii9E-?«i 
.1U1770M377793 352Me8«iE-2i4 
.915C95679970Ö7539 3665E-25 
.5900CI8682flU2C9U67362E-?5 
.379968M973U521U6U9698E-25 
• 2«4iiU2 76 73798U227U5U13E-?5 
.157059056151761637797E-2G 
• 100ÖC60631530U438»«290E-25 
*6l*62e2826U852»432009 12E-26 
.U13877756396«l735099l496-?6 
.26U750 1868923 702fi30*40E-?6 
•16916728686705U0313296-P6 
• 1079726 11 H485 153G0070E-26 
.68838 I 3870286C?5958U2t-?7 
.»♦38393U96762»iC279288CE-?7 
.278861510801988761086E-27 
.177213635U31U9U210350E-27 
.ll2««657M521uei0l356l8E-?7 
.713217397M9533U31U91lE-?e 
.«i5172235U958226535600E-2e 
.285790363311651692»469E-?6 
. 1806 138iiU2««70 383378936-26 
. llU02053132fle95726U37E-26 
.71902626»4l27932i4C062iif-?9 
.»«52936387392 1529285706-29 
.2850109327569582391556-29 
. l791508017269«4Ul36U60E-29 
.112Ue«983696C01255e02E-?9 
• 705563606817C010602i42b-30 
.»IU2077811985«4058e02166-3C 
.276693089ö«<72 709992066-30 
. 1 729960210353698285 H4E-30 

BiU) 

.353891825035656866979JS 22 
.5itCii7it52632ti0ii0e9l267E 22 
.e26l06»«e852M8U667IC57E 22 
.126509912iil605257U2U2E 23 
. l9389Jie660U2865782519e 23 
.29752C95PI1107223173UE 23 
.U57C63e9U12i462ei865U3E 23 
.70297999»»»i276676529766 23 
.1082U66 17UI42C083727766 2H 
.166e7»i3736»»970U369106e 2«4 
.257553555223UU5e5«i590E 2U 
.39796665671U8C2327U15E 2«» 
.61563et43090C988e6898l6 2U 
.953>i61869U«4663ie73350E 2«» 
.1(178353 1i»61i432U18U2t«lE 25 
.2291(82 19685ii86U866637E 25 
.356627195U277722722986 25 
• 55«i8li7051820i4H»e97862E 25 
.86i42197685C5250258610E 25 
.13»«7615299H<77U7669156 26 
.21C3765CU965110381U816 26 
.32878868155752901168696 26 
.5H4«42677UU1U17229377U6 26 
.e0577933UlCC291031133E 26 
.1262552588655052977766 27 
.19e35992986288335*«653E 27 
.3117«i3C6232186621 16596 27 
.»49CU793C09619C5262920E 27 
.7725U61353C9276695631E 27 
.12181670381763142090326 28 
.19229U»462«4e63808351876 28 
.30368066621465978622566 28 
.UeC7«4«47735C5085303756E 28 
.7613/76e2662«43137i4l38E 28 
.1207U281033582H4»45106 29 
. 1915971197022905878516 29 
.30»4«i?17e83«40«4862769956 29 
.»48«42399«4672C5696897536 29 
.771C80«497U83682132865e 29 
.1229153788638188669156 30 
.1961(458 1140918622869206 30 
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Table B-l   (Cont^) 

THE AIHY FUNCTIONS   (10 < x < 25) 

Ai(x) 

• 17299602M>3536962651l»X-30 
• 1080117116U2i»7iiU690369E-30 
i,67i»TC9610528»»972039«*6E-31 
.«♦20135285336U2U625698E-3I 
»261571313128I37732769E-31 
k162680085685162156032E-31 
•1010701706955U3960172E-31 
•627273M8205772U93U700E-32 
.388899306256067356723E-32 
b2it0860011i«02S33986301E-32 
kli»90 18609576720609125E-32 
.9210125569II9555995971E-33 
k5686U««UM3U7153«»853285E-33 
• 3507253921*61375990915E-33 
.21609550500UJ*797«i569eE-33 
k 133O07e628939i«327606eE-33 
.817829734113617523939E-3i| 
*5023M653323«* 157006 11 1E-3»I 
b 3082(47656155050173329E-3it 
118B9526291026i*662000UF-3U 
. 1157CÖl0853985U2i*65«*6E-3»i 
.70783699869893122Ul36-35 
• «1325758202856573 10276E-35 
.26U08980it80389982798CE-35 
• 161065U315"*80295i«6C06E-35 
.9813303797U6299i«77985E-36 
• 59729823 1556962C29287E-36 
k3631677352U 10S4U62 lit7E>36 
.220615M64672314862753E-36 
. 1338771U16337552787»i2E-36 
.811602682469138668U87E-37 

B1(X) 

.196l^58lU09l66228692OB 30 

.3133»»C9117293869m638E 30 

.5C1C9UHI6811929577183E 30 

.8022037C53ie530«H»3379E 30 

.12856ie3106l175369958E 31 

.206253C78Ui«12252308i»5E 31 

.33I2«H»5e95i«eiC97359U7E 31 

.5325>U«71362U6«»6993627E 31 

.857079eUilC5U82206269E 31 
•13808399397799U646176E 32 
.2227005U7962286089U19E 32 
.3595U569827C528538025E 32 
.581086U85732C68ti8ei*85E 32 
.9«*01135826175i»8287527E 32 
.152255C7139e365l33662E 33 
.2i*6E39l91i*8919015e363E 33 
•U0C5958C5695I79662706E 33 
.6508C01555C55388U9720E 33 
.105836eii985681U775385E 3U 
. 17229521U05783U582311E 3i» 
.28C7731E36810731U53U3E 3U 
.«♦580186896827261C9010E 3U 
.71*79 197U3601813718i*55E 3«* 
.122255973895U35C7790UE 35 
.200CU4930628918696415E 35 
.327662289156333821*0018 35 
.537236991628C9U2070U8E 35 
.881749018891367C53629E 35 
.1i*l*e6it7725390ti68ne83E 36 
.2382M2053223789U20319E 36 
.392203C778CM138177325E 36 

) 
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Table B-2 

DERIVATIVE OP THE AIRY FUNCTION (10 < X < 25) 

10.0 
10,1 
10.2 
10.3 
10.4 
io.5 
10.6 
10.7 
lo.l 
10.9 
11.0 
11.1 
11.2 
11.3 
ll.ij. 
ii.5 
11.6 
1.1.7 
U.8 
11.9 
12.0 
12.1 
12.2 
12.3 
12.4 
12.5 
1.2.6 
12.7 
12.8 
12.9 
13.0 
13.1 
13.2 
13.3 
13.4 
13.5 
13.6 

13.8 
13.9 
14.0 

Ai'(x) 

-.352065367673892363533E -9 
-.2570360727U88U6387539E -9 
-.1873b87890212755798U0E -9 
-.13635289U9956702U0U92E -9 
-.99075995195010803676l£~10 
-.7 187696781U51567089UUE-10 
-.52063?962fl2H»16U85765E-10 
-.37652B20868652853UU56E-10 
-.2 718et'.353U93916U59796E-10 
-.1960262 1 7007 1709 U4U8 IE-10 
-.1»«111«<412U66285I733U3E-10 
-.101U29758I559838I6715E-10 
-.7279U6252U50190530376E-1 
-.5216U638717962U0U102ÖE-1 
-.3 7ii?«*936l70788681002UE-l 
-.26b667996750U53lU05U2E-l 
-. 190236835053U8665UU«» 7E-1 
-.135510550276357766030E-1 
-.9638U95U0U22801512153E-12 
-.68U5510UU188868002757E-12 
-.1*85«»73655U98530846105E-12 
-.3««378e60722501380Un 1E-12 
-.2U31005714 560611553690E-12 
-.171653181219169350850E-12 
-.12l0296382160719351U3t-12 
-. 652131« 656i»673856i»it268F-1 3 
-.59910633U933158660U2i»E-13 
-•U206 11 6798«»0U988i6960fc- 1 3 
-.29487ÖU193927U785788IE-13 
-.206U3882U906816728690E-13 
-. U4ü320805739726260»»20E-13 
-.100755029085771972U21E-13 
-.7C239U775707173076768E-IW 
-.«♦889909 1759095196266 IE-lU 
-.339953 1028707628 17933E-U 
-.23601U25U392U31128U73E-1U 
-. 163629 1 78056036U<t2168E- Ik 
-.1132892T9093531600068E-1»» 
-.7832937U5803U2010M969E-15 
-• 5U08i*2 103U67590M09731E-15 
-.37293101 1001790067898E-15 

Bi' (x) 

.1U2923613UU8286577692E 10 

.1967U0716238251062303E 10 

.2712J416361281U7866228E 10 

.37U530U97077283683286E 10 

.5179»450206165«»2516815E 10 

.71736922U528329918220E 10 

.99508785193257181I777E 10 

.13824096312236110U302E 1 

.1923383n212363513003E 1 

.2680067193U07769076U5E I 

.37U00I68I969269770188E I 

.522692901I797U88189087E 1 

.?3l58038850U505b98723E 1 

.1025U563I35155U279899E 12 

.1>»39U91889872U55015t(5E 12 

.202365072766383857«»8aE 12 

.28U9007067U7623729896fc 12 

.U01680287838070182323E 12 

.5671UU80U250655898710E 12 

.801920U5829278U187969E 12 

.1135507502UU33707U287E 13 

.16l015>»7369077681i490UE 13 

.2286UU9701569009UU6/8E 13 

.325139468318UU8890I23E 13 

.t»6300e8890578i»7137266E 13 

.66026U868136U29539267E 13 

.94287«»57506803277C823t 13 

.13U832383858282565653E IU 

.193079763200973U92U81E IU 

.276872159U61025515857E IU 

.397575U»»9699083U5«»108E IU 

.571683093709U11UU71U2E IU 

.82316038SU07UU18U66U8E IU 

. 118687U29U5786722086UE 15 

.I713617882U9212270537E 15 
•2U77U79786U9U19038682E 15 
.358666671217253971620E 15 
•5199U1652567138096U00E 15 
.75U7U25301U7U30011883E 15 
.109703787692095207595E 16 
.159669IUI158800278892E 16 

c 
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Table B-2  (Cont'd) 

DERIVATIVE OP THE AIRY FUNCTION  (10 < x < 25) 

) 

X Ai' (x) 

34.0 -. 37293101.1001790067898E-15 
l4fl -.256803U3780U0277018U6E-IS 
11^2 -. 1765995660702060 IU615E-15 
1^«3 -. 121282 l83267]9278872i»E-15 
ll|..l4. -.8il8ll7576>»8l66827696E-I6 
14*5 -.56973Ö8206I8578060986E-16 
lM.«6 -.38971B797«l82950699»»16E-16 
lli.»7 -.2662279765639685328 10E-16 
llf«8 -.I816288U692«»093636U67E-16 
l4«9 -.123750U358507l»9231677E-16 
15»0 -•8U2056795U01777276U89E-I7 
15«! -.572230113023U00326210E-17 
15«2 -.388361908657038719602E-17 
15*3 -.263233U28U25207203717E-17 
l$»k -.178191026281872938783E-17 
15»5 -.120«»68320«»«»53«iU37t»176E-17 
15*6 -.8133996150U917980691 IE-18 
15«7 -.5i*850Si»85507717093205E-18 
15»8 -.369U07U93269601595505E-18 
15.9 -.2WU7341U59UU76579026E-18 
16.0 -.16691tt867683818095517E-l8 
16.1 -.11199I2161U129U907995E-I8 
16.2 -.750iti»22l88l2812018U26t-19 
16.3 -.502235082061330036532E-19 
16.4 -.3357028U8776859U70705E-19 
16.5 -.22i»11085U252529725688E-19 
16.6 -.H»9«»2H 113011277509772E-19 
16.7 -.995095925827U09089U60E-20 
16.8 -.661851*37122113038319t»E-20 
16.9 -•|t39669581352it20798102E-20 
17.0 -.29171U821929331379220E-20 
17.1 -.1933126U72181273U1685E-20 
1 7.2 -•1279U79U6U19387368802E-20 
17.3 -•8U5822U7U639819997197E-21 
17.4 -•558U6958593876U676797E-21 
17.5 -.36829«*962879009668983E-21 
17.6 -.2«*258B1076298338»*80U»E-21 
17#7 -.159596081558I93161737E-21 
17.8 -• 104871005871*89765219IE-21 
17.9 -.68828867U55032806M77UE-22 
18.0 -•U51200186068l9>»188678E-22 

Bi'(x) 

.15969911J.1158800278892E 16 

.232699219222501791059E 16 

.339579U9308U730082U77E 16 

.U9620212606U718S53U59E 16 

.7260131i*t*363931786151E   16 
• 10636t*603606365231391E 17 
.1560323U96152690i*369itE 17 
.2291897391M7063522656E 17 
.3370829837649U2639641E 17 
.i*96i*06868i(09789010027E 17 
.73197i*9203U07010«*9732E 17 
.10807l275789039096n7E 18 
.15976371*1339151 n6339E 18 
.236U8209178981062U187E 18 
.350U8U3U853U871958621E 18 
.52010088U035879501899E 18 
.77277563971730U0386ÖUE 18 
•11U96U67U3726455U336UE 19 
.1712U53822703995UU710E 19 
•255396600620210U87U93E   19 
• 38137i*350n2186265760E 19 
.5701988371530710589126 19 
.853567789541781502297E 19 
•127933692660791080863E 20 
.19198U19UU017U920U689E 20 
.28845U985378880417268E 20 
.U33931402928068885809E 20 
.653571351908070188981E 20 
.9855809077<*20826it7083E 20 
.1U880U9U6833208216U59E   21 
• 22l*9t(0029106572692805E 21 
•3U043868722U393856879E 21 
.515860593655818687887E 21 
.7826I0378626513480762E 21 
.1188713U7197U92022127E  22 
• 180769701178078UU0958E 22 
.2752260W0900256853687E 22 
.41953U2278036613709t(3E 22 
.6U026217368755 101*261*IE 22 
.978271609876UU1700670E 22 
. H*96«*7965032878506923E   23 

) 
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G Table B-2  (Cont'd) 

DERIVATIVE OP THE AIFY FUNCTION  (10 < x < 25) 

i i 

• ; 

16.0 
18.1 
18.2 
18.3 
I8.k 
18.5 
18.6 
18.7 
18.8 
18.9 
19.0 
19.1 
19.2 
19.3 
19.5. 
19.5 
19.6 
19.7 
19.Ö 
19.9 
20.0 
20.1 
20.2 
20.3 
20.5. 
20.5 
20.6 
20.7 
20.8 
20.9 
21.0 
21.1 
21.2 
21.3 
21.1; 
21.5 
21.6 
21.7 
21.8 
21.9 
22.0 

Ai' (x) 

-.^51200l86068l9i<.l88678B-22 
-.295«»2880U26«»887l890HE-22 
-.J93206963I9236526215?E-22 
-.126206I509735U6U49297E-22 
-.823»»31555209787357858E-23 
-•b3661788231» HI72770778E-23 
-.3«»9296979861062651655E-23 
-.227100U3U8697181538U7E-23 
-.1U7U8095012585U257976E-23 
-.9566UiU059i»6357676276E-2U 
-.61981»i582713001505565E-2U 
-.HO}11R22638376606U136E-2U 
-.259288U89287757U65750E-2U 
-.167U15H89980768U75800E-2U 
-.10797I9U2225061616387E-2M 
-.6955552236U6362U25U75E-25 
-.UU756M152553792789525E-25 
-.28766M969090279585933E-25 
-.184682902838IU512567UE-25 
-.118U33810008075039U05E-25 
-.75863916257U835U95532E-26 
-.U85UC76U1738001915529E-26 
-.310235 H»03U73289807I6E-26 
-.1980567385298869U918UE-26 
-.12630010992037822208UE-26 
-•80U515679375548958203E-27 
-.5 11897691*621916819229E-27 
-.325350067626899870719E-27 
-.20655650U87392371723UE-27 
-. l3099i05U953951399«461E-27 
-.8298li0258300l4ii57U252E-28 
-.52509?678368820007868fc-28 
-.331907 lU«796Ulil23276UE-28 
-.2095671388616778U3860E-28 
-.132177325238U3U689872E-28 
-.83275R3751655689U6U91E-29 
-.524095521039701057U95E-29 
-.329U825227331665UU808E-29 
-.206912110558766860222E-29 
-. 1297992321052U802276E-29 
-.813377i»038»»U75>»02f080E-30 

Bl' (x) 

.1^961;7965032878506923E 23 

.229187302251998860769E 23 

.351U125637U27U05178I8E 23 

.539Ut»807163278i»365li75E 23 

.829060605502091608608E 23 

.I27563328556779909«ll3E 24 

. 19650201233732U119170E 21» 

.30301I591486518825I4U1E 2U 

.i»67895l»53l»753920i»1898E 2U 

.7232U738675U52U78153E 2U 

.111923500633958878160E 25 

.1734006729083U80132U5E 25 

.26895156781359UIU7069E 25 

.U17628306665201991831E 25 

.6U922773685233U287326E 25 

.1010402 1269U6309859U7E 26 

.157U27373632910751995E 26 

.2l»5557857UU008l»573018E 26 

.383i»5Ui»57731i(798U859i»E 26 

.599l»582052ri»357870353E 26 

.938183933613396U35559e 26 

. 1U699U081138312857531E 27 

.2305649551U8026726872E 27 

.3620U88U5316527828166E 27 

.5691i»1550079938628266E 27 

.69567719810491614958UE 27 

.1U11I06I89177U0115788E 28 

.2225582U5219023286826E 28 

.351U00489U33666270621IE 28 

.555U36728U0977525635UE 28 

.87889960528U3163920U0E 28 

.13922U375987128229705fc 29 

.2207809135l»3930i»957856 29 

.350U910ä59l*6830083655E 29 

.557006627069181907760E 29 

.8861572U0513378081889E 29 

.1U1I32530703163U7U088E 30 

.2250133öb75970i»309281E 30 

.35913133103359U8006UUE 30 

.5738006268307U01725U0E 30 

.917762786908182597U79E 30 

t 
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22.0 
22.1 
22»2 
22,3 
22t.k 
22.5 
22*6 
22.7 
22.8 
22.9 
23.0 
23#1 
23.2 
23.3 
23^ 
23.5 
23ji6 
23.7 
23,iÖ 
23.9 
2I4..O 
2^.1 
21^2 
21^.3 
2kik 
24.5 
21^6 
24.7 
21J..8 
21^9 
25.0 

Table B-2  (Cont'd) 

DERIVATIVE OP THE AIRY FUNCTION  (10 < x < 25) 

J 

Ai'(x) 

6i33771|.O38i^.75^027o60B-30 
509151381H57b80i»39650E-30 
i Iö37i»0>»91628665*195736-30 
19886821127U338516367E-30 
12U08B37566U058961103E-30 
773U565180555525U04U9E-31 
U8159372U269869776536E-3I 
2995Ue312633107599125E-31 
106120883232010398308E-31 
1I552248K120786590826E-3I 
7I627885728663038077UE-32 
»♦«♦36525 1582867MU92955E-32 
27U50ii8151903U63985U2E-32 
169669655805052771703E-32 
1047626726U6U52756687E-32 
6il6186852331631329218E-33 
398161987187901188789E-33 
2U5082650887335I2739UE-33 
15070U3888070290U40UE-33 
925710603529363355180E-3^ 
56805061601226782918IE-3U 
3U8220015788500586208E-3U 
2132U3725U729 110U82U7E-3U 
130U53UU6109963475861E-3U 
7972H63U9UII2357737978E-35 
U86730015619838165884E-35 
29685U2273959660Ö0957E-35 
1808667657561200UU706E-35 
110066897987992595U1IE-35 
669383062186U6825^957E-36 
«♦0660893372U328100332E-36 

B1'(X) 

..9177627869081825974798 §0 

.1U69U693700626207U9U3E 31 
• 235532191162U82658238E 31 
.3779189127195225^6737E 31 
.6070222 166076U3U0186E 31 
.976038939U0^6U1387162E 31 
.157I032972105910U6103E 52 
.253138U16269339055819E 32 
• U0830ii750U27087U70643E 32 
.65927019285005029U597E 32 
.106559974370519U80668E 33 
•172U15165670092U83886E 33 
.27925859U06775U200U15E 33 
.U52779130387328190077E 33 
.73U87601763769M172617E 33 
•1193956627U2U05UI0672E 5k 
.I9U1820619926214U646IE 3U 
.316136U68290461383036E ik 
.5152098561^1382226506E 3U 
• 8^0i»9838U9513808698 7UE 5k 
.I3725615969197961UU15E 35 
.224371728U10589565028E 35 
.36715111260235571U287E 35 
.6013967683UU890356898E 35 
.986088659676636779U42E 35 
.1618U8U6UU3U329873300E 36 
.26591207827869280U920E 36 
.(♦3732U2197258069961t3E 36 
.719952937361UU2789172E 36 
•1186U21289825U09U2U90E 37 
.195707350832333089799E 37 

) 
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Table B-3 

THE AIRY FUNCTIONS   (O.OOl  < 7 < O.lOO) 

( 

(1/x) 

0.001 
0.002 
0.003 
O.OOij. 
o.ios 
0.006 
0.007 
0#006 
0.009 
0.010 
0.011 
0.012 
0.013 
0.01^ 
0.615 
0.016 
0.017 
0.016 
0.019 
0.020 
0.021 
0.022 
0.023 
0.021». 
0.025 
0*026 
0.027 
O.O28 
0.029 
0.030 
0.031 
0.032 
0.033 
0.031^ 
0.035 
0.036 
0,037 
0.038 
0.039 
0«0ij.0 

Ai(x) 

.930693306317955^85086E-9157 

.54Al298591?0752e69A06E-32 38 

.6284959^38A56 7A2 7Ab0AE-l763 

.?A2 35A0281225583S56A5E-114 5 
.915362^308A5266422205E-820 
.84 3886040856128^345026-62^ 
.353675793005622612602E-495 
.197761599674377005772E-4C5 
.688251558785490068674E-340 
.263448215208818446772E-290 
.lü0223403470256u9980CE-25l 
.521747 39101009S64 7771E-221 
• <4.12989072529058Z4563E-196 
.159633504358041J80102E-175 
.24794356862872691184GE-158 
•87705655199009599b0iaE-144 
.242606426528231I1444eE-131 
^132964520680748812308E-120 
i2944228246595J7l06C49E-lll 
-438494172407482J46967E-103 
.777323070927649153251E-96 
.20 33259830638090452C9E-89 
.108701251814561191839E-83 
.14934876504900J4604 52E-78 
.63657426565529148997b£-74 
.9838 3 5924 3493 3 3975296E-70 
.6280372368090 lU073494£-66 
.184753909602422154Ü57E-62 
.27478317447100701626CE-59 
.223580135030987306677E-56 
*lC6475496052052563139£-53 
.314539 756224823825237E-51 
•6G608363504C168C55854E-49 
.7957492415467714C8435E-47 
.739508174745689560384E-45 
.502940972912168266167E-43 
♦2577705578359I6177955£-4l 
.lC2l713248959a2292746E-39 

.81160268246913«t68487E-37 

Bi(x) 

,540771183919494721773E 9155 
,130807477732797324889E 3237 
,1387:058142^762156905E 1762 
415336299525649304717E 1144 
.122945336104471014137E 819 
.146087133812480004021E 623 
.37fe49901C337000788020E 494 
.719818813693086571432E 404 
.219378585612474715465E 339 
.604122399667020144904E 289 
.166551066397672661217E 251 
.3341570173945931C638CE 220 
.4il205679836961034969E 195 
.1179669.32906271127016E 175 
.706163981505C47776209E 157 
.2295370541452945730656 143 
.855347567794C50344634E 130 
.16G590927951391626029E 120 
.745119488764483099884t 110 
.490909969944421933808E 102 
.2967077223268C0278356E 95 
.1161018964941738B7393E 89 
.222049771104671550471E 83 
.165091629745794345171E 78 

- .-19ü313930243a59353963E 73 
.260846684987749558534E 69 
..416406936452967796262E 65 
.144147461850162556849E 62 
.98a34909233C160281365E 58 
.123296110696707439005E 56 
.2631802700913084972140 53 
.905152590712662808589E 50 
.477031417498577739606E 48 
.36879584908885in2785E 46 
.402637373610171C14764E 44 
.6C0423291522738395540E 42 
*lia7657233831848l0174£ 41 
.303659329763126651487E 39 
JJfiOBSl154939333a21367E 37 
392203077804138177325E 36 

^ 
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Table B-3  (Cönt«d) 

THE AIRY FUNCTIONS   (O.OOl < | < O.lOO) 

J 

(1/x) 

o.oi|.o 
o.oljj. 
o.ol^ 
o.oy 
o.oii4 
o.o/g 
O.Olj.6 
0.047 
O.Oifö 

0.050 
0.051 
0.052 
0.053 
0.054 
0.055 
0.056 
0.057 
0.050 
0.059 
0.060 
0.061 
0.062 
0.063 
0.064 
0.065 
0.066 
0.067 
0.066 
0.069 
0.070 
0.071 
0.072 
0#073 
0.074 
0.075 
0.076 
0.077 
O.076 
0,079 
O.060 

Ai(x) 

.81160268246913Ö668487E-37 

.169033497730313117322£-35 

.29A2227887l82<ti73<J519E-34 

.A34267j0848a20675o539.E-.33 

.55065 3J8056794C534247E-32 

.60693C1469 70480'i53907E-31 

.587681466299607758940E-30 

.504 72325974961l857292£-29 

.387837223664883116157E-28 

.26875856832382015678i£-27 

.169167286867054031329E-26 

.9735583515123354a6084E-26 

.515352063867567102862E-25 

.252305843477l84230322£-24 

.11482036418815^618548E-23 

.487964C638629a4578483£-23 

.194483 331106111C69868E-22 

.729802^82911303486560C-22 

.2587790656839374614 IHE-2I 

.869971719908677752125t--21 

.278148946542974734485E-20 

.848185996614 3854016425-20 

.2A7343J5364384I145151E-19 

.691482180053 791.226938E-19 

.185749660301352992256E-18 

.4ä047,i735262335l383 7lE-18 

.11991603475696082 1130E-17 

.2Ä9aC.33562a570772.40a5£---iZ. 

.675857108 174873905539h-17 

.153139511916235170473E-16 

.337063058274944800i57E-16 

.721681285135679272488E-16 

.150511765311079361152E-15 

. JC6l476a78612330/14 12£.^15- 

.608C48752257338506856E-15 

.118052218205220256179E-14 

.224280155334573760389E-14 

.4.17363875295434 712244£-14 

.761461644902346229964b-14 
-♦13632309130 186 7811296£-13 
.23968278260780*99368 IE-13 

Bi(x) 

i392203077Ö04l36iy7325B 36 
.19,2653138875607.6040866 35 
,110859648726721681373E 34 
.7599a0447626766135501E 32 
.606280977710626440167E 31 
.556280535636208725464E 30 
.580849554019758834664E 29 
.683632638B493264/17096E 28 
.8990808937145372025456 27 
.i3L088272264il6393018E 27 
.2103765049651103814816 26 
,369191963451Ö37934260E 25 
,7042507692214754399256 24 
,1452248261708954198956 24 
,^221133931681561205206 23 
,7649357057734038107496 22 
,J9<661675586C31172714E 22 
,5206723322383298420596 21 
.1481215462590558233476 21 
,4443804547290491095946 20 
,1401628778856544837466 20 
.463456914602543*409706 19 
,1602252154282764702376 19 
,5777319645188041089176 18 
,2167703504009113829436 18 
.8445473502966301526676 17 
,3409842808858122789606 17 
.4Z4 04.7553 5 220 23 7 7 03 6 E 17 
614102779301469485853C 16 
2730107427548223670016 16 
1249341879959000392886 16 
587662774161686865432E 15 
283753542363377502893E 15 
141146791169091478 7537-6- 15 
712073997836399275432E 14 
369237050137592350778E 14 
195643721022054371310E 14 
1058233895198199482786 14 
5837832863007298384756 13 
3281691612366551146956 13 
1878291935622051866976 13 

) 
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G Tat>le B-3  (Cont'd) 

THE AIRY FUNCTIONS   (O.OOl  < ^ < O.lOO) 

(l/x) Ai (x) 

0.000 .239682782607ÖOi|.99368lE-13 
0»08l .^141791802487627410C8£-13 
0.082 .7C3q522725«*2320827752E-13 
O.O83 ..U776166555A87üIi685Ü5£~l2 
0.08lj. .igAC2AA8908A98't0854A8E-12 
0.085 ♦3450<<A6l36789428tA574£-l2 
0.086 .50<»4 3748745 39834066S9E-12 
O.O87 .79690412384C93l864865f-12 
0.088 .1242 794845693025240966-1 
0.089 •l9i428692225 7994C9340£-l 
0.090 .291365059323629 3663006-1 
0.091 .43841873C97949l59C476E=-l 
0.092 .652455ü55l8868tJl63687E-l 
0.093 •i6073C42387386H31l47aE-l 
0.09^ .i40C27371677518759G19E-10 
0.095 «2020913436587021312216-10 
0.096 .2889090756674l25027e4E-10 
0.097 -4C9262066194499579656E-10 
0.098 .5746587036045802^ 102 IE-10 
0f099 .800058277690785450579E-10 
0.100 .1104753255289868393546   -9 

B1U) 

• 187829193562205186697E 13 
.109373096504218355772E 13 
.647472505108678947116E 12 
.389398359784379339714E 12 
.237762594367360676178F 12 
•l4729aa3l024328J22390E 12 
.925348367031405238548E 1 
.589139949888266753300E 1 
.379934192624903466277E I 
.248059612412914477204E 1 
.163890399534411438215E I 
.IG'35224122520591Ö7517E 1 
.7399739518222636fi5519E 10 
.50b259864170708644l91E 10 
.3435199559090644728800 10 
.242763637538500222579E 10 
.170708359875517152212E 10 
U2L134162404667382622E 10 
.867136092690895012927E  9 
.626011306649738338512e  9 
.455641153548225140835E  9 
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Table B-l^. 

DERIVATIVE OP THE AIRY FUNCTIONS (O.OOl < | < 0.100) 

(1/x) Al' <x) 

0.001 -,294313391791033556947E-9155 
0.0©2 -.1216738558553658179A5E-3236 
0.003 -.114751848483867295165E-1761 
O.OOlj. -.383219596064204652518E-1144 
Of005 -.129463235922188230280E-818 
0.006 -.108957874027362158564E-622 
0^007 -.422785296857667304437E-494 
0.000 -.221143724756057205190E-404 
0.009 -.725635617044024895672E-339 
0.010 -.263514036160440990479E-289 
0.011 -.955868073726703874321E-251 
0.012 -.476444421498503581523E-220 
0.013 -.387188035091644490679E-195 
O.Ollj. -.134970749430353308475E-174 
O.OI5 -.202537948421418344109E-157 
0.016 -.693724465467949295872E-143 
0.017 -.186173600582C14430403E-130 
O.Olö -.991656463286670803678E-120 
0.019 -.213736389600757719256E-110 
0.020 -.324433181982879928376E-102 
0.021 -.536811201667025962536E-95 
0.022 -.137193952144782077531E-88 
0.023 -.717 J78505454632665636E-83 
0.024 -.9Ö4936154793420411866E-78 
0#025 -.403001797760067803252E-73 
0.026 -.610786966945587812018E-69 
0.027 -.382634048014761128079E-65 
0.028 -.110540530879865367826E-61 
0.029 -.161556843436399897723E-58 
0.030 -.12925 1195868075733481E-55 
0.031 -.605562573286067749903E-53 
0.032 -.176083808305908618789E-50 
0.033 -.33413622259452125015IE-48 
0.0314. -.432229379328568511469E-46 
0.035 -.395928193559257603049E-44 
0.036 -.265523901156624403711E-42 
Ö.037 -.134245920177997981804E-40 
0.038 -.525094020680003857333E-39 
0.039 -.16257462556622606732IE-37 
0.0^0 -.406608933724328100332E-36 

Bi'U) 

.171005511462461529197E 9157 

.292487871436271181403E 3238 

.253221053681685407282E 1763 

.656662810523992184636E 1145 
.173855590184728749853E 820 
.188575759343950813137E 624 
.449936477075528954271E 495 
.804637871235991751959E 405 
.231195946911369024353E 340 
.603971274531060297541E 290 
.158754376383094731660E 252 
.304941897329927950690E 221 
.360517473202482920175E 196 
.996589239833852660034E 175 
.641605052015505629262E 158 
.181373043312667457539E 144 
.655657609795401226977E 131 
.119625035100523868843E 121 
.540211979210612599290E 111 
.346879877954597673761E 103 
.204591711175979143285E 96 
.782118957312420935700E 89 
.146287324752663923608E 84 
.106466902311600864725E 79 
.249770796817069688103E 74 
.161600249276788420967E 70 
.253135332030817950335E 66 
.860433843845897573295E 62 
.578486803664697738897E 59 
.710922679367021066501E 56 
»149271682670983592763E 54 
.505268945396998064963E 51 
.262202113857394864991E 49 
.199692914471756014262E 47 
.214864965144589735634E 45 
.315908148332784099759E 43 
.616330075220920694193E 41 
.l554b4l22343726435955E 40 
,495712301440351924833E 38 
.195707350832333089799E 37 

) 
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G Table B~k (Cont'd) 

DERIVATIVE OP THE AIRY FUNCTIONS   (0,001  < J < 0,100) 

(l/x) 

0.0i|.0 
O.Oljl 
0«0ii2 
0.011.3 
0.0i|4 
0.0J+5 
0.0li6 
o.oitf 
o. 014.8 
0,0^9 
©•050 
0.051 
0.052 
0.053 
0.0514. 
o,o55 
0.056 
0,057 
0.050 
0.059 
0,060 
0.061 
0.062 
0,06ß 
0,06ii. 
0.065 
0,066 
0.067 
0,068 
0.069 
0.070 
0.071 
0.072 
0,073 
0.07II 
0.075 
0.076 
0.077 
0.078 
0.079 
0.080 

Al'(x) 

-.14.066089337214.3281003322-36 
-.836520656030999501490E-35 
-.143873313502102l27«59E-33 
-.2098866588957736665UE-3Z 
-.263115971040898316521E-3I 
-.286788394877879066203E-30 
-.274679623199388457299E-29 
•.233400808761588565766E-28 
-.177485056205858865301E-27 
-. 121739778019382776l26£-2d.. 
-.758639162574835495532E-26 
-.432331386065965277338E-25 
-.226661908710396795843E-24 
-.1Ü9926456337716099708E-23 
-.495646316356907151508E-23 
-.208734219222657938347E-22 
-.82454272420y578535902E-22 
-.306712130747167603616E-2I 
-.107824178779839298745E-20 
-.359433643015074662421E-20 
-. U3967304649805750679E-19 
-.34470204191C845990034E-19 
-.997154889691565566807E-19 
-.2765716622IC435567480E-18 
-.737182625985756728025E-18 
-.189230968475134740029E-17 
•.468730692292082990727E-17 
-. lL2247a9954I537ai4JIia£rlii__ 
•.2603159in88 72139l6595E-16 
-.585604671579815136725E-16 
-.127981075834179618974E-15 
•.272108410014686783922E-15 
-.563601637930054770183E-15 
•. ll386234QZ575360a8467E-14-. 
-.224634313021885829049E-14 
-.4332516530842191009806-14 
-.817756826071794115813E-14 
-.151200524709278800052E-13 
.274112268252120952532E-13 
.487671994395552091856E-13 
.852134656467385644268E-13 

Bi' (X) 

.195707350832333089799E 37 

.939604276725060286415E 35 

.539769325536328610677E 34 

.365673521738057225231E 33 

.288362304878726660861E 32 

.261603555301064914460E 31 

.270150342752465406174E 30 

.314527758160566859537E 29 

.409286302457679941042E 28 
_.59Q579550672295932092t 27 
.938183933613396435559E 26 
,163006780901957671120E 26 
.307911957178197226310E 25 
.628877155062266841845E 24 
.138177204481589972839E 24 
.325109246012410064063E 23 
.815635765383640605797E 22 
.217337239578195Ö57447E 22 
.612874325497683676482E 21 
.182287075345943374214E 21 
.570090356654233081980E 20 
.1B6934636996463089285E 20 
.640971921213356781391E 19 
.229254781999433071539E 19 
.853355768644593278377E 18 
.329871753206254053315E 16 
.132159210163026922405E 18 

_J.i4U457321iaa906a4967E 17 
.234441799874861948475E 17 
.103456983669735143542E 17 
.469994454784537024208E 16 
.219490107814080063522E 16 
.105231590774304032721E 16 
.51729a94519B389594740E 15 
.260429171626737963428E 15 
.134124815927197217245E 15 
.705906849421171640421E U 
,3792958023801241722246 14 
.207873536990191964063E 14 
*U6Q99903041317726155E 14 
.660264868136429539267E 13 
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mmmmmm 

(l/x> 

O.OÖO 
o.odi 
0.082 
0.083 
0.08ij. 
O.O85 
0.086 
0.087 
O.088 
O.O89 
0.090 
0.091 
0.092 
0.093 
0.095. 
0.095 
0.096 
0.097 
0,090 
0.099 
0.100 

Table B-l|. (0ont!d) 

DERIVATIVE OP THE AIRY FUNCTIONS   (0.001  < 7 < 0.100) 

Ü 

Ai'(x) 

-.8521346561^ 73856144268B-13 
-. 1^6354755583667727203E-12 
-.247253428802173484712E-12 
-.411164986569351596034E-12 
-.673462750454590197180E-12 
-. 10C718876731495257755E-1 
-.173079012775502557116E-1 
-.271B82280270428414382E-1 
-.421637245777368617479E-1 
-.645861697402928647589E-1 
-.977666173457181014304E-1 
•.l463153477879403959a5E-l0 
■.2165835665906348974S3E-10 
•.317231603948524590943E-1Ü 
•.459952704428099147495E-10 
-.660386350814962365078E-10 
•.939260337825592019538e-10 
•.132380646401629340827E   -9 
•.184950069381856421738E   -9 
••256218439240527352727E   -9 
.352063367673892363533E   -9 

Bi'(x) 

.66026ij.868l361^9539267E 13 

.382050005569360244412E 13 

.224759662439674223376E 13 

.134341607744334080985E 13 

.815286957702759259337E 12 

.502050328074181791250E 12 

.313519054390867627011E 12 

.198434376832673242852E 12 

.127225728507594103672E 12 

.825882901959071354759E I 

.542548879304808233160E 1 

.36052699536426U65995E 1 

.242229234423285103867E 1 

.164484734880062291083E 1 

.112840216897124317157E 1 

.781769217261657434957E 10 

.546782042248172793551E 10 

.3B5942680805962674046E 10 

.274829224136809255301E 10 

.197378390237140312213E 10 

.142923613448286577692E 10 
) 
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c 
Table B-5 

THE AUXILIARY FUNCTIONS Q(x)  AND M(x) 

( 

'X 

■ t 

i/x QU) 

0.001 U0OCO00C00l562iOOOÜl8E 
0,002 .ICOOOOOOO^SGO^OOIISIE 
0.003 .lC0C0000(H2187b013111E 
0.00U .ICOC00001000000073666E 
0.005 .1C0C00001953125281016E 
0.006 .l0OC0f;003373O0O839U0F 
0.007 .IC00OC;üC5359377115921>E 

0.008 .lC0C03008CC00(K71«6fl3E 
0.009 .lCOCC00ll39O63455802qE 
0.010 .lCüCC'J0156250l79e5l52F 
0.011 .10000C02079690b861ö6ÖE 
0.012 ,1C000C02700C0D37Ü3652E 
0.013 .lCOCO003^32a2118ll625E 
0.01U .IC0000042875H5^21512E 
0.015 .lC000Cü5273<r579865i»A5E 
0.016 .1C0CÜ0C6A0003Ü17A735 1E 
0.017 .1CÜ0CC076766C59129795E 
0.018 .ICOCOC0911256117358C5E 
0.019 .IC000C107172721l62ieiE 
0.020 .lC0OOCl25001li)llOA3l32E 
0.021 .lC00001A<.7(H66760fc317E 
0.022 .1000001663770392931?'}F 
0.023 .lC0CO0l9üll2O3765fc997E 
0.02li .lfi0CG02l60034"«7J25953E 
0.025 .lC0CC02'»^l45Gl63b7733£ 
0.026 , lCOCC027<»t3C5:i65^669E 
0.027 .ICOOOC30^5538A37316A1E 
0.028 .1CQC002'JC08668U70e8E 
0.029 .lCOCC03öl0d88247471l7£ 
0.030 .lCOOC0A21d881l357?7CC6 
0.031 .lCOC00^65bOC3'«Oll9999t 
0.032 .100000512019315723819E 
0.033 .IQ00C0J61*>1885795^225£ 

0.03U .IC0000614152791026337E 
0.035 .IC0C3066995^9^6223 317E 
0.036 .lC0C0072903'n6/3326ClE 
0.037 .lC000n79lA9923i>09536lE 
0.038 .l(:0000857A29l ,26ö9266E 
0.039 .ia000C9269226«6lC^bAie 
O.OUO .lCOO0l00OC7369983^37CE 

M(X) 

.IOOOOOQ0001562^000056E 

.100000000125000003609E 

.1000OOOOOA218750A1113E 

.100000001000000231000E 

.100000001953125881196E 

.1000000033750Ü2631240E 

.100000005359381635015E 

.100000008000014784087E 

.100000011390654971655E 

.100000015625056397133E 

.10000002079697491134. c 

.1Ü0000027000168402349E 

.100000034328397221942E 

.100000042875424652772E 

.100000052735017416161E 

.10000C064000946220613E 

.100000076766986351022E 

.1U000C091126918298641E 

.100000107174528431798E 

.100000125003609707426E 

.100000144707962423421E 

.IU0000166381395011878E 

.100000190117724873253E 
c100OCO21601077925148BE 
.100000244154396150167E 
.10000027464242528976 IE 
.1ÜÜ000307568729106018E 
.IÜ0000343027183789578E 
.100000381111680366893E 
.100000421916125822523E 
. 1C0C.00465534444262914E 
. 10000051206057812 mOE 
.10000Ü56I588489406924E 
.100000614212160989446E 
. 10000067002559 793401>0£ 
.100000729122828871994E 
.IJ000079I597907415950E 
.100000857544913617234E 
.1Ü0000927057955465431E 
.100001000231170430956E 
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Table B-5 (Cont'd) 

THE AUXILIARY FUNCTIONS Q(x) AND M(x) 

J 

1/x Q(x) M(x) 

O.OUl „1000010769760^7172^761: 
O.OU2 .lC0001l5772377ieAC30Ce 
0.OU3 .1C0CC1242A10628A84L37E 
O.OUi .ICOC013311305832277^6E 
0.0li5 .IC0CC1'»23977564221988E 
O.OU6 .IC0001'>2104551222C230E 
0.0U7 .ICÖ0Ü1622428381159664E 
O.OU8 .I000C172822ür3875927AE 
0.0U9 .lC0C01'J38i)M76713lC25.E 
0.050 .IÜ000195340626340<»8C5E 
O.0$l .lCO0020729a86^0367171E 
0.052 .1C()00?1973!359271H98AE 
0.053 .lC00C2326C02l6^716y55E 
0.051i .IC0C02A6082143190A192E 
0.055 .lC0C0260010779b75'%7y0£ 
0.056 .lC00C?7A<i5b536/A07bb9E 
0.05? .l0G002a9<.2!)825278392AE 
0.058 .100C030^V3l0t0B32t>lCCE 
0.059 .1CCC032C98065917<»36C1E 
0.060 . l0OOö3i7b84C387799l66E 
0,061 .IC0C0J5A7506204029187E 
0.062 .lC000372489827l64i7l6fc 
0.063 .1C00039081108462351^5£ 
0.061i .ICÜ00A0972382O865265OE 
0.065 .lC000A29237A665a3l4tJ2E 
0.066 .lC0CÜA^93fcl455l6A7276E 
0.06? .IC0C0A7CIÜ3222778526LE 
0.068 .1C000^91<»7820C462AÜA8E 
0.069 .-l0OJCbl3^89854?13933lE 
0.070 .100005361A9605081103^E 
0.071 .lCÜ005b9<»66SC92561968£ 
0.072 .IC00G58345121817C0096E 
0.073 . lC000608lll98658ai372£ 
0.07li .ICC0C633<»5867?70876A5E 
0.075 «1C000659500738262C598E 
Ö.076 .lC0C06B62476A86ine37fc 
0.077 .1C00Ü713708872Ü549292E 
0.078 .lC0C074l8938ri3932006AE 
0.079 •100C07708121587269Ü89£ 
0,080 .IÜÜ0C800473178177936AE 

.lO000l077158727049i47E 

.10000115793482655134 IE 

.l00ü012426537O45aD862E 

.100001331409632662665E 

.100001424296920459017E 

.100001521409917071965E 

.IÜ0001622843013139332E 

.100001728690642674998E 

.1Ü0001839047285003697E 

.100001954007466740617E 

.1Ü0002073665763816092E 

.100002198116803545646E 

.100002327455266745739E 

.100002461775889895509E 

.1000026011734673A4850E 

.IÜ0002745742853569192L 

.100002895578965471325E 

. 100003050776784730674E 

.100003211431360200396E 

. 100003377637Ö10352735E 

.100003549491325773059F 

.100003727087171703020E 

.100003910520690633315E 

.100004099887304946525E 

.100004295282519610546E 

.100004496801924923122E 

.1U0004704541199308041E 

.100004918596112163548E 

.100005139062526763575E 

.100005366036403212376E 

.100005599613801453231E 

.100005839890884331853E 

.100006086963920715183E 

.1000063409292B8666294E 

.l00n06601883478676125E 

.1000Ü6869923096952806E 

. 1Ü0007145H4868769375E 

.100007427645641870690E 

.100007717522389940402E 

.100008014872216128844E 

) 
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( Table B-5 (Cont'd) 

THE AUXILIARY FUNCTIONS Q(x)  AND M(x) 

iA 

( 

0.081 
0.082 
0.083 
0.081 
0.085 
0.086 
0,08? .1 
0.088 
0.089 
0*090 
0.091 
0.092 
0.093 
0.09U 
0.095 
0.096 
0.097 
0.098 
0.099 
0.100 

QU) 

C00G8 10886^271357112E 
C0008620613J5725C052E 
00008940075 769570951£ 
C000,9?6 7 34469 344 34 3öE 
C0009602515757664670E 
00009 94568403338587 IE 
0001C296944660 31C87 7e 
000 1C656392797912979E 
C0C1102412367667C224E 
C0C114C0232574319411E 
C00117R4ai48?2129021E 
C0012177965806191299E 
C0012579780968733760E 
00C1299035580945C339E 
C0C1 3409785886052483E 
C0013838166819640421E 
00014275594288094921E 
C0014 7221640354898C3E 
C0015177971869525513E 
C0015643113663784071E 

M(x) 

.I00008319792356642781E 

. 100008632380184397938E 

.100008952733212735298E 

. l00009280949099202la9E 

.1Ü0009617125649399206E 

. 100009961360820894065E 

. 100010313752727203523E 

. 100010674399641844529E 

. 10001104340C0Ü2455837E 

. 100ail42085241499132AE 

.10001180685565798635CE 

. 100012201508686a98484E 

.1000126O4910638524034E 

.100013017160835491826E 

.100013438358790a35758E 

. 100013868604212647687E 

.10001430799700aai2310E 

. 100014756637291825713E 

. 100015214625383699355E 

. 100015682061820951333E 

t 
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Table B-6 

THE AUXILIARY FUNCTIONS  P(x) AND \{x) 

) 

1/x P(x) A(x) 

0.001 
0.002 
0,003 
0.00U 
0.005 
0,006 
0.007 
0.008 
0.009 
0.010 
o.cai 
0.012 
0.013 
o.om 
0.015 
o.oi6 
0.017 
0.018 
0.019 
0.020 
0.021 
0.022 
0.023 
0.02U 
0.025 
0.026 
0,027 
0.028 
0,029 
0.030 
0.031 
0,032 
0.033 
0,03U 
0.035 
0.036 
0.037 
0,038 
0,039 
o,oUo 

•i9'999999976l2<»9V99763E +0 
9999999982^y9999flA762E ♦O 
99999999An937A98?6A12E +0 
99y9999^9999990?4668E +0 
99999997?6562^6279398E +0 
9999999527A9938890330E +0 
99999992^96872198553ME +0 
9999998a7999;;37S7 Ui, -. +o 
999999840531123^ >A3Pr- fQ 
9999997ai24976U .JJOIE +0 
9999997068AJ328i55009E +C 
999999621999?B897A203E +0 
9999995194051C06315C4E +0 
9999993997482070470326 +0 
999999261716()37623A73E +0 
999999 10-»9960049 10795E +0 
999q989252755ü2219275E +0 
99999872A24l900760758c +0 
9S9998499ü82t>470l8097L +0 
999998?<i998A7b96427C7E +0 
9g9997974135826300ll8E +0 
9999976707230C0323472E +0 
9999y7338433<t97l94823E +0 
99999697595V»90854151E ♦O 
909996Sai973109b35949£ +0 
9999961551764332332546 +0 
99999569425l486488y43E +0 
999995197885237014171E +0 
999994664764589633735E +0 
999994093576381858136E +0 
999993483Ü073789824aiE +0 
9999928317442690109356 +0 
9999921384736574082646 +0 
9999914018B2061676411E +0 
9999906206559057569436 <-0 
9999897934815142586686 +0 
9999389190451065101796 +0 
9999H7996032790437029E +0 
9999870231305562631196 +0 
999985999024270035987E +0 

,9999999997812499993356 4-0 
.9999999982499999573456 +0 
,9999999940937495141196 ♦O 
.9999999859999972699996 +0 
.9999999726562395858656 +0 
.9999999527499689035226 +0 
,9999999249686715861916 *0 
.9999998879998252790276 +0 
.9999998405308957896866 +0 
.9999997812493334888416 ♦0 
,9999997088425692305696 +0 
,9999996219980097925666 +0 
.9999995194030328360066 +0 
.9999993997449813849356 +0 
,9999992617111578250096 +0 
,9999991039888174213816 +0 
,9999989252651613555026 +0 
.9999987242273292805206 +0 
.9999984995623913950156 ♦© 
.9999982499573400346636 +0 
.9999979740900807814516 +0 
.9999976706744230899796 +0 
.9999973383700704303476 ♦© 
.9999969758726099470706 4-0 
.9999965818685016334196 *0 
,9999961550440670205066 +0 
.9999956940854773803666 ♦O 
,9999951976787414422856 +0 
,9999946645096926214576 +0 
,9999940932639757590696 ♦O 
.9999934826270333728006 fO 
,9999928312840914166376 +0 
.9999921379201445488746 +0 
,9999914012199409070286 +0 
.9999906198679663883346 +0 
.9999897925484284344606 +0 
.999988917945239318845E +0 
,9999879947419989351496 +0 
.9999870216219770850506 +0 
,9999859972680952636356 4-0 

» 
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Table B-6  (Cont'd) 

THE AUXILIARY FUNCTIONS  P(x)  AND A{x) 

1A P(x) A(x) 

( 

O.OUl ,99'jq8<»922399666y7557^E   +0 
0.0U2 .999983791()423<i'i6460A?E   +0 
0.0U3 .9999B26Q63377ä59502ü'3E   +C. 
O.OUU •99998136/*2712Ü1946390E   +0 
0.0U5 .99998006442782A<>a6290E   +0 
O.OI46 .999978705'»92^98674916E   +0 
0.0U7 .999977286150325150509E   +0 
0.0U8 .99997580508562218A793E   +0 
0.0U9 .g9997A26C982yl760268lE   +0 
0.0^0 .999972652526AA0520869F   +0 
0.051 ,99g97097ö<»0021290A628E   +0 
0,052 .999969?372ÖH(H0942221E   +0 
0.053 •999967427373UÜ6236100E   +0 
0.05U .9999655AB839956ei0302e   +0 
0.055 .9999ti3598870A979331i>0L   +0 
0.056 .S9996157^64798275A565E   +0 
0.057 ,999959A80855002757D79E   +0 
0.058 .9g99573l0l73P78Gl972AE   +0 
0.059 .9999550632866^7293918^   ♦© 
0.060 .9999527308750578903b8E   +C 
0.061 .999950335620555375988E   +0 
0,ü62 .9999A785220A273080026E   +0 
0,063 .999945287307021A08003E   +0 
0.06U .999M263960927696269AF   -»-0 
0.065 .999939907791171A70880E   +0 
0.066 .999937090532A80514683E   +0 
0.06? .999934186512612066333E   +0 
0.068 .9^9931 l9AM0li9482bO75E   +0 
0.069 .999928ll290b0663i)4908E   +0 
0.070 .9999249AC67A2610218C8E   +0 
0.071 .999921676395997729058E   ♦O 
0,072 .9999l83l87A7fi67A49212E   ♦O 
0.073 .999yiA866A06220551l6AE   +0 
0.07U .9999ll3l804Ölb3920960E   ♦O 
0.075 .9999076/23A9t9787A2i)9E   +0 
0.076 ,999903927985flC28^9556E   +0 
0.077 .9999Ü00Ö36321259A969AE   +0 
0.078 .999896137963017120339E   +0 
0.079 <.999892Cä9t525C5313<i28E   +0 
0,080 .999887y3737408<»283752E   +0 

.999984920362907940443E *0 

.999983789588583334184E ♦O 

.9999826C3626883678980E ♦O 

.99998136115914A9799A2E ♦() 

.999980060866256255665E ♦O 

.999978701428638265216E ♦O 

.999977281526221717001E *0 

.99997579983842A956775E +0 

.999974255044131131941E ♦O 

.99997264b82l66A829l40E ♦O 

.9999709708A8768181979E ♦O 

.999969228802576445638E ♦O 

.999967418359593034887E +0 

.999965b38l95664021959E +0 

.999963586985952090483E +0 

.999961563404909941652E ♦O 

.999959466126253148A28E *0 

.999957293822932A53628E *Q 

.999935045167105507427E ♦O 

.999952718830108039642E «-0 

.999950313482424A62024E +0 

.9999A7827793657895542E "»-0 

.999945260A32499617457E ♦O 

.999942610066697922784E ♦0 

.999939875363026394520E +0 

.999937054987251576797E +0 

.999934147604100044881E *0 

.99993115187722A865735E ♦O 

.999928066469171442600E ♦O 

.9999248900A1342736763E +0 

.999921621253963859538E +0 

.9999182'>8766046027092E +0 

.9999148012353A9870529E +0 

.999911247318348093406E -»-O 

.9999C7595670187468481E 4-0 

.9999038AA9A4650165258E *0 

.999899993794114399543E ♦O 

.999896040869514395929E +0 

.99989198482Q299653770E ♦O 

.999887824294393506908E   ♦O 
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Table B-6   (Cont'd) 

THE AUXILIARY FUNCTIONS P(x)   AND A(x) 

J 

1/x P(x) A(x) 

0.081 .9998836798006y8226639E +0 
0.082 .99987931560A727184817E +0 
0.083 .999874843457972232268E +0 
0.08U .999870262031640432961E <-0 
0.08^ .999865569996329572263E +0 
0,086 .999860766022012658626E +0 
0.08? .99985^8^8778022193292E +0 
0.088 .999850316>^303A205460E +0 
0.089 .9998A56601b5052050^19E +0 
0.090 .999eA0A0'!Hll38996ü0AiE +0 
0.091 .99983502C46865639889^E +0 
0.092 .99982951689273705517AE +0 
0.093 .9998238920487777436A0E +0 
0.09U .99981814A60U66937464E +0 
0.095 .999812273213518C94028E +0 
0.096 .999806276&A8651715396E ♦O 
0.097 .999800153268577148242E ♦0. 
0.098 .999793902034A7A119815E +0 
0.099 .999787521506674006A39E +0 
0.100 .9997810103A4640830053E +0 

.999883557938150966977E 4-0 

.999879184396315839838E ♦O 

.999874702311977104244E ♦O 
,9998701103265245414766 *0 
.999865407079603604250E tO 
.999860591209069512810E «0 
,999855661350940565672E ♦a 
,999850616139350651963E +0 
,999845454206500951917E t.Q 
,999840174182610811572E -»-O 
,999834774695867777108E +0 
,999829254372376773879E ♦O 
,9998236118361084145286 +0 
.9998178457088464200226 +0 
.999811954610134136862E +Q 
,999805937157220133072E ♦O 
.999799791965002854935E +0 
.999793517645974325714E ♦0 
,9997871128101628669376 +0 
,9997805760650748220446 *Q 

) 
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( Tatole B-7 

ID S( 

,-3/2 

THE AUXILIARY FUNCTIONS R(z)  AND S(z)   FOR O.OOl  < £ < O.lOO 

l/x 

0.001 
0.002 
0.003 
o.ooU 
0.005 
0.006 
0.007 
0.008 
0.009 
0.010 
0.011 
0.012 
0.013 
o.oiU 
o.oi5 
0.016 
0.01? 
0.018 
0.019 
0.020 
0.021 
0.022 
0.023 
0.02U 
0.025 
0.026 
0.027 
0.028 
0.029 
0,030 
0.031 
0.032 
0.033 
0.03U 
0.035 
0.036 
0.037 
0.038 
0.039 
O.oUO 

= 1 
R(z) 

.99g9g67C604<i3l6<mi5AE +0 

.99999C6837184C4807Ü46E +Ü 

.9999820359253636759936 +0 

.999973653031312582062C- +0 

.99996318195994^2053006 +0 

.99995l6G57<»2l8b63A138E +0 

.999939C221717768A5389E +0 

.9999255071316273771276 +0 

.9999111217693533325586 +0 

.9998959167557449530296 +0 

.99987993499527H825762E +0 

.9J986321344522H16268E +0 

.9998457843884690266466 +0 

.99982767635448J754845E +0 

.999808914804533461256E +0 

.9997895226534484894706 +ü 

.9997695206749735254C4E +0 

.9997489278220668028366 +0 

.9997277614838364962266 +0 

.999706Ü37694367636820E +0 

.99968377130443^7169766 +0 

.9996609761242072621336 +0 

.9996376650428675530956 +0 

.99961385012987^9208136 +0 
<.99-95a954272l2332992I9£ +0 
.93956475349350M980346 +0 
.i9953949252782'»228l226 +0 
.9995137693654493788836 +0 
.9994875930563417713146 +0 
.9994609722018016460596 +0 
.9994339149920874997536 +0 
.999406429239746581U74E +0 
•9993785224092662599646 *0 
.9993502016435524270226 +0 
.99932147378765^5003366 +0 
.9992923454101214788876 40 
.^992628220222065917506 *Q 
.9992329120953169093746 40 
.9992026l9076786a80249£ +0 
.999171949A04247669120E +0 

S{z) 

1000003294122783720876 
10U000931761840078586E 
100001711858635049952F 
IC00026357663134253216 
ICJ0036838927651630546 
10000434 30351588598946 
1C00061035143830020806 
10 00074578424081192266 
1000099000047363071096 
1000104250345533196106 
1000120287416783552166 
1000137075306519^11046 
1000154582734574137256 
1000172782174214*13466 
100019164916695922976t 
100021116180078923981E 
IC0023130030482812003E 
1000252046729037383936 
10C0273384687289431266 
1CC0295299148547995896 
1000317776265158328276 
1000340803230174833216 
1000364368157701980816 
10C038845998168506899E 
1CQ0413068369647152426 
10004 38183048648^76756 
1000463796741331786126 
1000489899110343805156 
IC00516482709788672756 
1000543539942595069066 
1(10057106362291062.3296 
1000599046942783892056 
1000627483442525895586 
1000656366984245056336 
100068569172813196343E 
1000715452111137525806 
1000745642827742965206 
1000776258812565285456 
1C0080729522457925512E 
100083874743276802975E 
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Table B-7  (Cont'd) 

THE AUXILIARY FUNCTIONS R(z)   AND S(z)   FOR  O.OOl  < - < 0.100 
J 

z = -3/2 

1/x 

o.ola 
0.01*2 
0.01*3 
o.oUU 
o.oht 
0,0h6 
0.01*7 
0.0U8 
o.oli? 
0.050 
0.051 
0.052 
0.053 
0.051* 
0.055 
0.056 
0.057 
0.058 
0.059 
0.060 
0.061 
0.062 
0.063 
0.061* 
0.065 
0.066 
0.067 
0.068 
0.069 
0.070 
0.071 
0.072 
0.073 
0.071* 
0.075 
0.076 
0.077 
0.078 
0.079 
0.080 

RU) 

.99914C908518726127682£ 

.9991C9501676617385035E 
• 999077733960652577013E 
.999C45610289967!>8733ie 
.99901313542936536260 IE 
.998980313997852957987E 
.99894715047652473C2C0E 
.99891964921585^668103E 
.999079814442453594916E 
.99384565026534069477 IE 
.99881116068177J325043£ 
.998776349582674329120E 
.9987412207576918787e0£ 
.9987057 7789992 ,«227 70 7E 
.99867002461C33054589C£ 
.9966339644018741A4496E 
.99859760070338o072953E 
.99856093686320A280178E 
.998523776 1525867037e8if 
.9984867217689214881 80lf 
.99844917683874910253CE 
.998411344420610184098E 
.9983732275077318J34e8E 
.9983348290305639690C5E 
.S982961518591763362C2E 
.99825719880552587097 IE 
.9982-17972625603 JÜl237f 
.998178476021467143016E 
.998138711643172580217E 
.998098682090602 120028E 
.998058389915204372183E 
.998017837621646803 113E 
.9979770276693878748lOE 
.997935962474173559859E 
.9 97894644409462855858E 
.99 7853075807786585474E 
.99781125896204)448125£ 
.997769196126737014349E 
.99 7M688951915 7085846£ 
.997684 341320508607669E 

♦ 0 
♦ 0 
♦ 0 
♦ 0 

♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦c 
♦ 0 
•»0 
♦ 0 
+ 0 
♦ 0 
♦ 0 
♦ 0 
♦ Ü 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 

S(z) 

100087061100304058426E 
1000902881686275970COE 
10009355554C7372a7946E 
1000968628255198Ö4757E 
10010020964733451298JE 
10010359564516103026 IE 
1C01C7020471813417167E 
ICO 110483793212600048E 
100113985287712712758E 
10011752464547599228 IE 
10C12110rJ678,91892367E 
10Ü124715767O36414032C 
100128366965168710324E 
IC0132054894260147523E 
1CÜ135779295555806138E 
100139539919163039123E 
10Ü143336523666833483E 
1C0147168375768304493E 
100151036749946286635E 
ICO 154939928138580901E 
1001588 78 199442375882E 
1001628513598320930846 
100166859211893439759E 
10ül7090156457250696iE 
10O174978232938854403E 
100179089037961612746E 
100.183233806297715348E 
100187412370091444487E 
1C0191624566784543723E 
1C3195870238936207828E 
100200149234052316110E 
100204461404423324714E 
lü020a306606970277574E 
IC0213184703098437651E 
100217595558558076838E 
100222039043311996706E 
1C0226515031409384299E 
10023102340086563470 IE 
1CC235S64031547798950E 
100240136815065339549E 

) 

B-50 0 
LOCKHEED  MISSILES & SPACE COMPANY 



t 
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c 

c 

1/x 

0.081 
0.082 
0.083 
0.08U 
0.085 
0.086 
0.087 
0.088 
0.089 
0.090 
0.091 
0.092 
0.093 
0.09U 
0.095 
0.096 
0.097 
0.098 
0.099 
0.100 

Table B-7  (Cont'd) 

[D S(s 

.-3/2 
THE AUXILIARY FUNCTIONS R(z)  AND S(z)   FOR 0,001 < 7 < O.lQO 

z = 

R(z) 

,^9764155367699lC9a05l£ 
.997598528700831362186E 
,997555268471272064334£ 
,9975117750355185660806 
.997468050409646279754£ 
,997^24096579470635959E 
.99737991550 138 i635946.E 
,997335509103 H'»82796 IE 
, 997290879284670435291-E 
,9972460279187522550246 
.99720095685 1777848249E 
.9971556679044114186576 
,997 110162872250931308E 
,997C64443526460105J90E 
,9 97018511614377516583E 
,^969723688601028J?1656 
,99692601696506?2076A3£ 
,99687945760855^50597 IE 
,99683269244826 A6132UC 
,9967857231208043091656 

S(z) 

♦0 .IC0244741634665897950E 
♦0 .100249378385135798362E 
♦0 .100254046962705031426E 
+0 .1002587472669564780326 
+0 .1002634792007391494466 
♦0 .100268242670085234)55E 
♦O .100273037584130761143E 
+0 .10Ü277863855039680045E 
+0 .100282721397931214696E 
♦0 .100287610130810301404E 
+0 .100292529974500978088E 
+0 .100297480852582577289E 
+0 .1003024626913285*11726 
♦0 .1CJ307475419648083615E 
i-O .1003125189690295323636 
+0 .1003175932734869105456 
+0 .1003226982695084643496 
♦0 .1003278338960064084776 
♦0 .1003330000942702477866 
♦0 .1003381968079208381536 
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Table B-8 

THE AUXILIARY PUIICTIONS W(z)  AND X(z)   FOR O.OOl  < | < 0.100 

z = * x -3/2 

1/x -W(z) 

0,22i .100000^61155618426153E 
0.002 .10000130429400406991 IE 
0.003 .100OC2396O19651080134E 
O.OOU .l0000368fl692224322523E 
0.005 .1000G5154753312518936E 
0.006 .100006775589480561676E 
0.007 .I0000853752048543465bt 
0.008 .100010429933581487882E 
0.009 .10001244427894809735AE 
0.010 .1000145734735C0965321E 
0.011 .100016811521420211575E 
0.012 .l000l9l53259471873l8bE 
0.013 .IÜO021594178816099418E 
0.01U .100024130296066914323E 
0.015 .100026758057364351516E 
0.016 ,100029474265323113972E 
0.017 .IÜ0032276022285559193E 
0.018 .100035160685477Ö49346E 
0.019 .100038125831037406666E 
0.020 ,l0004n692247784482')5E 
0.021 .10C04428R798148850P43E 
0.022 ,10004748?628255?24192E 
0.023 .100050748921108616210E 
0.02li .100054085997453350402E 
0.025 .100057492280688296645E 
0.026 .l00n60966286499322053E 
0'02l .100064506613903303750E 
0»028 .100068111937465816540E 
0«029 .10007178100Ü501851382E 
0.030 .1000755126091Ü5458103E 
0.031 .100079305626882745151E 
0.032 .l00083l589702a5l63933E 
0.033 .100087071604457886893E 
0.03ll .100091042539532416238E 
0«035 .100095070827304121897E 
0.036 .100099155558244806806E 
0.037 .100103295858808082171E 
0.038 .1001074908C8991661411E 
0.039 .100111739840125916437E 
O.OUO .100116041932862394704E 

X(z) 

.999995388246333098952E ♦© 

.99998695b480098l49l7lE ♦O 

.999976034471457486143E ♦O 

.999963100438865287156E ♦O 

.9999484277ai535036163E *0 

.999932201448914782072E »0 

.9999l4ib705852i87l345E ♦O 

.999895599552907690710E +0 

.999875413245338098656E +0 

.999854067781716996471E +0 
,999831621935281531894E +0 
.999808126153386761215E +0 
.999783624339418902219E ♦O 
.999758155142192453271E ♦O 
.999731752915223132639E ♦O 
.9997044484A723illOl7lE ♦O 
.999676269529624527106E ♦O 
.999647241404892908021E *0 
,9996l7387l2635b06l586E +0 
.999586727850495727849E +0 
,999555283077372475300E 40 
.999523070850366009566E *0 
,9994901079237ll802827E +0 
,999A56409904201813127E +0 
.999421991371961501435E ♦O 
.999386865984114549495E +0 
.999351Ü46564331501767E +0 
.999314545180641194974E ♦O 
,999277373213411415300E ♦O 
,999239541415039847896E ♦O 
,999201059962610989880E ♦© 
.999161938504549750181E -fO 
.999122186202123643599E +0 
.999081811766502208867E ♦O 
.999040823491966663440E +0 
.998999219285768812875E +0 
.998957C36695061386631E *0 
,99891425293125871J955E +0 
998870884892134287400E ♦O 
.998826939181918270059E +0 

) 
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Table B-6  (Cont'd) 
1 

THE AUXILIARY FUNCTIONS W(z)  AND X(z)  FOR O.OOl < J < 0.100 

o.oUl 
0.0U2 
0.0U3 
o.oliU 
o.oli5 
0.0li6 
0.0h7 
0.0U8 
0.0li9 
0.050 
0.051 
0.052 
0.053 
0.0514 
0.055 
0.056 
0.057 
0.058 
0.059 
0.060 
0.061 
0.062 
0.063 
0.06U 
0.065 
0.066 
0.067 
0.068 
0.069 
0.070 
0.071 
0.072 
0.073 
0.07U 
0.075 
0.076 
0.077 
0.078 
0.079 
0.080 

= 1 ,-3/2 

-W(z) 

.10012039641!>339638908E I 

.100124802561506711929E 1 

.IC0129259669587413202E 1 

.100133767060670364548E I 

.100138324077412005782E 1 

.100142930082841138970E 1 

.100147584459255021698E I 

.10015228660719819107AE 1 

.100157035944516214688E 1 

.100161831905477446404E I 

.1001666T3939956630278E I 

.100171561512674863814E I 

.100176494102491015642E I 

.100181471201740203703E I 

.100186492315615390977E I 

.100191556961588551099t 1 

.100196664668868207173E 1 

.100201814977890456678E 1 

.100207007439840870482E 1 

.100212241616204898918E 1 

.100217517078344635635E 1 

.100222833407099984751E I 

.100228190192412450886E I 

.100233587032969928113E 1 

.10J239023535871003537E 1 

.100244499316307418008E I 

.IÜQ2500139972634394Z7E- L. 

.100255567209231007240E I 

.100261158589939599151E 1 

.100266787784099855207E I 

.10C27245444316O070285E I 

.100278158225074735537E I 

.100283898794084371928E 1 

.100289675820505956235E 1 

.100295488980533292412E 1 

.100301337956046728406E 1 

.100307222434431662492E 1 

. IÜ0313142108405322892E 1 

.JL0031909667585l34098aE 1 

.100325085839661671898E 1 

X(2) 

.998782422129621455839E 

.998737339805781724922E 

.998691698037803087532E 

.998645502424035553434E 

.998598758346725402663E 

.998551470983949494440E 

.998503645320633580165E 

.998455286158742817448E 

.998406398126722514442E 

.998356985688258323803E 

.99830705315041745G084E 

.9982566046712257555 HE 

.998205644266729809768E 

.998154175817587819602E 

.998102203075228864081E 

.998049729667615908557E 

.997996759104644559985E 

.997943294783206430654E 

.997889339991943226043E 

.997834897915715222424E 

.997779971639805622805E 

.997724564153880330859E 

.997668678355720942091E 

.997612317054747186691E 

.997555482975343661380E 

.997498178760004419678E 

.997440406972307a600l6E- +0 

.997382170099733319749E +0 

.997323470556329858230E 

.99726431O685246871075E 

.997204692761135418313E 

.997144618992428453833E 

. 997084091523507517385E 

.997023112436762877955E 

.996961683754553591359E 

.996899607441073463186E 

.996837485404128467794E 

.996774719496830776928E 

.9967115115I9214185685E 

.996647863219775388840E 

♦0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦ 0 
♦ 0 
♦0 
♦0 
♦0 
♦ 0 
♦ 0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦0 

♦0 
♦ 0 
♦0 
♦0 
♦0 
♦0 
♦0 
♦ 0 
♦ 0 
♦0 
♦0 
♦0 
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Table B-8   (Cont'd) 

THE AUXILIARY FUNCTIONS W(z)   AND X(z)   FOR O.OOl  < - < 0,100 

J 

1/x 

0.081 
0.082 
0.083 
0.08U 
0.085 
0.086 
0.087 
0.088 
0.089 
0.090 
0.091 
0.092 
0.093 
0.091 
0.095 
0.096 
0.097 
0.098 
0.099 
0.100 

= 1 r-3/2 

-W(z) 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

.1 

00331109307585447332E 1 
00337166792084373326E I 
00343258010194312199E 1 
0034938?6R3392711620E 1 
00355540537471565970E 1 
00361731302415615695E 1 
00367954712285509126E 1 
003742l050510566885bE I 
00380498422756620825E 1 
00386818210871559301E 1 
003931Ö9618736934968E 1 
00399552399196866033E I 
00A05966308561184473E 1 
Q0412411106516940665E 1 
00418886556043I99767E 1 
Ü0425392A23328973409E 1 
00431928477694136680E 1 
00438A9A491513205318C I 
Ü0445090240141799453E 1 
00451715501845739878E I 

X(z) 

.996583776296945248171E 

.996519252400493915071E 

.9964542931328734040946 

.996388900050500977814E 

.996323074664986479796E 

.996256818444306546885E 

.996190132813928444026E 

.996123019157886087895E 

.996055478819810664929E 
,995987513103918098331E 
.995919123275955477593E 
.995850310564108437177E 
.995781076159871347852E 
.995711421218882072535E 
.995641346B61722936821E 
.995570864174689461546E 
.995499944210528320116E. 
.995428617989145893381E 
,995356876498288719470E 
I995284720694197059336E 

♦0 
♦0 
♦0 
♦0 
♦ 0 
♦0 
♦0 
♦0 
♦0 
♦0 
to 
♦0 
♦0 
♦0 
♦0 
♦ 0 
♦0 
♦0 
♦0 
♦0 

) 
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( Table B-9 

THE AIRY FUNCTIONS Ai(-x) AND Bi(-x) FOR 0 < x < 10 

( 

0.0 
0.1 
0.2. 
0#? o.k 
o.5 
0.6 
0.7 
0.8 
0.9 
1.0 
l.l 
1.2 
1.3 
Uk 
1.5 
1.6 
1.7 
1.6 
1.9 
2.0 
2.1 
2.2 
2.3 
24 
2.5 
2.6 

n 
2.9 
3.0 
3.1 
3.2 
3.3 
3.11 

3.6 

3.8 
3.9 
k*o 

Ai(-x) 

.355028053687817239256E +0 

.3808486681?0121511779E 40 

.4C628A187A4A80U1C362E +0 

.A:i0903095?8!>58085827lE +0 

.A5A22561?8a8667398390E +0 
•«757280916l0b395fi8798f +0 
.^94eA9525<i31H9688296E +0 
.5UCOOi97575010l49392£ +0 
.5235739A970,>774008352E +0 
• 53U599A56109739135A8E +0 
.53556ü8e3292352ll8801E +0 
•533810510A305021598C9E +0 
.52619A3748O2120C73867E +0 
.5122720C6ÜA1O3093C879E +0 
.<»9170C1810612^07286C3E +0 
.46A25t5777AH869<»06A79E +0 
.^298629767691351791906 +0 
.3ä86O7;0373963287173C7E ♦-O 
.3A076155912A213953313E +0 
.286800056279VJ08^067E +0 
.227<.0742820168557ti99^E +0 
.l63^8/.512f)992^27373'»2E *0 
.96U5"57fi0C76690C180AlE   -I 
.267C6333C57356a45o6C4E   -I 

•.A333Al<»04A030y!)H204'}E  -1 
•.112325Ü6769296608919UE   +0 
■.178502428^3640334380^   +0 
•.240Ü33109742457254467E   +0 
■.2950975929992086654nE   +0 
•.34l9050956729a3C40965E   +0 
•.378P14293677650C74350E   +0 
•.4C438222239C979324288E   +0 
•.4l74434205641il365179E   +0 
•.417180^37374550128771E   +0 
•.4C31904842458997274C2E   +0 
■.375533a23l4C43l9ll932E   +0 
■.i34777477474821fi99786E   +0 
•.28201306ie4193150l738E   +0 
.2l8Ö.r)5J756l«8'>5783816fc   +0 
.]47419J0564C744]t.5021E   *0 
.7C2655329492895150957E   -1 

Bi(-X) 

,614926627446000735U7E *0 
.569999043002954860436E +0 
.524509032816485512824E +0 
.47.797784Ql09a92946757E +0 
,430J20939948503375191E +0 
.38C352659751053850170fc +0 
,32J791840760869438206E +0 
.27526a0ll937879698653E +0 
,2l9827510a97581810416E +0 
.162638948925966249326E +0 
.1039y7389496944611887E +0 
.443265867400266C30104E -I 
.158213701846320836897E -I 
.757696441503407C35344E -1 
,134724060952794752050E +0 
.191784861157041220017E ♦0 
.245963200211373485937E +0 
.296202657610495735319E.+0 
. 341405831830134963927E- +0 
,38046587745364e821742E +0 
,4123025879563S8483088E ♦C 
.43590234823C72674b4l8E.+0 
.45036Ü934168207312412E +0 
,454i28234394364981659E ..♦0 
,449052276282107513898E +0 
,4324224718407052930301: +0 
,40500827813003^558032ü +0 
.367C92111821007818944E +0 
,319293888938312C99y24C -»0 
,26258499ai64697£14933E .♦0 
,1982896263749265432111 +0 
,128071651289754540310E +0 
,539057556305392836512E -I 
219679999897774543773E -1 
971061905496607192532E -1 
16a9398374810586ll851t +C 
234866306247767C34975t +C 
292352610071451994721E *C 
33904647C756664082991E +0 
3728905783193956l^318E +0 
392234705706999289558t ♦€ 
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Table B-9  (Cont'd) 

THE AIRY FUNCTIONS Ai(-x)  AND Bi(-x)  FOR 0 < x <  10 

Ü 

4.1 

k.? 
h*k 

4.9 
5.0 
5.1 
5.2 
5.3 
5.4 
5*5 
5.6 

5^0 
5.9 
6*0 
6.1 
6.2 
6.3 
6.4 
6.5 
6.6 

eli 
6.9 
7.0 
7.1 
7.2 
7.3 
7.4 
7.5 
7.6 

7.8 
7.9 
6.0 

Ai(-x) 

• 9676W?5U7143i28311S£ -2 
.89210763239A50579CIA5E -I 
.164,3973C92727723C4379£ +0 
.23370325807316312'9975E +0 
•2921S2 7B1055959446367E +0 
.337A95975<»89At2H63187E +0 
.367367^8287733133086^6 +0 
.3800366766A2792938A16E +0 
.374536J5W05838799A51E +0 
.35076lOC')02All<»3l977()E +0 
.309525J96287317515927E +0 
.252b8C33810A7<iA73A695E +0 
.ia2567931C6033^99387£ +0 
.lC2<53A'i9611Cl3'»65226lE +0 
.177^15A127657A9755965E -I 

■.6833069y686l678639290E -1 
-.1506201579785352937456 +0 
-.22<»l5in633<iq58875935E +0 
•.285122779555179^0303^ ♦O 
-.3291A517362S8231C52ACE +0 
-.35351167612C96A97A673E +0 
•.3t)6<»2l07366896lA31057E +0 
•.3373A76A9216135062331E +0 
-.297137J22136627796395E +0 
•.23a020301997115aü3576E +0 
•.l63S26A627277295520e3E +0 
•.78312A718012559191819E -I 
.1210<I52<»27736503»JI<»96E -I 
.lG168799773i76A5l5792E +0 
.18A28083525050-J637301E »0 
.25<.C3632d56197336A4llE +0 
.3C58515233686?6'J71561E 40 
.33577037C5151An089e7E +0 
.341323752232338641C9AE +0 
.3217757163806A7875261E +0 
.27a25C23Ae80l97nCC50E +0 
•24372C3737e9l929a0A39C *0 
.1328515AA626067326912E +0 
.417Ciea36l73870'«33A<i0E -I 

•.527CS0l»0356386202650bE -I 

Bi(-X) 

.39t>9i974C740l38921462E *0 
,383<»6736l27C9A4t61Sa5E +0 
,35A)490626lC930AA6ltj8E +0 
.3112235990063957812A9E +0 
,253872^5749693263679ÖE *0 
,IR51A57579A7212677030E +0 
,1C79<»69455A8553655293E +0 
.257C7793365082692531AE -I 
,577<»65S31A043531203A9E -I 
.13836913A9O16G0576375E +0 
,212089131569036A75936C +0 
,2750270AAl896A077A02ie +0 
.323716076748792A03992E +0 
.35531708C08C4675A550AE +0 
,367813A53915711991096E +G 
.36Ü172225A377133AA2AAE +0 
. 332A5323318790168A319E +0 
,2fi589C2110A932A2AAe5(Jt ♦€ 
,2228296929478136333666 +0 
■1A669337667C5570378A8E +0 
.618225A819628C89021CAE -1 
,2679Ü8089653358262769E -I 
,ll373700900ei97976896E ♦O 
.1935A1360615780175119E +0 
,26l0l2657636A83y5l8A2c tO 
,31l5999A581l20y5A8296E *0 
,3A1727738606750260127C tC 
,3A903A179CAC39A7963A0E +0 
,3328378A2983A2a733087E +0 
,293762C7185AAIAC20110E ♦G 
.23A2508?8329a568275G0E tO 
.l582173900904976y29l5E +0 
,7087AU37698963122107E -I 
,215965l8571883b998981E -1 
,112^63^950764908064086 +0 
,19A9337'36473876470951E ^G 
,2626700688053946763886 tO 
131U300566147A12082315E +0 
,J33a785630030469l0549E ♦C 
,33l23l'>a0751l37859963E ♦O 
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8.1 
8.2 

8.1; 
8.5 
8.6 

8l8 
8.9 
9.0 
9.1 
9.2 
9.3 
94 
9.5 
9.6 

9.8 
9.9 

10.0 

Table B-9 (Cont^d) 

THE AIRY FUNCTIONS Ai(-x) AND Bi(-x) FOR 0 < x < 10 

Ai(-x) 

.lA290HlA7093i)8l<»2<.377E +0 
,221599'«54803A0''iA15l67E +0 
.282231 75y95y8306r9293E +Ü 
,3l95y?l89726U797e333E +0 
,33Ü29C23763C203079022E +0 
.3131U/»526W262^63685£ +0 
,26920^tjA0700509324562£ +0 
.20205HA47:J7674r.762278E +0 
a.l7266i06371752l32940E +0 
,221337^15A7341'.C3663AE -1 
.74959au727355'«ÖCl9A66£ -1 
.l6li?ö800A65H7963U77E +0 
,240A73/9685318597^28E +0 
,293^77'j56ll2067757598E +0 
► 31910324771 J12:^2U1379£ fü 
>3l465»lb833ll6932bS632E +0 
.2aü237^0l91fc297438275E +0 
,21U867432663236<.21209E +0 
l136235Ü2644797'3751373E +0 
AC241238A86AA31906390E -I 

Bi(-X) 

,3023033090607C2C33165e +0 
.2<i9040rn297943596885E +0 
117i5055ö3O96446039117E +0 
.871)1798200041100^18216 -I 
.77b44364<i7fa5e404460ä0E -2 
,1023564700126738309916 +C 
.18820362624779Qaa8932E-+C 
.2577824017O326369421A: +0 
.30483241336496295938IE-+0 
.324947323455244917922e +0 
.316034712393298914417E+C 
.278584254357115239686E ' ■' 
.215708345763a9aa21874F ■ 
,1329387611404272142876 
, 37 73^43248 9466502264 3E_-.' 
,609129273601140532029E -i 
,15379420a777252970928E. +0 
23l8633O881748O92ü6a0E +0 
287383557724355170119E. +0 
3H679829643838633171E   •» 0 
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Table B-lO 

AIRY FUNCTION DERIVATIVES Ai' (-x)  AND Bi' (-x)  FOR  0 < x < 10 

0.0 
0.1 
0,2 
0.3 
O.lj. 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
uk 
1.5 
1.6 

1:1 
1.9 
2.0 
2.1 
2.2 
2.3 
2.k 
2.5 
2.6 
2.7 
2.8 
2.9 
3.0 
3.1 
3.2 
3.3 
3.£ 
3i'5 
3»6 

3.6 
3.9 
1^.0 

Ai'(-x) 

-.258819403792B0679B40SE +0 
-.256958li23236A6l7^6l?E ♦O 
-.2bl03267^00b547812657E +0 
-.2^05A51272^81i4608736E +0 
-.22503U09302<tl503l57^E +0 
-.2040äl6703395<i7386I46E +0 
-.1773625986965ÖÖ0329J7E +0 
-.1446412856433210274Ü2E +0 
-.l058C99<m87968e67i»29E +0 
-.6G9109980021988362488E -1 
-.l0160t>67ll66452093936E -1 
.460291547l06G7a656159C -I 
.107031569272280793684E +0 
.17139180675J774033071E +0 
.239819119936296593973E +0 
.30yi86967202410420421E +0 
.378542191951880827041E +0 
.446l245ä4636075052690E ±0 
.50999762771970664839AE »0 
.56a09l7168l22992158C7E +0 
.6132590207<»1691041414E +0 
-6583406928143434206^5E +0 
.6d624482A909Q01709826E +0 
.7Ü0033662876576002359E- +0 
.698017601544A41867077E +0 
.67835273426<»79436337iE +0 
.6^1637987111G6179A889E +0 
.^86007200144331444102E +0 
.512210981543479)50035E +0 
.4211828ll60364836d855E +0 
.3i45837692"b598813646E +0 
.194820446003978903684E *0 
.650311469952631513669E -1 
-.70963617177fa36l286629E -1 
-.2087A9049752733243212E +0 
-.J434434334!>404814ii305E ♦!) 
-.4698639663C3251126647E ♦O 
-.582727803652967978040E +0 
-.676882571408873634068E ^0 
-.747558085535477471988E +0 
•.7V0628575368581380301E ♦O 

Bi'(-X) 

.448288357353826357914E ♦O 

.451213362293461242095E ♦O 

.459385294586834096588E +0 

.471880216300647919995E ♦O 

.487734864049147533881E *Q 

.505933713623847lt657lE +0 

.5<?5401l52299l53b65907E ♦O 

.544999120Q69181906657E +0 

.563530394596331154361E ♦€ 

.579749261265281444695E ♦() 

.592375626422792350818E *L 
«60Q119696489910873156E tG 
.601710157437464408877E ♦O 
.595929749409011227163E ♦C 
.581656243921938517930E +0 
.55790810302ia97354135£ *0 
.523893541446409847927E *0 
.47906133a4734478l7394E ♦0 
.423151373738689289482E +0 
.356242512634247698662E +0 
.278795166921169522688E +0 
.19l6B563232a429ä68240E *0 
.96229l8b9385645307700E -I 

-J.5ailQ5ü30705154359886E -2 
-.112232370963516179458E +0 
-.220420154874629587690E +0 
-.327397168707100529084E +0 
-.429895343082015062996E +0 
-.524450397432683101777E +0 
-,6Q75ia28797lQ96867234E +0 
-.675611222685258537678E +0 
•.725449571508164802997E ♦O 
■.754124553110841361057E *0 
•.759265n5047944549768E ♦D 
-.73920162510551Ö170704E +0 
^61311628-49072888017496 *Q 
-.621172826642320206f78E +0 
•.S246I361490968349I062E *0 
■.405815720628965598951E ♦O 
.268298362892145678982E fO 
•.U667D567438340893664E *0 
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Table B-10 (Cont'd) 

AIRY FUNCTION DERIVATIVES Ai'(-x) AND Bi'(-x) FOR 0 < x < 10 

X Ai'(-x) 

ij.«l -.8C2a7-253541ä2l4990189E   <-0 
4,2 -.782215607862^51963TJ8E   +0 
Ij.»3 -.7279408U838818046570E   4-0 
1^5. -.640850183287563651869E   +0 
4.5 --.^2336Z53231b747700697E +0 
5.6 -.3795339U335845335715E +0 
k»! -.21A990180089572431341E +0 
i\.*Q -.36765104312346077A723E -1 
4.9 .U6957427310956074990E +0 
5.0 .32719281855A4A313684AE +0 
5«1 .^945859^838A937055100E +0 
5.2 .639905166901283843356E <-0 
5.3 .7iA57b4l994701l041036E +0 
^•ii .a31223072003346258680E +0 
5.5 .864197217771398390779E +0 
5.6 .850032560048931562616E +0 
5.7 .7d7ai722463bl997l3781E +0 
5.3 .'679431519966502764072E +0 
5,9 .52962857256300237831AE +0 
6.0 .34b')3548720l342894875E +0 
6.1 .138363937252716848472E +0 
6.2 -.8106855619630A1580327E -I 
6.3 -.29899160898A739564208E +0 
6.1; -.501479850254968656418E +0 
6.5 -.674952492513202173046E +0 
6.6 -.8071192494773918471796 +0 
6.7 -.8879079652b5553544593£ +0 
6.8 -.9103040Ü51588Ü4405935E +C 
6.9 -.071031058686387657904E +0 
7.0 -.771008168410126547702E +0 
7.1 -.615528787540228172130E +0 
7.2 -.414124281157035159105E +0 
7.3 -.13009580^4832932243376 +0 
f.ij. .70276323643265)9b23542E -1 
7.5 . U8a0950669855^596262E +0 
7.6 .!i467188l90573A8069!j2CE +0 
7.7 .7360524176G4642067316E +0 
7.8 .87ll55404246!j89Ji)8353E +0 
7.9 .940042998026280126<»bAE +0 
8,0 .93556093R19830655101^E *C 

Bl'(-x) 

.4347a7I79316592977431E -I 

.20575691L221I22623900E ♦O 

.363204680956655629068E fO 

.508589321544675675Q83E +0 

.634744767773663709754E fO 

.73494444367I306266448E +0 

.803289258507199659660E +0 

.835089758395564348953E +0 

.8272I9033360680382764E +0 

.7784I1773001899246074E +0 
,689485128422051310032E +0 
.563458979575173677294E +0 
.405556940883315528182E +0 
.223074964217833668780E ♦Q 
.2511l58307363092b96l6E -I 
. 177837595579460472097E +0 
,374409034003722190226E +0 
.b530020316910ll26l3l3E +0 
.7024795223I5491599946E +0 
.812898785105067000452E +0 
.876225301532515479016E +0 
.886978962066828127950E +0 
,842761096808970257189E +0 
,744613866305732867758E ♦O 
.597170666291622016920E tO 
,A085673393I0042215657E +0 
, 190098777163749659905E +0 
,^437678'.&342424489157E -1 
279263905969664738395E +0 
.49824459Ü058113488805E +0 
,6854205776426938971IIE -»-O 
,8265063^0272004785t)30E +0 
.909984270436324673651E +0 
.928128090070406693120E +0 
,8778022bl54i)760922352E +0 
,76C955091883910538636E +0 
,584740447489903956820E +0 
361229304324400572687E +0 
,106702154812138144534E +0 
, 1594!>0497812981389451E +0 
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Table B-10  (Cont'd) 

AIRY FUNCTION DERIVATIVES Ai'(-x)  and Bl'(-x)  FOR 0 < x < 10 

.,.   -1 

0 

8,1 
8.2 

8.Ü 
8.5 
8.6 
8.7 
8.8 
8.9 
9.0 
9.1 
9.2 
9.3 
9.1^ 
9.5 
9.6 
9.7 
9.8 
9.9 

10.0 

Ai'(-x) 

.Öt>621858632662^623y0E +0 

.706598697862805303377E +0 

.<»y727679025320957682!>E +0. 

.?44220894l4b28^l2A529E +0 

.323133^828<r63913594i3E -1 
,3ü9330272M5632307A8lE ^0 
,b6297684950185^659673E t0 
.7706l3O097^aOA2222O00E 4C 
.9l2a92757<i25249831BaiE tO 
. J7t.66398092633159^730E +0 
.9bl496ai5't51917697499E ♦O 
.8<>Oft71073803e00818l87E +0 
,651^92^07895600378317E +0 
,3,rj8623663898A4822776E 4-0 
,lü80953l881ia71239011E +0 
1l96950^^232l?b91U068E +0 
,A8628629l?392682090!>6E +0 
7315AAÖ63628323622557E +0 

,907813331537150439126E +0 
,996?6t>G^4l327900IJb937E   +0 

Bi'(-3C) 

,4161566395401275814046 ♦O 
.642322930908422933926E +0 
.818600^07^8798^64895E +0 
,929109583748750229015E «-O 
,962969165120174798144E tO 
>915^79180196183452706E +0 
.788826225075567710548E +0 
,592213709228808931614E +0 
.34136<f75372178ü747904E fO 
.574005138436692543430E -1 
,234343786584969132257E +0 
.5089440155A5784449208E +0 
.739280283029872949861E «-0 
,903A853706768Ali)37059E ♦O 
l9a4714ü70002ll9703933E +0 
,973499179547113071310E +0 
,868983876598210580717E ♦O 
,679367742131133091187E +0 
.A2l4720e9l83833376l24E +0 
,1194U113399909238093E ♦O 
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Table B-ll 

THE AUXILIARY FUNCTIONS P{-x)   AND x(-x)   FOR 0 < x < 10 

0.0 
0.1 
0.2 
0.3 

0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
Uh 
1.5 
1.6 
1.7 
1.8 
1.9 
2.0 
2.1 
2.2 
2.3 
2.Ü. 
2.5 
2.6 
2.7 
2.8 
2.9 
3.0 
3.1 
3.2 
3.3 

u 
3.9 

P<-x) 

.7100561077756ÄVÖ512E +o 
.6e552506667Cl8CC8Cl^9E +0 
.663A58O367105«f271510F +0 
.ü43b3n2dVJ?lV»!>23t)86E +Ü 
.62fjA9C M0Ö67Ü369^1ü,^t;   +0 

. .609Cd5677ö2l361C')5ü7A£ +0 
.5SA121 iCfc9<»8631>6')07CU +0 
.580<.2b6C6tit)S)72?lC8^79E *0 
.!>6785P169ai^l25lrMfc6yE +0 
.5i)tJ266Bb2726^i:C50,M7E +0 
.5A556A?6859/7013?53iaE +0 
.53b6A774557367J49A003E +0 
.526A3217590A8AH336978E +0 
.bl7841il9tl2329^5i5510E +0 
.5C98231.A6A49156.8!38?98E   +0 

..5Ü23.1C265624860191382E +0 
.^95?5758AlA691^69ia63E   +0 

..<iaS62-l98^6563l09a62^7E +0_ 
.4a2365<.0317y36tj215^l6E +Ü 
.476A5AlA9G93587CCeä97E +0 
.47085eJ2b228351935'«Ö2E +0 
.465551332A90497A216A5E +0 
.A60b09AA59l093225AA09E +0 
.A.5571145111193M58A22E *Q 
.A511383319579956585A8E +Ü 
.AA67730C162952A359927E +0 
.<.A2600ü7ü59A267240281E +0 
.<.386ü56A59a5022929667E +C 
.A3A777l5775702b90?729E +Ü 
.^31l03207722l2A959AAi£ +0 
.A27573A38162862196147E +0 
•42A178417237311989360E +0 
.420909538811367838258E +0 
.<»l775a9347l2663l8l7AflE +0 
.AlA719}9770080l9i425ftE +0 
• A.117ÖA3137014761162AIE +0 
.4C89A760206519707267aE +0 
.4C62Q36627912795J7130E +0 
.A035A732980981384,)69CE *0 
.AÜ0973d2y5A3l50160A72£ +0 
.398A78^4077653A46360E   +0 

X(-x) 

.523598775598298873077E +0 
,5ö9033Vtl90068l6lA322E +0 
.659059bl05807ü2280188£ +0 
.7336-JO221730ÜA3295678E +0 
.H1276AbA79049l8292785E +0 
.8963!>0013AA2875280A81E +0 
.,)8A3AÜ2268A8RA8781909C *C 
.1C76682Q998A3916A9132E 
.U7328775O/t3571b03178E 
.127AÜ361038Q1C5735L95E 
.1 378^99215067S>9781 326E 
.1A879A8iA359307037018E 

-.I 5407378A323803616338fc 
-.1423J5198393784815224E 
-.130336342908260226106E 
-.117J0472413573il59251E 
-.1C5107656988?33757919E 
-^'il9ü2243J-Q2aiiil24.4a73E +0 
-. 7844£j3714098194b77901E +0 
-.64593685145843043816IE +0 
-.b04036051170643780640E +0 
-.358ai3172339182537158E +0 
-.210327781219446132354E +0 
-.586371996B395a07a6613E -I 
.962034330697882460879E -1 
.254141üa9623340423406e +0 
.41

,
J1247774381380594C9E +0 

.5791üb458432«735l6396E +0 

.746035966948n05235782E +0 
^9l5a7092755l7ia3Q9747E +0 
.10a8t.6667377772722900E 
.1264081168596777272a9E 
.144237392719625234522E 

-.1518186711125ö6769918E 
-.133445304015490477230E 
-.ll4a05397674165331223E 
-.959024511701029668519E +0 
-.767398425473925377930E +0 
-.573208347048091910950E ♦O 
-.376485809801573574456E +0 
-.17726130436462452084)E +0 
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Tatle B-ll (Cont'd) 

THE AUXILIARY FUNCTIONS P(-x) AND x(-x) FOR 0 < x < 10 

:> 

if.i 

k.k 
k.5 

J4..6 
4.9 
5«o 
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5.2 
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5I0 
5.9 
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6,1 
6.2 
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6l6 
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7.5 
7.6 
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7.9 
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P(-x) 

.3-J37C7/}0 J8l36^6fl85583e +0 

.3'nA2't'«67'934l5379l2C4E +Ü 

.38920A39<m'U57008727E +0 

.3870^59582 5 J2Ö.J 3 7A954E +0 

.38^AA7dl J,if;,96:VJ<«5ü3 7C +0 
• 3d28'iH69A864A3A3^093a4: *0 
.38n9üS).93235010317l34iE +0 
.37896H3l32ei2U366y31E +0 
.377C6670üa7')?54078016E +0 
.375217^597^01^75245670 +0 
.373<»12^'«16750Ü>R<»8AA2E +0 
.37l6'i922682578530705/.E +C 
.3fc99.?669 J37757A382A9?E +0 
.3682'«3'Jl7 7C9l'i7207595.E +0 
.366596667326'.90950681E +0 
.36<»9dA1943y9500362l83E *0 
.3634l022981flü5flA935A7E +0 
.36l867<i7778777HHai352E *0 
.3o035ft?lOfl3189'>'!|<iA993E +0 
.35887676522635934C483E *Q 
.35742A536738124267050E +0 
.356CüA977001A2257a536E *0 
.1lj«6ll089A459l?37A368E +0 
.35324392050017154n6iy£ *C 
.3519021)86295969^8 J52CE +0 
.35Ü5U62C99Ul?2520l8C,^ ♦£) 
.349293:9787ll/5A666645E 40 
.34aC251120338644655C6c +0 
.34677886484l59n233A09E +0 
♦J45556525693932 7.244>21E-^O- 
.34435l414798Ö3i436348E +0 
.343l6adR221l87467ClJ0r *0 
.3420C630615880259C470E +0 
.34086309147197J915822E +0 
.3J9738668131700251165E +0 
.338632489904355071462fc *0 
.337544033069666956045E *0 
.336472795230487629845E +0 
.37i5418294l98746428lA4E   +0 

X(-X) 

.244356713a75l0l403574E -1 

.228576565088177621198E +0 

.435I3372525Q592521629E ^0 

.6440a0359l25642339235E +0 

.8553904929151351551370 +0 

.lC69038y342ll36745707E I 

.120500123653722583673E 1 

.150325366586533351868E 1 
-.l417ai9484590Ü9825537E 1 
-.119505530988115750886C 1 
-.97006a243086399ai6426E +0 
-.742d79467627442658344E +0 
-.51350959608329055a236E +0 
-.281978694052541206621E +0 
-.483063027368412350ai8E -1 
.187488539675966737614E +0 
.425387277755472592994E +0 
.665371819630237683763E +0 
.907424518782799B627ii4£ fO 
.115152815677787177236E 1 
.13976659268673a5Q220QE 1 
-.1495771235170Ü7524297E I 
-.1245614Q5146589531702E I 
-.993470837666995155459E +0 
-.73aa369(U95 74240-14Ai.9£ +Q 
•.483287211383032657170E +0 
-.2252 76403977977a637Ö5E +0 
.346611996820764209914E -1 
.2965ll5854672767820a8E ♦O 
.560261035190751971535E 40 
*a2ia9i>U65a69ä3daU6B£ .*0. 
.109340367374431943777E I 
.136277C81796713253701E I 
•.150760773454676114225E 1 
•.i2345590566956M27076E-- -I 
-.7596879399987204681331? +0 
-.6830062a7879166402595E *0 
•.404525776571120930567E +0 
•.124257862I28323433879E +0 
.157786212859422630064E +0 

) 
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o Table B-ll  (Cont'd) 

THE AUXILIARY FUNCTIONS P(-x) AND x(-x)  FOR 0 < x < 10 

F(-x) 

1 

Ö»1 .334380066915 
ö»2 .33331)766365 
ö»3 .33235067174 
v*k .33135866505 
8»5 .33038125303 
8»6 .32941805496 
8«7 .3234687042^ 
8.Ö .32753284771 
o«9 .32661014504 
9.0 .32570026811 
9»1 .32480290044 
9«2 .323917/3663 
9«3 .32304448208 
9«^ .3?2ia2d5204 
9«5 .32133237166 
9«6 .32049317523 
9»7 ,31966500611 
9»8 .318Ü4721585 
9«9 .31803976430 

10#0 ,31724241907 

1920800187E 
4311445829E 
18509a7115E 
55714531116 
7211JbC9795E 
580 J033545E 
226l6326e8E 
55C0026932E 
7549439190E 
51226948186 
5l4')664357E 
200mi457E 
4410603647E 
9986421994E 
57297229<f02 
275o7303/6r 
3756663655t 
174.174331E 
879.315899CE 
348723H72E 

fO ,441595412827024424980t *0 
♦0 .727158903057944906811t ♦O 
+0 .1C1446604375781170029E  1 
+0 ,130350638436527C55439t  I 
♦0 -,154732?99550149366855E  I 
♦ 0 -,125484687693<»906085966 1 
+0 -.96C667828322174910235E +0 
♦0 -,66479559583747937Ö929E +0 
+0 -,3672397516983656395656 +0 
♦0 -.680097486563611605510E -1 
+ 0 ,2323851756801207632761= +0 
♦ 0 .5354358 J46827674'9l443t +0 
♦0 .8396334 386928569894936 +0 
+0 .114546898115626742348E 1 
+0 .145293383489740139911E 1 
+0 -,137957320306AC1805321E I 
+0 -,ir6887525062043646225E  I 
♦ 0 -.7i>ct>73245460743396231E +0 
♦0 -.44267535394C778404488E +0 
+ 0 -,127l8961779rV9818l797t; +0 

r 
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1    I 

J 
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0.9 
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1,3 
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1.6 
1.7 
1.6 
1.9 
2.0 
2.1 
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3.5 
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3,9 

Table B-12 

THE AUXILIARY FUNCTIONS G(-x)   AND y(~x)  FOR 0 < X < 10 

0(-x) 
• 51763Ö8075Ö5613596810E +0 
.51925039220120178^9806 *0 
.523500002197715358154E +0 
.529653562985833280705E +0 
.537144703763959186183E +0 
.545543995246759811110E +Ü 
.5,j4530307786398l705l8E +Ü 
.1>63866245122666783363E +0 
.573378134638296601507E +0 
.5ä2940267622046705637E +0 
.^9246275fl24?l76345396E +0 
.60ia823?5042458ft26a03E +0 
.6lll553569955067060b9E *0 
.620252728991267291261E +0 
.629155939636905478001C +0 
.637354240485486189114E +0 
.646342505067549880317E +0 
.65461964B5511320555a4E tu 
.662687A56782357092190E +0 
.670549719647027888228E +0 
.6782ll59074y5812845i3E ^0 
.6Ö5A79115517178111347E +0 
.69?95888474C491107291E +0 
.70Q05778159^252213366E +0 
.70698279834657Ü468249E +0 
.7l37409050l6^7y4952^6t +0 
.720338956728956002358E fO 
.72678362985^581938742E +0 
.73308l3795077a2752109E *ü 
.73923841283A24046234CE +0 
.745260673907319695682E +0 
.7IJ1153837095018224937E >0 
.756923306541551498564E +0 
•762574219996682262494E +0 
. 7681114'>5669883972095E +0 
.77353964112lb05252507E +0 
,778863163456221430885E +0 
.784086180275361376924E +0 
.7b92l263098928l507216E +0 
.794246248200187437130E +0 
.79n9056ft94bl9336856bE «-0 

♦ (-x) 
► 52359877559829Ö873077E + 0 
.517677843855539476125E ^0 
.500116246203854068369E +0 
.471424193749893501067E +0 
.43227763684031Ö791171E +0 
►383413589183332985647E +0 
.325563704954037801780E *0 
.259416908319300552585E ♦O 
.185601656401773296386E +0 
.104680337395444232536E +0 
,171505552034521286178E -1 
.765500796962704030308E -1 
,176037693586464271948E +0 
,280975584462165394387E +0 
,391067956794663567734E +0 
,506054238325406035601E +0 
,625704076356197306008E +0 
.749ai3012067943376767E tO 
.87ai98782860658286282E *0 
,101069818274392944219E 
.11471644Ü635687399315E 
. 128746480563520227379E 
,U314789951 3866873621E 
, 156249540336276606356E 
, 141137350320389900607E 
.125684022612690892377E 
, 109898066844442225630E 
,937873591938026194276E ♦O 
.773592141218890982868E +0 
.606204460426B88167581E +0 
435774225253500334846E +0 
.262361103546275637749E +0 
.8602115550A4935655995E -1 
.93l928l7375204yll3862E -I 
.275230966968223987282E +0 
.460046130426667686354E +0 
,647593593974665488167E +0 
837830884104925885533E +0 

. 103071758239480720588E I 

.122621516074719524869E I 

. 14242868J434947841484E  1 

) 

3-6^ 
3 
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c Table B-12  (Cont'd) 

THE AUXILIARY FUNCTIONS G(-x)  AND ^ (-x)  FOR  0 < x < 10 

( 

k.1 

k4 
14-. 6 

i;.9 
5«o 
5.1 
5.2 
5.3 
5.U 
5.5 
5.6 
5.7 
5.8 
5.9 
6.0 
b.l 
6,2 
6.3 
6.ij. 
6.5 
6.6 
6.7 
6.8 
6.9 
7.0 
7.1 
7.2 
7.3 
7.4 
7.5 
7.6 
7.7 
7.8 

Z*9 8.0 

0(-x) 

.8(H048945675481671192E +0 

.8088245568099933499566 +0 

.81352Ü416904915027116E +0 

.818139386296111178574E +0 

.822684180258739585962E +0 

.8^71573776582148428iVE +0 

.831561429100696942054E +0 

.33589866459533222B468E +0 

.840171300745290503232E +0 

.844361447487781477634E +0 

.8485311l4405l2l59l2y4E +0 

.8526222l66298a3459693E +0 

.Ö56656b80367442898739E +0 

.860635949059031479432E +0 

.864561983207849384927E +0 

.868436274890002612235E +0 

.872260341971082121O30E +0 

.876035637040161681424E +0 

.8797635501359Ü1422812E +0 

.ft834454l21l4333873721E *0 

.887082497954852809149E +0 

.390676029739714650410E +0 

.394227179<(896093037a4£ +0 

.0^77370718125199537456 +0 

.9Ü1206786386434187105E +0 

.9G4637360287444389125E +0 

.9Ü8029790173984451370E +0 

.ni3Ü5034337167058519E +0 

.914704014626459944950E +0 

.917987618259263681754E +0 

.921236699522325546220E +0 

.924452081372341367564E +0 
,92763456694255734l73eE +0 
.930784890961684025294E *Q 
.93390382109G972437148E +0 
.936992059184874858238E +0 
.940050292480318058296E +0 
.943079184719251940367E +0 
.94607937720Ö799746445E «-0 
.949051489823024909124E +0 

♦ (-X) 
-.151669522353918070788E  1 
-.131357938539370748616E  I 
-.1I0799059734451453425E  1 
-.899959860854939646721E +0 
-.689516973236i»6i002359E +0 
-.47669060652844465519IE +0 
-.261508379250849194564E +0 
-.439969218317589530947E -I 
.175818063599578120140E +0 
.397911748446898110853E +0 
.622260127379910565288E +0 
.848339972102365533434E +0 
.107762878874780C91706E  1 
.130660477854412135033E  I 
.1541746P0143015464324E  I 

-.136455831124604539644E  I 
-.112714517365717285347E  1 
-.88762579öl230,8307746E +0 
-.646018997834-». 656487E +0 
-.4023430t569784^260908E +0 
-.156615877919021551990E +0 
.911452739427772037477E -1 
.340923464323467164194E +0 
.59270221429I307838158E +0 
.046465453369565681894E +0 
.110219750245156439426E  1 
.135988305772384984232E  1 

-.152208547806873814761E  1 
-.126053739554673339458E  I 
-.997079613718492100342E +0 
-.73l72607836309i)322299E +0 
-.464490427673114399531E +0 
-.1953860C3666475301416E +0. 
.755741369988520503742E -I 
.348377212767067968128E ♦0. 
.623010707446694083374E +0 
.899462360958682585056E +0 
.11777201605392I019430E  I 
.145777233236833661661E  I 

-.140198531999185832399E  1 

I 
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Table B-12 (Cont'd) 

THE AUXILIARY FUNCTIONS G(-x)  AND ^(-x)  FOR 0 < x < 10 

0 

x G(-x) 
8.1 .95199612195C04239A963E +0 
8.2 .9!)<»9U851387917124668E +0 
8.3 ,9578052<»5192707063521E +0 
8.ij. .9606708^048i222261835E +0 
8.5 .963511165191982020787E +0 
8.6 .96632672B806259102996E +0 
8.7 .9691180250320A1244338E +0 
8.8 .97l8ö5«)3?A530U998480E ♦O 
6.9 .9746297l5l446a409l648E +0 
9.0 .97735102325y573002225E +0 
9.1 .9800A9893583335507418E +0 
9.2 .98272675n063466627604E +0 
9.3 .9a53820043l2203986993E +0 
9»ii .988016056085100398461E +0 
9.5 .990629293736652827408E +0 
9.6 .9i3222094664283204799E ♦O 
9.7 .995794825671883301877E +0 
9.8 .998347843464058550124E +0 
9.9 .IG0088149492213383375E  I 
10.0 .l003396imi29l747805E  I 

♦ (-x) 
,111837880883546617289E 1 
.833011891096890479914E 4-0 
.545895460906111592807E +0 
,257040209781478049651E +0 
,335433670606351568ü79E -I 
,325844964672693814381E +0 
.619834462603760B03016E +0 
,915561919373585913265E +0 
)121295756717946652210E 1 
,l51203ie0682322962149E 1 
113288174!>074326679870E I 
, 102641417472638746652E I 
,722360140509946134394E +0 
.416664319599198291283E +0 
109335537345546935347E +0 

)l996l7b23078314935871E +0 
)510186316855072149989E +0 
,822362433843791040*»76E +0 
113613759503823486187E 1 
1A5150364915588514051E  1 

' 
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Table B-I3 

THE AIRY FUNCTIONS Ai(-x)   AND Bi(-x)  FOR x = 10.0(0.1)25.0 

x Ai(-x) 

10.0 .AG2A12384864431906450E -1 
10.1 -.59726811133454156364AE -I 
10.2 -.153696782607083167946E +0 
10.3 -.232108018854829267138E +0 
10.U -.286805455630829621003E +0 
10.5 -.311926035051C50600856E *0 
10.6 -.304578464997366788682E +0 
10.7 -.265233672673A68532137E +0 
10.8 -.197769992056371797856E +0 
10.9 -.10915179222515884U12E +0 
11.0 -.875958925570238132AC6E -2 
11.1 .92570A33646A582262528E -I 
11.2 .18370367A05125353981AE +0 
11.3 .254^39825ll50472e8320E +0 
11.U .29668A512423A85059168E +0 
11.5 .3054229700A3592656397E +0 
11.6 .27937A548683323686800E +0 
11.7 .221237808565027051397E +0 
11.8 .137W9553885071913538E +0 
11.9 .3767302A339358523878AE -I 
12.0 -.6655517505A3731295416E -I 
12.1 -.162859A53505113731C63E +0 
12.2 -.2396A109627913A769780E +0 
12.3 -.287472080256^n633UE +0 
12.U -.3002998A45350U25785AE +0 
12.5 -.27627A561381160248219E +0 
12.6 -.218C80099918026314406E ♦O 
12.7 -.1327C691889389718b726E +0 
12.8 -.306733238462919117877E -I 
12.9 .752272785815361915793E -I 
13.0 .l7lbl0A393705370^6AlE +0 
13.1 .245723A07U79igi97C80E +0 
13.2 .288C8667803239288202AE *0 
13.3 .292fi3500740797A528706E +0 
13.il .259068A699A3AIA170550E +0 
13.5 .1909812A329622O29266AE *0 
13.6 .9741389038A21286A185AE -I 
13.7 -.9235A4696837094871932E -2 
13.8 -.IIA61607AA62635171716E +0 
13.9 -.2043AA332205273782068E +0 
lii.O -.265983482784077798396E +0 

B-67 

Bl(-x) 

.314679829643838633175E +0 

.310767512287939160859E ♦O 

.275734229100683682A74E +0 

.212822518390313659636E +0 

.1281899734457234718466 ♦() 

.30356123264021013L669E -1 

.706206434055528471920E -I 

.16416118648516L247964E ♦O 

.240278305780461363805E +0 

.290667456575535745931E +0 

.309654767426781886332E +0 

.2948907868338L1241463E +0 
,247700786558615510150E ^0 
.173036490435860838240E +0 
.790166652187811602628E -1 
.239092723b59457575783E -I 
,124094835265161019075E +0 
.210008380453832472436E ♦O 
.271577189243467759620E +0 
.301406091377845716626E +0 
,295719912078073056714E +0 
,254904692434865255286E ♦O 
.1835651766170047299196 +0 
.9007131350855515197276 -1 
.143715982005231298790E -I 
.11703336725739277Ä617E ♦O 
,2052016805306034695186 +0 
,267772254484722057110E +0 
.2966864467294331088686 +0 
.2880264180241908841046 +0 
,2426132290926271993276 +0 
,1660107767213868718076 +0 
,6791197205157219223486 -1 
,3903579921385698572886 -1 
1408315445569633893666 +0 
2239501035800227914916 +0 
,277162527805999445007E +0 
2931002961688281836116 +0 
2693403219370802653846 +0 
2088439473852351406076 +0 
1196655527976245231006 +0 
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Table B-I3  (Cont'd) 

THE AIRY PU1ICTI0NS Al(-x)   AND Bi(-x)  FOR x = 10,0(0.1)25.0 

x Ai(-x) 

lU.l -.2908100851*99665424006 +0 
1U.2 -.2751112337072173940916 +0 
1^.3 -.2208125676847530379416 +0 
lU.U -.135323956376930263935E +0 
1U.5 -.305974189395514228158E -I 
1U.6 .784944011C48661970258E -1 
1U.7 .176247385514908148444E -»0 
lh,& .248393528798947757662E +0 
1U.9 .284219508153073098728E +0 
15.0 .278217490870828929532E +0 
15.1 .231006381313208420753E +0 
15.2 .149360880167607559296E +0 
15.3 •4S3142726642754678562E -1 
l^.li -.655593766657786769160E -I 
15.5 -.166447954090419767435E +0 
15.6 -.241853776309456335635E +0 
15.7 -.280008778231409792267E +0 
15.8 -.274771784867787423562E +0 
!£•? -.226693950298588365530E ♦O 
16.0 -.143057931669099697712E +0 
16.1 -.368522003634394557182E -I 
16.2 .751891724478489316167E -I 
16.3 .175195586927892081738E +0 
16.U .247016437066724377416E *0 
16.5 .278868480560550838314E -»0 
16.6 .265334889965864CC6144E *0 
16.7 •208367580336450845224E +0 
16.8 .117096950227064733015E +0 
16.9 .644492332728703505772E -2 
17.0 -.105262300290952390249E +0 
17.1 -.199309b6192806l248022E ♦O 
17.2 -.259744953337002906108E +0 
17.3 -.276134329617757533339E +0 
17.U -•245438411334952268887E +0 
17.5 -.1726605906622262677606 +0 
17.6 -.7012002882879061688746 -I 
17.7 .445633965857197437876E -I 
17.8 .1514560734066679765826 +0 
17.9 .2317713070554893576636 +0 
18.0 .2712045408044142215956 ♦O 

B-68 

Bl(-x) 

.1394491798190573031586  -I 

.9370100560638336359076 -1 

.1881810849432159645586  +0 

.^560567572390355635096  *0 
,2874922435175277552406  ♦O 
,2777408071359618183926   ♦O 
,2279351859377842783966   +0 
.1450427051011755471546  ♦O 
.4C96308710625470047816  -I 
.6912659453101006117656  -1 
.1689585809521922263786  +0 
.2435825562650146712216  +0 
.2816391003572919133676   +0 
,2771486445122634960306   ♦O 
,2305265307547122106966   ♦O 
,1486427774349451601496  ♦O 
.438863503404062751514E  -1 
.676523425806300522417E  -I 
.1686240659641690589256   «-0 
.2431231514282272167306  ^0 
.2792291161871110487826   +0 
.2709767727537523604116   +0 
.2194206616904641756676   ♦O 
1325938221016967036406  +0 

.2433359843269569265556  -1 

.8786818811390964944926  -1 
1856668186539314672866   ♦O 

,2528742916453933597506  +0 
2781825217782000786036   +0 
2571359210023431821346   *0 
1929991603122837312166  +0 
963407131723165460050E  -1 
166345106620348942834E  -1 
126754403954158017658E  «-0 
2151202455786953350306   ♦O 
2663740799653691050996   ♦O 
2714249029224686512516   *0 
2291411085184474318376   »0 
1466821443638639195256  ♦O 
3837248850838399799156  -1 

) 
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Table B-I3 (Cont'd) 

THE AIRY FUNCTIONS Ai(-x) AND Bi(-x) FOR x = 10.0(0.1)25,0 

x Ai(-x) 

18.1 .262546229752A12A9A995E +0 
16.2 •207C84918263242858G69E ♦O 
18.3 .1145H803358369449170E +0 
18.U .13234763638A990236688E -2 
18.5 -.1120885397755«0476113E +0 
18.6 -.205064480270311008121E +0 
18.7 -.260^7345019757374070^E +0 
18.8 -.267922901767988366698E +0 
18.9 -.225789964287493626666E +0 
19.0 -.IM66127688(K22656284E +0 
19.1 -.310568561078791882A96E -I 
19.2 .85366^397A4650937246E -1 
19.3 .1856U66^8''9651817410E ♦O 
19.U .250646640265866088606E *Q 
19.5 .2678002721025839^575^ +0 
19.6 .233577383245297582873E +0 
19.7 .154325796369767516332E +0 
19.8 .451837712582207590615E -1 
19.9 -.727388201110130226840E -1 
20.0 -.176A0612707798A689695E +0 
20.1 -.245361739252998172806E +0 
20.2 -.2658126A2308826248378E +0 
20.3 -.2334681796087658237776 +0 
20.li -.1545354173777475909A0E -»-O 
20.5 -.446256803970119096398E -I 
20.6 .742577711056S997C9623E -1 
20.7 .178C8610491682873076AE +0 
20.8 .2456676S6304481558079E +0 
20.9 .263022748613744C69096E +0 
21.0 .226358493678988966159E +0 
21.1 .142995162777952029897E +0 
21.2 •300032546952012581099E -I 
21.3 -.892181325308606591682E -1 
21,ü -.1897524C3309930847825E ♦O 
21.5 -,250385042987495251055E ♦O 
21.6 -.258136730536138182288E +0 
21.7 -.211130636648976960113E +0 
21.8 -•1191434696750930S8UOE ♦O 
21.9 >.166917098241845910911E -2 
22.0 •116144153760S1A129292E ♦O 

Bi(-x) 

.767223854747841476899E -I 
,1781204426945054858376 +0 
,247574861603869420837E ♦O 
.272401841160857962017E ♦O 
.247870690720432925206E +0 
.1781940104130592842706 +0 
.758983119620659835698E -1 
.4035212876528131759476 -I 
.149115486345776058365E +0 
.2301210900945883147236 +0 
.2680815526049110083426 +0 
.2556460986951702457206 +0 
.1949131023649985857736 +0 
.971764005853246836007E -1 
,190916422575766242140E -1 
,131677595542802977208E +0 
.2188566686250463151746 +0 
.2636130017911827915876 +0 
.2570262923868471161446 +0 
,2001393093226513491866 +0 
,1039000944538510585036 *0 
,1285757851144122076736 -1 
.1270419377134123952596 +0 
,2158529629351463007546 +0 
,2613621378692302921466 +0 
,2541979105536263514146 +0 
,1955672478187992046586 +0 
,9716095336055427549506 -I 
,2108863299616386895176 -1 
.1349873055782774761206 +0 
.2210143621066833413586 +0 
.2612109511935566899116 +0 
,2470000524080077738856 +0 
.1811121504170795369946 ♦O 
.7716687687531381135216 -1 
.430551913874110799173E -I 
.154123977943817141604E ♦O 
.2323322902566993958676 ♦O 
,2607965913413200726636 +0 
233181122304421416066E ♦O 
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Table B-13 (Cont'd) 

THE AIRY FUNCTIONS Ai(-x) AND Bi(-x) FOR x = lO.O(0.1)25«0 

J 

22.1 .20885P982732890C23155E ♦O 
22.2 •256237260684164219840E ♦O 
22.3 .2A7778179525750627A80E +0 
22.U •1850897904A19326868C2E +0 
22.5 .8l7235009(H0366<i56l93E -1 
22.6 -.396693650193U1301210E -I 
22.7 -.1522A^735413209501483E ♦O 
22.8 -.23089319H64556195H7E +0 
22.9 -•25788171A707677996500E +0 
23.0 -.22693A05337^0828751C9E +0 
23.1 -•1*479389(H60390343818E *0 
23.2 -.298619A26863361778777E -I 
23.3 .918450352232953941836E -I 
23.U .1925A5590870573AA9857E +0 
23.5 •2A9043926921211096860E +0 
23.6 •248158255837413289596E +0 
23.7 .189850007580364689196E +0 
23.8 .874425637381373602537E -I 
23.9 -.353A76431558870289455E -I 
2i».0 -.H9836590081886533396E ♦O 
2^.1 -.229061832290777216468E +0 
2ii.2 -.254174141649923418851E +0 
2lu3 -.2l90076476488iA962242E ♦O 
2U.U -.13170165747682098A512E ♦() 
2U.5 -.129260447032410925017E -I 
2U.6 •1089319296452688U729E *0 
21^.7 .204519081643879730015E +0 
2I4.8 .2506092803925208625A4E ♦O 
2k,9 .235819605845A8660A757E +0 
25.0 •163526578830429469433E ♦O 

.155208360671721413919E +0 

.435776625904232488430E -I 
-.775299348873376605282E -I 
-.181648213457231229791E +0 
-.2A5816934556388009409E *0 
-.255699869409081844441E +0 
-.208877933322794891068E +0 
-.115542743277917843883E +0 
.36214680931358179592AE -2 
.1219519689003285567S1E +0 
.212749314538662240304E +0 
.255329063760977416864E +0 
.239806591701951222881E +0 
.1694929604285773L8533E ♦O 
.603005602288153187131E -1 

-.627674638955167414957E -1 
-.171291798133058584765E ♦O 
-.240000432090737411562E +0 
-.2527059972835692051UE ♦O 
-.206211046026896839591E +0 
-.IU219352384403984311E ♦O 
.100238860098657826490E -1 
.128869532996228371242E +0 
.217011366862638827766E +0 
•253259832125682915364E ♦O 
.228715168984665499798E ♦O 
.1490S9393853194420619E 4-0 
.333541190276506511687E -1 

-.904331381588596179253E -1 
-.192146815690378023824E ♦© 

") 
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THE AIRY DERIVATIVES Ai'(-x)   AND Bl'(-x)   FOR x = 10.0(0.1)25.0 

I 

f 

x Ai' (-x) 

10.0 .9962650A4132790055892E +0 
10.1 .986306837060128148095E +0 
10.2 .876989980000194661956E ♦O 
10.3 .6774928295409127789356 «-O 
10.Ii .406568840375071685654E +0 
10.5 .909574873906816728065E -I 
10.6 -.23713?067141595342417E +0 
10.7 -.543245900315936796101E +0 
10.8 -.794307387186218064174E +0 
10.9 -.962260068227773245908E +0 
11.0 -.102732787366457942146E 1 
11.1 -.98O506149825052899038E +0 
11.2 -.8249595500422A8434194E +0 
11.3 -.5761076199228627747006 +0 
11.ü -.26O3l68981l0l01J34452t +0 
11.5 .877241543217844431115E -I 
11.6 .428711397926832591047E ♦O 
11.7 .723133661590374797889E +0 
11.8 .935897860655351501479E +0 
11.9 .104062902595923361728E I 
12.0 .102311045336797072985E I 
12.1 .883402318230967050A60E +0 
12.2 .63631251174Ü38H34693E +0 
12.3 .310078788142016651869E +0 
12.it -.56663225663<»813900907E -I 
12.5 -.419331330419505164532E +0 
12.6 -.732775470917369619930E +0 
12.7 -.956945391019276409507E +0 
12.8 -.106213547732257338193E I 
12.9 -.1O3311001847238008087E I 
13.0 -.87l5l96778799b3366646E +0 
13.1 -.596212382078845566525E +0 
13.2 -.241299214813791016779E +0 
13.3 .147871972014636075092E +0 
13.Il .52O393018257385950198E +0 
13.5 .826432751425254238051E ♦O 
13.6 .102397833332015461588E I 
13.7 .108476447077731942679E I 
13.8 .998538658258499459606E *0 
13.9 .774997966883988132756E +0 
lli.O .4430248770028436^1119E +0 

B-yi 

Hi'(-X) 

.119414113399909238184E +0 
-.l97b2877902l331860154E ♦(. 
-.497692461884285121Ü13E +0 
-.750i85869788573749130E +0 
-.928l2682641186776958yE +0 
-.1011614081630377518656 I 
-.990101079643859905820E +0 
-.8638797341422435871736 +0 
-.6444610306979828470966 +0 
-.3537477379040455573986 +0 
-.2202299531446446662536 -1 
.3150860919360722174846 +0 
.6203836550785987160806 »0 
.85922966430^576885096 +0 
.1003559338379082095406 1 
.1035326404693083440896 1 
.V489376077069552637806 +0 
.7523386628222903148296 +0 
.4665521086986912881656 +0 
.1236417563167861870266 +0 

-.2367321978311233165196 +0 
•.5718212112013183729436 +0 
-.8408619001969673214666 +0 
-.1010117859743674011586 1 
•.1057261769693624700286 1 
-.9745165361671740721026 +0 
-.7700983636887083151606 +0 
•.4676957458519473750906 +0 
-.1039563070394627340936 +0 
.2757896939711639158116 +0 
.6230972488192877336426 +0 
.8925979339523844015006 ♦O 
.1048027568346431999616 1 
.1067282181667051553646 1 
.9457813747055393621766 +0 
.697608747334081857284E +0 
.354i739557482424719686 «-0 
.3953230707582985198226 -1 
.430682718224821432345E «0 
.7656500666093296051656 4-0 
.9974118189493335240896 +0 
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Table B-llj.  (Cont'd) 

THE AIRY DiJRIVATIVES Al'(-x)  AND Bi'(-x)   FOR x = 10.0(0.1)25«0 

3 

Ai'(-X) Bl'(-X) 

1^'1 .472115486353666765885E 
1*** '.55795361482U64629413E 
J-f»? -.7155102899955546591176 
Jf^ -.97406650O772317867265E 
^•5 -.1095321272880539215046 
1^6 •-.105995567846932470435E 
^•J -.870963119607232363692E 
1^8 -.553822667571172753713E 
i**? -.153359664569547016905E 
^•O .272374204308642020813E 
15.1 .660404728662501730364E 
15.2 .952157783252348946377E 
15.3 .110242563001320523032E 
15.« .108659230079908491879E 
15.5 .90493793543Ü212199387E 
15.6 .5B3241164848367316261E 
15.7 .169441230102727826446E 
15.8 -.273270009835393539571E 
15.9 -.6759748137663457337446 
16.0 -.974764441621272718065E 
16.1 -.112101541663529422916E 
16.2 -. 1089540451 l9e8656l724E 
16.3 -.883218176990026090747E 
16.Ü -.5332183646697741173926 
16.5 -.9462257996353213983546 
16.6 .3620096253898709592146 
16.7 .7618832999302872410916 
16.8 .1038252466682624296236 
16.9 .1143729800198708975006 
17.0 .1058684576644660077316 
17.1 .7952045342413724567956 
17.2 .3957903023289157380556 
17.3 -.7318011263045013382566 
17.Ü -.5322759987626111307946 
17.5 -.902404920480fl4l6901396 
17.6 -.1118529827836791741476 
17.7 -.1141324531893842888306 
17.8 -.9646473245242933319496 
17.9 -.6173689563028825295336 
18.0 -.1590389152049680154086 

-1 -.1092298861803436621786     1 
♦0 -.1035105941248726136706     1 
♦0 -.8317659880057362184976   ♦O 
♦0 -.5091011119196131960606  +0 

1 -.111362222867033313330E   *0 
1 .3046961334913821072926   +0 

+0 .6796511915408309639246  +0 
*0 .9580843328875273855006   +0 
♦0 .1097840900904636024126     1 
♦0 .1076429753084374786726     1 
♦0 .8949053233926250200046  >0 
♦0 .5783365716285292311226  +0 

1 .1726547305308247644256   *0 
1 -.2617825817252033970756  +0 

♦0 -.6590509566800734121796  +0 
♦0 -.9576666656218781995726  +0 
♦0 -.1110228511266440422216     1 
♦0 -.1091169277099032513336     1 
♦0 -.9013220878987427967556  +0 
♦0 -.5684556059761353725136  +0 

1 -.1435393846886623696166  +0 
1 .3068225142291062131656   *0 

♦0 .7107117910615042690886  +0 
♦0 .1002396553596652831106     1 
-1 .1133177108022710437376     1 
♦0 .1079770385107840746106     1 
♦0 .8487569775231355614746   ♦O 

1 .4762082104974518352416  +0 
1 .223813572810349242070E  -1 
1 -.437802065790987509681E  +0 

♦0 -.827035062947329574850E  ♦O 
♦0 -.1078670297887255294836     1 
-1 -.1148327233556689487476     1 
♦0 -.1022014271756370472706     1 
♦0 -.7192395068395728134536  +0 

1 -.2903953794665570366896  ♦O 
1 .1913226227061095623986  tO 

♦0 .6422293059966337839636  ♦O 
♦0 .9826621194101303087016  ♦O 
♦0 .1151187094108641798776     1 

. 
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c TaDle B-li|.  (Cont'd) 

THE AIRY DiillVATIVES Al'(-x)  AND Bi'(-x)  FOR x = 10.0(0.1)25.0 

Al' (-x) Bi'(-x) 

( 

i8»1 .3300A2796310298l565i5E 
io»2 .76275l59369l7427776öie 
^•^ .1060679261537250797596 
^•ji .1168520993669264226HE 
l8'5 .10646439622797084A355E 
l8«6 .765772899597995396681E 
l8'7 .32A736911260775851879E 
IS.8 -.178529O75579586810397E 
18»9 -.651267828527478124343E 
19.0 -.100496112500513959378E 
19.1 -.117204417550416675893E 
19'2 -.111909840172227797042E 
19.3 -.853901896666906881238E 
19.U -.424797232694021062609E 
19.5 .877410883437571359200E 
19.6 .585952590826470816919E 
19.7 .973366417742721323216E 
19.8 .117359784138861463627E 
19.9 .11456B830901281222936E 
20.0 .892862856736471238108E 
20.1 .462773086199508733390E 
20.2 -.610781097382975813701E 
20.3 -.575279661862273850171E 
20.li -.976840788479008551703E 
20.5 -.118393301970514749714E 
20.6 -.115285324554661982917E 
20.7 -.887642345752699053538E 
20.8 -.440177387396897004168E 
20.9 .99?574183177934565472E 
21.0 .621294449908927073171E 
21.1 .101693461106264827929E 
21.2 .1203079O32049l278565eE 
21.3 .113892410645316521610E 
21.il .835624066444336287217E 
21.5 .354902532239253279140E 
21.6 -.203092964385294216800E 
21.7 -.720402847451298325654E 
21.8 -,108615294099023436541E 
21.9 -.122049837716963516289E 
22.0 -.109241275127O83367258E 

♦ 0 
♦ 0 

I 
1 
1 

♦0 
♦ 0 
♦ 0 
♦0 

1 
I 
I 

♦ 0 
♦ 0 
-1 
♦ 0 
♦ 0 

1 
I 

+ 0 
♦ 0 
-1 
♦ 0 
♦ 0 

1 
1 

♦ 0 
♦ 0 
-I 
♦ 0 

1 
1 
1 

♦ 0 
♦ 0 
♦ 0 
♦ 0 

I 
1 
1 

.111594904950031600163E  1 

.8810310097867126140866 +0 

.486507972495589007162E +0 

.197666784183106056865E -2 
-.485472038364935658718E +0 
-.886812488925784222228E +0 
-.112741971423411498413E  1 
-•116117O80080616277550E  1 
-.979652784345695507255E +0 
-.614473753956074056300E +0 
-.132224069262729461444E +0 
.377393554511028090387E +0 
.818098773850617369356E +0 
.1105259658929112454556  1 
.1182354156057581149216  1 
.1032433254329387445276  I 
.6822071042022390230706 ♦O 
.1977310895238751024146 +0 
-.3277186494211771311326 +0 
-.791^290338395364797106 +0 
-.1101344160828284217726  1 
-.1194542768299161354896  1 
-.1050358312745774615196  1 
-.6953480923536517477236 +0 
-.1988680280216859802266 +0 
.3401260179883645729816 +0 
.8126187927188303910046 +0 
.1121604022773931583276  1 
.1202216758791478210056  1 
.1035715597013658602226  1 
.6542370384992906660346 +0 
.135067608577234284155E +0 
.4146642745331911699236 +0 
.8799267448385142740146 *0 
.1161903134087272258726  1 
.1199231427041751901596  1 
.9817548836228930960986 +0 
.5536307278473450262786 +0 
.4834543867582345931286 -2 
.5474219128919456992876 +0 

t 
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Table B-14  (Cont'd) 

THE AIRY DERIVATIVES Ai'(-x) AND Bi'(-x)  FOR x - 10.0(0,1)25«0 

0 

Al'(-x) Bi'(-x) 

22.1 -.727292565344394743059E »0 
22.2 -.202441955964697765854E ♦O 
22.3 .368901353234816910706E +0 
22.14 .861793768757450812463E +0 
22.5 .1166936055002730355666  1 
22.6 .121516096682896143123E  1 
22.7 .993525544488586901473E +0 
22.8 .549184785031414531435E +0 
22.9 -.2Ü1454616276740678855E -I 
23.0 -.5873350900449397948076 +0 
?3.1 -.102410540074090910953E  I 
23.2 -.123016477641836705958E  I 
23.3 -.115657708766664642159E I 
23.1i -.817850595260867908332E +0 
23.5 -.289672064320503993065E +0 
23.6 .3075555U584434547970E +0 
23.7 .835906074856036809494E +0 
23.8 .117177997337729840283E  I 
23.9 .123506405084388194212E 1 
2U.0 .100867440767719700927E I 
2U.1 .5436253657773461496856 +0 
2U.2 -.5193713497249735115946 -1 
2U.3 -.6375226856566707077866 +0 
2U.ii -.1073317918828119077666 1 
2U.5 -.1253717418758,»19087876 1 
2U.6 -.1133295289448900469026 1 
2U.7 -.7387494681169373259526 +0 
2U.8 -.1635777263507101066996 +0 
2U.9 .4536325424518514642986 +0 
25.0 .9623788513876974104456 +0 

.9836009842899202160196 ♦O 

.1207817856412724634876 1 

.1169227204922361744936 1 

.8739897934628421082746 ^0 

.3849228431443899145236 +0 

.1914168691864502555976 +0 

.7276726084940073084476 +0 

.1103781224289108803676 1 

.1234042244515173397466 1 

.1087025996675433682116 1 

.6936215598702651669156 +0 

.1410847778193833871836 +0 

.4459149767901181290536 +0 

.9332333542009650899806 +0 

.1207965447358868276446 1 

.1204898082900969092806 1 

.9224441641237286620576 +0 

.4240747831801411534106 +0 

.1754514007865267070866 +0 

.7362025618430732873676 +0 

.1125670839544233045916 1 

.1250281685620253544306 1 

.1078284881573595707656 1 

.6483418597504412271806 ♦O 

.6139721733392833731116 -1 

.5426146653276256477226 *0 

.1017960459158654789146 1 

.1248373143799001046866 1 

.1175841469180348367696 1 

.8157197157546058573226 +0 

J 
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Table B-15 

THE AUXILIARY FUNCTIONS P(-x) AND x(-x) P0R x ~  10.0(0.1)25.0 

x P(-x) X^"x) 

c 

10.0 .3172A2A19073487239176F 
10.1 .316A5A95518605127A927E 
10.2 .3l5677l5A8299263595e8E 
10.3 .31A90880703897A^20817E 
10.li .3Ul^97074l9286lll290E 
10.5 .31339965788^768096617E 
10.6 .312658A66405703526920E 
10.7 .3119259^6769537810973E 
10.8 .311201918353191159856E 
10.9 .3104862059062A5059783E 
11.0 .3097786393A<»3921706AOE 
11.1 .309C790535i>25784CC37lE 
11.2 ,30838728819730232A092E 
11.3 .3077031875^7570927291E 
11.U .30702660030A042061289E 
11.5 .30635737943b9l3l95325E 
11.6 .30B695382025143205520E 
11.7 .3050AOAt9ll76l92U633E 
11.8 .304392505580904C32339E 
11.9 .303751359968221676086E 
12.0 .3C311690A388358898790E 
12.1 .302A8yOH38ll79722955E 
12.2 .301867568798A67783A37E 
12.3 .301252449689827906777E 
12.U .3006A35A219339389012AE 
12.5 .30O0'»ü73'tA3llO396653AE 
lrc.6 .299AA3917A08319028796E 
12.7 .29885298A917571398311E 
12.8 .2982678334A62A3830631E 
12.9 .2976883620879896C2AC6E 
13.0 .29711AA72A5771A978226E 
13.1 .2965A6068609955158930E 
13.2 .295983056960A8A010235E 
13.3 .2y54253A62ll006503697E 
13.1, .29AJ728A72767909C9252E 
13.< .29A325A73217105395695E 
13.6 .293783139168330855130E 
13.7 .2932A5762279628500269E 
13.8 .2927132616510A7117722E 
13.9 .29218555827396082225^ 
lli.O .291662574973733770772E 

f 

♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
+ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
+ 0 
♦ 0 
+ 0 
♦ 0 
♦ 0 
♦ 0 
+ 0 
+ 0 
♦ 0 
+ 0 
+ 0 
+ 0 
♦ 0 
♦c 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 
♦ 0 

B-75 

.21863958957336554A87AE 2 

.2218102A6159942349940E 2 

.22A996623917AU067827E 2 

.2281986A5930A35390283E 2 

.23U16236395329788726E 2 

.23A6A93205937A2025394E 2 

.237897824867191340115E 2 

.2A116167659242728990AE 2 

.2A4A40804157575930526E 2 

.2A77351369390A16A4589E 2 

.2510AA605279134A45996E 2 

.2543691A0464394031080E 2 

.25770867470A583207945E 2 

.2610631A1112324622307E 2 

.26A4324736833559U90AE 2 

.267816607277379596868C 2 

.2712l5A7759948b019040E 2 
•27A629021182120842944E 2 
.278057175367597398357E 2 
.281499878291099238610E 2 
.284957068864189082462E 2 
.288A28686758785164118E 2 
.291914672391594802700E 2 
•295414966908987752116E 2 
.298929512172293603974E 2 
.3024582507435081921A9E 2 
.3060G112587139A589859E 2 
.30955808147796A900456E 2 
.3131290621A5329623670E 2 
.31671401310290193Ü916E 2 
.3203128802U9A4708673E 2 
.323925609968448728755E 2 
.3275521494613307803886 2 
.331192A46390941052316E 2 
.334846449042869485113E 2 
.338!:14106280041225635E 2 
.342195367532091707907E 2 
.345890182785012259231E 2 
.349598502571057487284E 2 
.353320277958906044825E 2 
.357055460544066693947E 2 
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Table B-15 (Cont'd) 

THE AUXILIARY FUNCTIONS P(-x)  AND x(-x)  FOR x = 10.0(0.1 )25«0 

F(-x) x(^) 

1^*1 .29ll«*2363545l3583034E 
^f»2 .290630468746C60199807E 
1U.3 ,290l2l200l5252l607838e 
^•W .289616360203072292703E 
1U.5 •28911588010433A462204E 
lii.6 .288619692594506030177E 
1U.7 .288127731899123077938E 
lk,6 .287639933688388031791E 
^•9 .2871562350359981226A5E 
15.0 .286676574379A11839734E 
^•5.1 .286200891481A9AC65713E 
15.2 .285729127393A83395255E 
15.3 .285261224419227803452E 
15.1* .284797126080637352563E 
15.5 .28433677708A30501A675E 
15.6 .283880123289248951U8E 
15.7 .283427111675731734923E 
15.8 ,282977690315ll403556lE 
15.9 .282531808340702215800E 
16.0 .2820894159195511184C9E 
16.1 .28165(H6422*18S058858E 
16.2 .28121A905411201688123E 
16.3 ,28078269258572495567^ 
16.ii .280353779786674890120E 
16.5 .279928121957823328428E 
16.6 .279S05674925606068004E 
16.7 ,279086395376663l9i588E 
16.8 .278670240836080545720E 
16.9 .278257169646306A53637E 
17.0 .277847140946718955535E 
17.1 .277A401U6538197764UE 
17.2 .2770360514A2C32330971E 
17.3 .27663A912725081968936E 
17.1* .276236660637937585255E 
17.5 .275841258019294580082E 
17.6 .275448668394579975819E 
17.7 .275058855959A61282526E 
17.8 .2746717855638A1A50908E 
17.9 .274287422696322965609E 
18.0 .273905733469124812522E 

.360804002439521902410E 2 

.364565856266601501424E 2 

.368340975146079217640E 2 
• 372129312689485163H5E 2 
.37S930822990627626320E 2 
.37974546061731775U81E 2 
.38357318C603290953677E 2 
.387413938440319066418E 2 
.391267690070507588131E 2 
.395134391878772412064E 2 
.399014000685490774521E 2 
.4C2906473739321271326E 2 
.4C6811768710187996739E 2 
.410729843682424031242E 2 
.414660657148069672663E 2 
.418604168000320965874E 2 
.422560335527124240694E 2 
.426529119404912515833k 2 
.430510479692479768647E 2 
.434504376824989207114E 2 
.438510771608111811284E 2 
.442529625212291537282E 2 
.4A6560899167133697836E 2 
.450604555355913149307E 2 
.454660556010199026933E 2 
.A58728863704592877061E 2 
.462809441351577138482E 2 
.466902252196471023969E 2 
.471007259812490948712E 2 
.475124428095912743964E 2 
.479253721261332982698E 2 
.483395103837026828991E 2 
.487548540660399904765E 2 
.491713996873531746409E 2 
.495891437918808499609E 2 
.500080829534642573932E 2 
.504282137751277049250E 2 
.5084953288866726939046 2 
.5127203695424755200676 2 
.516957226600062864940E 2 

) 
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c Table B-15 (Cont'd) 

THE AUXILIARY FUNCTIONS P(-xj AND x(-x)  FOR X = 10.0(0.1)25.0 

P(-x) x(-*) 

•%. • 

i8*1 .27352668A603436703812E   +0 
18.2 .2731502A3415195565009E   +0 
18.3 .2727763778012698813126   ^0 
18.U .272A05056226C38Ce64e8E   +0 
18.5 .2720362A7708347558856E   +0 
18.6 .271669921808841866031E   +0 
18.7 .27l3C60Ae6176A327A528E   +0 
18.8 .27094^598742379413062E   +0 
18.9 .270b855A32965^23lC69^E   +0 
19.0 .27022a853886l69023500E   +0 
19.1 .26987A502608833317A81E   +0 
19.2 .269522A6202293829172AE   +0 
19.3 .269l7270515730Ü205083t   +0 
19.li .268825205<f9lOUl3302aE   +0 
19.5 .268'»79936945592A29161E   +0 
19.6 .268136873875367299277E   +0 
19.7 .267795991058149115229E   +0 
19.8 .267<»57263686132^01966E   +0 
19.9 .2671206673570417246UE   +0 
20.0 .266786178065509983813E   +0 
20.1 .26645377219468189739<»E   +0 
20.2 .266123426508035705350E   +0 
20.3 .265795118141A16383416E   +0 
20.U .265<l6882<.5952738e8877E   +0 
20.5 .265l<iA523727lC0l9l(H5E   +0 
20.6 .264822l9374A05905aAl5E   -»0 
20.7 .264501813195802785A2AE   +0 
20.8 .26418336G967A702^A257E   +0 
20.9 .2638668162728608M712E   +0 
21.0 .2635521586477791A80<»3E   +0 
21.1 .2632393679<»3545lA<i3<»0E   +0 
21.2 .262928^24320665207656E   +0 
21.3 .262619308242659119053E   +0 
21.U .2623120004700385393A2E   +0 
21.5 .26200648205AA32550728E   -«-0 
21.6 .261702734332856C10238E   ♦O 
21.7 .261A00738922116602789E   +0 
21.8 .261100A77713356618388E   +0 
21.9 .2608019328667256C9513E   +0 
22.0 .260505086806180211260E   ♦O 

.521205867216666047135E 2 

.525466258821567706643E 2 

.529738369112371992821E 2 

.534022166051345820^)836 2 

.538317617861829466363E 2 

.5426246930247I4827544E 2 

.546943360274989717469E 2 

.551273588598346616014E 2 

.555615347227854341367E 2 

.5599686056406911529966 2 

.564333333554937838658E 2 

.568709500926429379540E 2 

.573097077945663827671E 2 

.577496035034767068356E 2 

.581906342844512177755E 2 

.586327972251392121786E 2 

.590760894354744577576E 2 

.595205080473927692386E 2 

.599660502145545627675E 2 

.604127131120722767556F 2 

.608604939362425501613E 2 

.613093899042830521590E 2 

.617593982540738600H1E 2 

.622105162439032847767E 2 

.626627411522180470752E 2 

.631160702773777G79075F 2 

.635705009374132618649E 2 

.640260304697898026340E 2 

.644826562311731730317E 2 

.649403755972005140996E 2 

.653991859622546300107E 2 

.658590847392420877216E 2 

.663200693593749723601E 2 

.667821372719562214027E 2 

.672452859441684626388E 2 

.677095128608662828410E 2 

.681748155243718559030E 2 

.686411914542738610168E 2 

.691086381872296231811E 2 

.69577153276770M00567E 2 
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Table B-l^ (Cont'd) 

THE AUXILIARY FUNCTIONS F(-x)  AND x(-x)  FOR X = 10.0(0,1)25.0 

J 

X P(-3C) 

22.1 .2602C99222U4C7528712E *0 
22.2 .2599l6^220278686l33A5e +0 
22.3 .25962A569431958663275E +0 
22.Ij •2593343A7856280690990E +0 
22.5 .259045740970029507093E ♦() 
22.6 .258758732677A82969605E +0 
22.7 .258A73307113597545744E +0 
22.8 .258189A48639705326963E +0 
22.9 .2579071A1839309728A75E +0 
23.0 .257626371513977191759E +0 
23.1 •2573A7122679322292635E +0 
23.2 .257C69380561083738621E +0 
23.3 .256793130591280817577E +0 
23.1 .256518358404503935113E +0 
23.5 .256245049834168951108E ♦O 
23.6 .255973190909013095999E *0 
23.7 .2557027678A9550315362E ♦O 
23.8 .25543376706A651956813E +0 
23.9 .255166175U8194776543E +0 
2U.0 .254899978875782303832E +0 
2U.1 .25463516520153766C940E +0 
2U.2 .254371721254965992706E +0 
2U.3 .25410'363A337884715278E +0 
2U.ll .253848891921419846540E +0 
2U.5 .253589481643066732262E -»0 
21.6 .253331391303813531624E +0 
2U.7 .2530746088653258738C3E +0 
2li.8 .252819122447191143773E +0 
2U.9 .2525649203242209002A5E +0 
25.0 .252311990923809972266E +0 

x(^) 
.700467342931098207941E 2 
.705173788229552O40740E 2 
.709890844693220441523E 2 
.714618488513512551703E 2 
.719356696041293255096E 2 
.724105443785112553223E 2 
.7288647084094623180026 2 
.7336344667330&9880509E 2 
.738414695727157927581E 2 
.743205372513880190781E 2 
.748006474364582424296E 2 
.752817978698238180506E 2 
.757639863079848903425E 2 
.762472105218877871513E 2 
.767314682967707532408E 2 
.772167574320119782702E 2 
.777030757409798756227E 2 
.781904210508855694647E 2 
.786787912026375483635E 2 
.791681840506984447703E 2 
.796585974629439005972E 2 
.801500293205234800244E 2 
.806424775177235915440E 2 
.811359399618323821222E 2 
.816304145730065671718E 2 
.821258992841401608692E 2 
.8262239204073S0721048E 2 
.831198908007735321639E 2 
.83618393S345923209510E 2 
.84U78982247587593279E 2 

) 
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Table B-16 

THE AUXILIARY FUNCTIONS G(-x)  AND \|/(-x)   FOR x = 10.0(0.1)25.0 

x G(-x) 

10»0 .1003396117512917478026 
10.1 .100589203962115751983E 
10.2 .1008369580876566521566 
10.3 .1010829052466237352916 
10.U .1013270757433222212726 
10.5 .1015694990962000425156 
10.6 .1018102040651516962596 
10.7 .1020^92186776432991866 
10.8 .1022865702537191793676 
10.9 .1025222854299467971146 
11.0 .1027563901823534758736 
11.1 .1029889098484053299806 
11.2 .1032198691480758825056 
11.3 .1034492922040491591276 
H.ll .1036772025610995098896 
11.5 .1039036232046880375646 
11.6 .1041285765788132879196 
11.7 .1043520846031517730896 
11.8 .1045741686895219448276 
11.9 .1047948497577034007316 
12.0 .1050141482506413854906 
12.1 .1052320841490650329336 
12.2 .1054486769855462763896 
12.3 .1056639458580249277686 
12.U .1058779094428240839736 
12.5 .1060905860071787570616 
12.6 .1063019934212994366706 
12.7 .1065121491699911749456 
12.8 .1067210703638477308576 
12.9 .1069287737500393183226 
13.0 .1071352757227115669546 
13.1 .1073405923330124220516 
13.2 .1075447392987628780866 
13.3 .1077477320137806544616 
13.ii .1079495855569131806816 
13.5 .1081503147006675575886 
13.6 .1083499339196604995146 
13.7 .1085484573986906365586 
13.8 .1087458990405709647056 
13.9 .1089422724736906719376 
lli.O .1091375910593230389946 

.203010595706946445711E 2 

.2061800849089021149596 2 

.209365323715877783206E 2 

.2125662342542606174756 2 

.215782739803115843489E 2 

.2190147647657484805236 2 

.2222622346422487120846 2 

.2255250760029770725046 2 

.2288032164629480182346 2 

.2320965846570726874066 2 

.2354051102162237436716 2 

.2387287237440871606656 2 

.2420673567947676414966 2 

.2454209418511160920746 2 

.2487894123037491859846 2 

.2521727024307325794696 2 

.2555707473779007647036 2 

.2589834831397878942096 2 

.2624108465411451748606 2 

.2658527752190216218206 2 

.2693092076053860856606 2 

.2727800829102695248966 2 

.2762653411054074949256 2 

.279764922908363 7671476 2 

.2832787697671168823756 2 

.2868068238450922339286 2 

.2903490280066234710766 2 

.2939053258028263657226 2 

.2974756614578717970956 2 

.3010599798556416831836 2 

.3046582265267551260536 2 

.308270347635951243252E 2 
•3118962899698161311346 2 
.3155360009248419000526 2 
.319189428495806237853E 2 
.3228565212644614482886 2 
.3265372283885223766446 2 
.3302314995909430774766 2 
.3339392851494724998796 2 
.3376605358864798658256 2 
.3413952031590407977406 2 
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Tatole B-16   (Cont'd) 

THE AUXILIARY PUKCTIONS G(-x)   AND ^/(-x)  FOR x = 10.0(0.1)25.0 

3C G(-x) ^(-x) 

0 

1U.1 •109331867898689612256E 1 
1U.2 .109525115839790371568E 1 
1^3 .1097173474840091662636 I 
Ih.k .109908575192503266559E 1 
1U.5 .110098811092385473662E 1 
1U.6 .110288067082706848919E 1 
1U.7 .1104763548402477591016 1 
1Ü.8 . ll0663685825l24590lr»3E 1 
Üi.9 .1108500712862191545656 1 
^•O .1110355222664375067826 1 
15.1 .1112200496078045860026 1 
15.2 .1114036639564008252736 1 
15.3 .1115863757671465993466 1 
15.U .1117681953084401303216 1 
15.5 .1119491326666542292046 1 
15.6 .1121291977504970222286 1 
15.7 .1123084002952415926746 1 
15.8 .1124867498668292612716 1 
15.9 .1126642558658510305276 1 
16.0 .1128409275314115300596 1 
16.1 .1130167739448796205416 1 
16.2 .1131918040335296429306 1 
16.3 .1133660265740771366376 1 
16.ii .1135394501961126948676 1 
16.5 .1137120833854374771496 1 
16.6 .1138839344873037576046 1 
16.7 .1140550117095637525646 1 
16.8 .1142253231257298422846 1 
16.9 .1143948766779491784916 1 
17.0 .1145636801798955519886 I 
17.1 .1147317413195812823106 1 
17.2 .1148990676620917841496 1 
17.3 .1150656666522453627296 1 
17.Ii .1152315456171806923216 1 
17.5 .1153967117688743383206 1 
17.6 .1155611722065905936516 1 
17.7 .1157249339192658144876 1 
17.8 .1158880037878293581566 1 
17.9 .1160503885874631475276 1 
18.0 .1162120949898018108966 1 

B-60 

.3451432388492756136966 2 

.3489045953549315535616 2 

.3526792255802010280466 2 

.3564670829267682955496 2 

.3602681212850772702836 2 

.3640822950258134497046 2 

.3679095589915932206666 2 

.3717498684888540629696 2 

.3756031792799394161376 2 

.3794694475753722115216 2 

.3833486300263112973736 2 

.3872406837171852001726 2 

.3911455661584978715936 2 

.3950632352798012674376 2 

.3989936494228297935176 2 
•4029367673347918337236 2 
.4068925481618137481166 2 
.4108609514425318942846 2 
.4148419371018283832676 2 
.4188354654447064332236 2 
.4228414971503013291316 2 
.4268599932660231361756 2 
.4308909152018274480226 2 
.4349342247246105791766 2 
.4389898839527257336396 2 
•4430578553506167998486 2 
•4471381017235665351336 2 
•4512305862125560115646 2 
•4553352722892322995196 2 
•4594521237509814653286 2 
•4635811047161040560096 2 
.4677221796190903363576 2 
.4718753132059926329196 2 
•4760404705298922248346 2 
•4802176169464583039166 2 
•4844067181095966054576 2 
•4886077399671853875816 2 
•4928206487568965102216 2 
•4970454110020994354286 2 
•5012819935078460)88606 2 

) 

^ 

LOCKHEED  MISSILES &  SPACE COMPANY 

mmm E«SiÄ«*B«Si*«Siaä«iii*SiMiäOT 



c Table B-16   (Cont'd) 

THE AUXILIARY FUNCTIONS G(-x) AND ^(-x)  FOR X = 10,0(0,1)2^.0 

c G(-x) \|/(-x) 

c 

18.1 
18.2 
18.3 
18.U 
18.^ 
18.6 
18.7 
18,8 
18.9 
19.0 
19.1 
19.2 
19.3 
19.U 
19.5 
19.6 
19.7 
19.8 
19.9 
20,0 
20.1 
20.2 
20.3 
20. U 
20.5 
20.6 
20.7 
20.8 
20.9 
21.0 
21.1 
21.2 
21,3 
21.U 
21,5 
21,6 
21,7 
21.8 
21,9 
22.0 

.ll6373l2956b07b274389E 

. U65334987841956U778E 
,1166932090207899145646 
, U6852266553180797714E 
,1170106775663162637356 
.117168^81536503794846 
,1173255843189763322656 
,1174820919782132941636 
,1176379769611484961696 
.1177932450131358613076 
.1179479017967524986226 
.1181019528934143144376 
.1182554038049519536276 
,1184082599551482417416 
,1185605266912382585366 
,1187122092853731347906 
.1188633129360486270536 
,1190138427694994893106 
,1191638038410606262296 
,1193132011364959791416 
,1194620395732960652186 
,1196103240019450583486 
,1197580592071582719286 
,1199052499090908749116 
,1200519007645186454186 
.1201980163679915399156 
.1203436012529608307786 
.1204686398928805407116 
.1206331967022838790926 
.1207772160378353627416 
,1209207221993592819136 
.1210637194308451513076 
.1212062119214307657706 
.1213482038063634608456 
.1214896991679401596066 
.1216307020364267690876 
.1217712163909574721696 
.1219112461604144439896 
.1220507952242885056196 
.1221898674135212121786 

.5055303633569341875166 2 

.5097904879060481022326 2 

.5140623347819735839646 2 

.5183458718778862416966 2 

.5226410673497109161256 2 

.5269478896125505479706 2 

.5312663073371827920176 2 

.5355962894466227289566 2 

.5399378051127500757736 2 

.5442908237529993426886 2 

.5486553150271114302536 2 

.5530312488339452040576 2 

.5574185953083476270236 2 

.5618173248180810702646 2 

.5662274079608064630816 2 

.5706488155611209808346 2 

.5750815186676490065986 2 

.5795254885501851380646 2 

.5839806966968880457476 2 

.5884471148115240219786 2 

.5929247148107590924426 2 

.5974134688214985932836 2 

.6019133491782731460486 2 

.6064243284206699987606 2 

.6109463792908087067706 2 

.6154794747308601996486 2 
,6200235878806082507946 2 
,624578692075052436600E 2 
,6291447608420516749456 2 
.6337217679000074628416 2 
.6383096871555859557306 2 
.6429084927014780536356 2 
.6475181588141966809266 2 
.6521386599519104680306 2 
.6567699707523130636866 2 
.6614120660305273264496 2 
.6660649207770436633216 2 
.6707285101556918023086 2 
.6754028095016453035906 2 
.6800877943194581319446 2 

f 
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Table B-16   (Cont'd) J 
THE AUXILIARY FUNCTIONS G(-x)   AND i|((-x)   FOR X = 10,0(0.1)25#0 

G(-X) ^(-x) 

22.1 .12232846651H28857329E 
22.2 .122466596254008861577E 
22.3 .122604260331728997647E 
22,h .L22741A62389299892615E 
22.5 .122878206026931233349E 
22.6 .123014494800972089066E 
22.7 .123150332224635752605E 
22.8 .123285721768709490114E 
22.9 .123420666862249577438E 
23.0 .12355517089326199040OE 
23.1 •123689237209369105480E 
23.2 .123822869118462757055E 
23.3 .123956069889343987372E 
23.14 .124088842752349815723E 
23.5 .124221190899967343997E 
23.6 .124353117487435506674E 
23.7 .124A84625633334764613E 
23.8 .124615718420165033525E 
23.9 .12^746398894912129780E 
2U.0 .124876670069603008336E 
2U.1 .1250065349213=>0059827E 
2U.2 .125135996395384726477E 
2U.3 .125265057400580689279E 
?.h.h .12539372081496687191GE 
2U.5 .125521989483730500123E 
214.6 .125649866220210448814E 
21.7 .125777353806381102586E 
2U.8 •125904454993326949609E 
2U.9 .126031172501708122497E 
25.0 .126157509022217094241E 

.684783440281132629844E 2 

.6894897232?4218247463E 2 

.694206619149940401842E 2 

.698934104221358852944E 2 

.703672154?61554999842E 2 

.708420747251847514566E 2 

.713179858330033745801E 2 

.717949464788670338268E 2 

.722729543573350527162E 2 
•727520071781O47580235E 2 
.732321026658453872577E 2 
.737132385600357091755E 2 
.741954126148039082848E 2 
.746786225987698854543E 2 
.751628662948899278993E 2 
.756481415003037028876E 2 
.76134446O261835306057E 2 
.766217776975858926595E 2 
.771101343533051336906E 2 
.775995138457293145838E 2 
.780899140406981766927E 2 
.785813328173631774538E 2 
.790737680680495586b09E 2 
.795672176981204094891E 2 
.800616796258426874860E 2 
.805571517822551610373E 2 
.810536321110382382998E 2 
•815511ie5683856478720E 2 
.820496091228779374756E 2 
.825491017553577576259E 2 

) 
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c 

( 

5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 

10.0 
io.5 
n.o 
ii.5 
12.0 
12.5 
13.0 
13.5 
Hi.O 
ill. 5 
15.0 
15.5 
16.0 
16.5 
17.0 
17.5 
18.0 
18.5 
19.0 
19.5 
20.0 
20.5 
21.0 
21.5 
22.0 
22.5 
23.0 
23.5 
2li.0 
2L5 
25.0 
25.5 
26.0 

Table B-l? 

THE FUNCTIONS exp(±^)  WITH § = f x3/2 

C exp(-4) exp(+c) 
^.7U5355?3E 01 0.57937576E-03 0.17259955E OU 
0.859909U7E 01 0.18U27251E-03 0.5U267U51E OU 
0.9797958liE 01 0.5556ii9l6E-0U 0,17996967E 05 
O.IIOU787I4E 02 0.159209U9E-0U 0.628l032ijE 05 
0.123li6838E 02 0.U3U3U658E-05 0.23023088E 06 
0.13693062E 02 0.113026O2E-05 0.88li75205E 06 
0.1508U9U2E 02 0.28099122E^)6 0.35588299E 07 
0.16521028E 02 0.66835672E-07 0.1U962O70E 08 
0.17999999E 02 0.15229988E-07 0.6565993OE 08 
0.195206143E 02 0.33288 3li5E-08 0.3O0U05UliE 09 
0.21O818U8E 02 0.69866552E-09 0.1U313000E 10 
0.226825893 02 0.1U095370E^)9 0.709U5282E 10 
0.2U321912E 02 0.27 3607 21E-10 0.365Ii87U3E 11 
0.25998929E 02 0.5lli456o6E-ll 0.19552O2IE 12 
0.27712811E 02 0.921ii65U5E-12 0.10852279E 13 
0.29U62780E 02 0.16013157 E-12 0.62Ui86U7E 13 
0.312U8108E 02 0.26860816E-13 0.372289U9E lU 
0.33068108E 02 0,U3521lil6E-lli 0.22977193E 15 
0.3li922130E 02 0.68157127E-15 0.1ii671979E 16 
0.36809561jE 02 0.1032 3075E-15 0.9687035liE 16 
0.38729829E 02 0.15130 31 aE-16 0.66092 360E 17 
0.U0682369R 02 0.21ii71936E-17 0.U6572U18E 18 
0.U2666659E 02 0.29519239E-18 0.33876210E 19 
O.Uii682205E 02 0.3933369UE-19 0.25l423li95E 20 
0.1i6728522E 02 0.5O823OOCE-20 0.19676130E 21 
0.1i8805l62E 02 0.63707OO1E-21 0.15696862E 22 
0.50911681E 02 0.77506386E-22 0.12902162E 23 
0.530li7666E 02 0.91556933E-23 0.10922165E 2U 
0.55212715E 02 0.105056 36E-2 3 0.95186996E 2k 
0.57li06h38E 02 0.11713866E-2U 0.85368905E 25 
0.596281i70E 02 0.12696U99E-25 0.78761863E 26 
0.61878U53E 02 0.13382 2U9E-26 0.7U725857E 27 
0.61il560U7E 02 0.13720888E-27 0.72881578E 28 
O.66I160923E 02 0.13689U99E-28 0,730U8689E 29 
0.68792757E 02 0.1329U885E-29 0.75216895E 30 
0.71l5l?lilE 02 0.12572113E-30 0.795I|1118E 31 
0.73536075E 02 0.11579U45E-31 0.86359887E 32 
0.759U6978E 02 0.10390730E-32 0.96239626E 33 
0.78383660E 02 
0.8G8U5866E 02 

0.90867511E-34 
0.77146155^-35 
0.6U386735E-36 

0.11005033E 35 
0.12999630E 36 
0.155311U9E 37 
0.19157927E 38 

10+3Ö 

0.83333325E 02 
0.858U5779E 02 0.52197713E-37 

10-38 0.88382991E 02 
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Table B-l8 

THE FUNCTIONS cos(£ + nA) AND 8in(^ + %/k)  WITH ^ - % 

c C cos(^ + TL/U.) sin(^ + TtA) 

= I X3/2 

5.0 0.7U535593E 01 -O.3755366IE-OO 
5.5 0.859909ii7E 01 -0.99918865E 00 
6.0 0.97979581^ 01 -0.ii006U228E-00 
6.5 0.110117871^ 02 0.7li310U95E 00 
7.0 ü. 1231*6838E 02 0.8Ua2l497E 00 
7.5 0.13693062E 02 -0.33U7O652E-OO 
8.0 0.1508U9U2E 02 -0.9868U579E 00 
8.5 0.16521028E 02 0.27663561iE-01 
9.0 0.17999999E 02 0.9979ii253E 00 
9.5 0.1952061^ 02 0.11U06205E-00 

10.0 0.210818U8E 02 -0.99233399E 00 
io.5 0.22682589E 02 -0.93819257E-01 
11.0 0.2Ü321912E 02 0.99967665E 00 
11.5 0.25998929E 02 -0.8O7O2O17E-O1 
12.0 0.27712811E 02 -0.9750UiU7E 00 
12.5 0.29li62780E 02 0.39222iil0E-OO 
13.0 0.312U8108E 02 0.81528299E 00 
13.5 0.33068108E 02 -0.76225052E 00 
lli.O 0.3ii922130E 0? -O.U081i79lUE-00 
m.5 0.36809^6aE 02 0.99ii58l33E 00 
15.0 0.38729829E 02 -0.2U286562E-00 
15.5 O.U0682369E 02 -0.8O975U39E 00 
16.0 O.Ii?666659E 02 0.86268566E 00 
16.5 O.Uli682?05E 02 0.853861i8lE-01 
17.0 0.1i6728522E 02 -0.92li897l40E 00 
17.5 O.U8805162E 02 0.780755iiaE 00 
18.0 0.^0911681E 02 0.138750 3UE-00 
18.5 0.530147666E 02 -0.9106306UE 00 
19.0 0.55212715E 02 0.85223U33E 00 
19.5 0.57li06ü38E 02 -O.72309267E-OI 
20.0 O.59628U70E 02 -0.7U9li2l66E 00 
20.5 0.61878U53E 02 0.98592O72E 00 
21.0 0.61a56oU7E 02 -0.51310262E 00 
21.5 0.661i60923E 02 -O.29353I4O3E-OO 
22.0 0.68792757^ 02 0.89U66UU3E 00 
22.5 0.711512U1E 02 -0.9U923777E 00 
23.0 0.73536075E 02 0.1i7Ul91i46E-00 
23.5 0.759U6978E 02 0.?3ijlilil70E-00 
2U.0 0.78383660E 02 -0.808U7h32E 00 
2U.5 0.808h5866E 02 0.9987U297E 00 
25.0 0.83333325E 02 -0.76207B55E 00 

0.9268O752E 00 
0.1i027Ul88E-01 

-0.91623U58E 00 
-0.66917U83E 00 
0.5361U651E 00 
0.9U232239E 00 

-0.l6l661;58E-00 
-0.99961729E 00 
-0.61illIi621E-01 
0.993li7363E 00 
0.12358ii93E-00 

-0.99558925E 00 
-O.25I127952E-OI 
0.99673826E 00 

-0.22200969E-00 
-0.91986965E 00 
0.57906298E 00 
0,61i728l88E 00 

-0.91276778E 00 
-O.IO396IO6E-OO 
0.97005986E 00 

-0.58676922E 00 
-0.5057li02IE 00 
0.9963li793E 00 

-0.38021707E-00 
-0.62148361i3E 00 
0.990327U3E 00 

-O.Ü1322157E-00 
-0.52315996E 00 
0.99738223E 00 

-0.66209325E 00 
-0.16721262E-00 
0.85832710E 00 

-0.9559U871E 00 
0.iili673906E-00 
0.311455915E-00 

-0.880ii2l59E 00 
0.97213025E 00 

-0.58853170E 00 
-O.5012U2UUE-OI 
0,6U7li81i32E 00 

) 
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Table B-19 
THE COEPPICISNTS A^x)  IN THE CLASSICAL ASYMPTOTIC EXPANSIONS 

V^.0) ^(5.0) i^Ce.o) 

( 

1 0.01302 08333 33333 
2 0.00330 Shlhl 7531*7 

3 0.00025 010125 281i30 

k 0.00007 12522 03727 

5 0.00002 69051 290U 

6 0.00001 26701 67091 

7 0.00000 71505 37008 

8 0.00000 li70ia 78155 

9 0.00000 353li9 39li30 

10 0.00000 29872 07930 

11 0.00000 280li0 ii3U28 

12 0.00000 289l;7 12367 

13 0.00000 32591; 50761; 

OJ; 0.00000 39751i 871C2 

35 0.00000 52212 77765 

16 0.00000 73l|66 709lili 

17 0.00001 10256 33462 

18 0.00001 75800 790U9 

19 0.00002 96781; 3311tf 

20 0.00005 288I4O 27375 

21 0.00009 91903 U3525 

22 0.00019 53396 91281 

23 0.000U0 29986 99596 

2U 0.00086 91815 86792 

25 0.00195 63180 20588 

26 O.OOU58 56312 37366 

27 0.01117 96875 75100 

28 0.02630 37830 62708 

29 0.07li31 03387 75537 

30 0.20206 291424 60391 

0.00931 69199 062U9 123 

0.00066 8U027 77777 778 

0.00009 17511; 67913 566 

0.00001 86783 37693 705 

O.OOrO 50467 28962 103 

0,00000 17005 61040 334 

0.00000 06867 26Cb0 060 

0.00000 03232 68661 295 

0.00000 01738 18821 499 

0.00000 01051 03035 290 

0,00000 00705 94281 263 

0.00000 00521 46502 152 

0.00000 00420 14497 292 

0.00000 00366 67396 572 

0.00000 00341' 58907 563 

0.00000 00346 93672 628 

0.00000 00372 56171 056 

0,00000 00425 06022 946 

0.00000 00513 45876 ISO 

0.00000 00654 67254 927 

0,00000 00878 62584 873 

0,00000 01238 11238 451 

0.00000 0182? 71382 114 

0.00000 02820 66524 968 

0.00000 04542 23465 271 

0.00000 07619 3JB677 348 

0.00000 13291 50442 553 

0.00000 24078 19573 349 

0.00000 45233 74094 742 

0.00000 88010 82409 911 

0.00708 76439 31664 288 

0.00038 68071 63065 844 

0.00004 03921 91245 878 

0.00000 62553 37501 375 

0.00000 12857 32541 582 

0.00000 03295 80122 467 

0.00000 01012 46597 827 

0.00000 00362 56731 648 

0.00000 00148 30301 469 

0.00000 00068 21762 064 

0.00000 00034 85611 350 

0.00000 00019 58676 684 

0.00000 00012 00507 489 

0.00000 00007 97028 606 

0.00000 00005 69801 344 

0.00000 00004 36415 705 

0.00000 00003 56513 882 

0.00000 00003 09426 018 

0.00000 00002 84341 373 

0.00000 00002 75795 229 

0,00000 00002 81575 410 

0.00000 00003 01841. 498 

0,00000 00003 38965 273 

0,00000 00003 97948 334 

0.00000 00004 87498 001 

0.00000 00006 22071 098 

0.00000 00008 25531 549 

0,00000 00011 37657 689 

0.00000 00016 25841 869 

0.00000 00024 06467 581 
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Table B-19   (Cont'd) 

THE COEPPICIENTS A^U)  IN  THE CLASSICAL ASYMPTOTIC aÄPANSIONS \ 

n                     ^(7.0) An(8.o) 

1 0.00562 Uli713 2h5h2 071 0.OOI46O 35597 733li9 92B 

2 0.0002U 3>870 l8mo 590 0.OOOI6 318I|2 71918 1^03 

3 0.00002 01853 76792 151* o.OOOOl 10681 0063U 1|12 

h 0.00000 2U806 75793 795 o.OOOOO 11333 15683 228 

5 0.00000 0U0li6 22206 163 o.OOOOO 01ii86 312li3 536 

6 O.OOOOO 00823 07593 516 o.OOOOO 002U7 k6hZ0 099 

7 0.00000 00200 6U999 23U 'o.OOOOO 0001*9 37688 679 

8 0.00000 00057 01999 523 0.00000 00011 J*8ii80 995                                             * 

9 0.00000 00018 50837 621* o.OOOOO 00003 05121* 1*68 

10 0.00000 00006 75607 906 o.OOOOO 00000 91162 351 

U 0.00000 00002 7391*0 931* o.OOOOO 00000 30251* 1*88 

12 0.00000 00001 22157 6U* o.OOOOO 00000 llOte l*5l 

13 0.00000 00000 59U15 872 0.00000 00000 01*396 018 

11* 0,00000 00000 31303 387 o.OOOOO 00000 01895 660 

15 0.00000 00000 17759 090 o.OOOOO 00000 00880 21*2                                                  ) 

16 0.00000 00000 10793 876 o.OOOOO 00000 OOl*37 896 

17 0.00000 00000 06997 31*5 o.OOOOO 00000 00232 31*8 

18 0.00000 00000 01^19 1*06 o.OOOOO 00000 00130 982 

19 0.00000 00000 03511* 1*1*3 o.OOOOO 00000 00078 178 

20 0.00000 00000 02705 096 0.00000 00000 0001*9 252 

21 0,00000 00000 02191 6l*ß o.OOOOO 00000 00032 661 

22 0.00000 00000 0l86l| 382 o.OOOOO 00000 00022 71*1 

23 .0,00000 00000 016611*61* 0,00000 00000 00016 587 

21* 0.00000 00000 0151*7 898 o.OOOOO 00000 00012 61*8 

25 0,00000 00000 01501* 763 o.OOOOO 00000 00010 061* 

26 0,00000 00000 oi523 755 0.00000 00000 00008 31a 

27 0,00000 00000 01601* 681 o.OOOOO 00000 0000? 190 
28 0,00000 00000 01751* 876 o.OOOOO 00000 00006 1*36 
29 0.00000 00000 01990 183 o.OOOOO 00000 00005 971* 
30 • 0.00000 00000 02337 623 CQCOOO 00000 00005 71*3 
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Table B-20 

THE COKPPICIü'NTS A^x)  IN  THE CLASSICAL ASYMPTOTIC ü^i'AiiSlOIJS 

n ^(1.0) n An(3.o) 

C 

2 
3 
k 
5 
6 
7 
8 
9 

10 
11 
12 
13 
1& 

n 

.1041666666666666+00 

.8355034722222217-01 
•1282265745563271+00 
,29ie490264641t»04+00 
.8816272674437575+00 
.3321408281862767+01 
.1499576298686259+02 
.7892301301158699+02 
.4744515388679998+03 
.3207490090999999+04 
.2408654959999999+05 
.1989231199999999+06 
.1791901999999999+07 
.1748437699999999+08 

^(2.0) 

1 
2 
3 
k 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

n 

.2004688434686201-01 

.3094457304526749-02 
•9139709547822118-03 
,4003416000879645-03 
,2327424509298436-03 
,1687450227029808-03 
,1466207352735687-03 
,1485075728285682-03 
.1718125647581276-03 
.2235354993240953-03 
.3230530821478668-03 
,5134553428329405-03 
•8901225166930805-03 
.1671490117081857-02 

A^O) 

1 .3682847818679937-01 1 
2 .1044379340277778-01 2 
3 .5666867524818843-02 3 
k .4560141036502203-02 k 
5 .4870346588191003-02 5 
6 .6487125550513236-02 6 
I .1035508368855157-01 7 

.1926831372353205-01 8 
9 .4095311285131311-01 9 
10 .9768482943725630-01 10 
11 .2596840722281831+00 11 
12 .7588314819335980+00 12 
13 .2416736708491792+01 13 
14 .8337200641632135+01 14 

.1302083333333333-01 

.1305474175347221-02 
•2504425284303265-03 
• 7125220372659678-04 
,2690512901134514-04 
•1267016709084612-04 
•7150537007743164-05 
•4704i78155159174-05 
•3534939429670571-05 
.2987207929603755-05 
•2804043423384427-05 
•2894712379202246-05 
•3259450750192627-05 
•3975487061325111-05 

t 
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Table B-20   (Oont'd) 

n 

1 
2 

I 
6 

9 
10 
11 
12 

l£ 

n 

V5.0) 

• 93169<»99062<»9129-02 
.666»027777777783-03 
• 9l751«*6791356576-0<» 
• 1867633769370503-0«» 
,MH728962103385-05 
• 17Ö0561Ö<»03137<*3-05 
•6667260500602920-06 
,323268661295»6i8-06 
•173818621499Ö007-06 
•1051030353018885-06 
• 7059<f 281 l<*3036«l2-07 
• 521if650236928036-07 
• «♦201*»<»97l0962982-07 
13666739619<f 30<»30-07 

^(6.0) 

n 

1 
2 
3 
k 
5 
6 
7 
8 
9 

10 
11 
12 
13 
li». 

n 

^(7.0) 

.562^7132^5«*2075-02 
tift3MlillfilHQ5896-03 
• 2018537679215353-0«» 
• 2<*8067579379<t599-05 
t <»0<f 6222061628177-06 
•8230759351605851-07 
.2006^99923361713-07 
.5701999522550561-08 
• 185083762<»(»<f6<f68-Ö8 
•6756079061392759-09 
,2739<»0933590195<»-09 
• 1221576i<»1683263-09 
•5941587181038829-10 
,3130338639011568-10 

^(8.0) 
) 

1 •7067643931664294-02 1 
2 .3066071630658438-03 2 
3 •4039219124587786-04 3 
k •6255337501374764-05 I|. 
5 ,llÄS7a25*H581796-05 5 
6 •3295801224667600-06 6 
7 .1012465978266584-06 Y 
8 .3625673164759974-07 8 
9 .1463030146893619-07 9 
10 .6621762064333982-08 10 
11 t34656Ua44J»§1478-Q8 n 
12 .1958676692325371-08 12 
13 .1200507483750372-08 13 
14 .7970285973939246-09 1I|. 

•4603559773349922-02 
•1631642719164028-03 
•1106810063441180-04 
•1113315683228076-05 
* 1466312435361024-06 
•2474642009930691-07 
•4937688679004468-08 
.1148480994911912-08 
.3051244679936253-09 
•9116235136730252-10 
^afl25.(L4e79Q613631-10 
•1104245139771371-10 
•4396018463906661-11 
.1895659952795571-11 
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Table B-20 (Cont'd) 

n ^(9.0) n ^(ll.Oj 

1 
2 
3 

\ 
6 
7 
8 
9 

10 
11 
12 
13 
14 

.38b802169135802«*-02 

. ll(f 6095297972869-03 
•6514584896456896-05 
.5491654322194565-06 
•6144212011714596-07 
.8573135330131605-08 
. 1433580940896126-08 
,2794431984520721-09 
.6221827729592102-10 
.1557857328952611-10 
.4332845327303985-11 
.1325317987590837-11 
.4421659748825643-12 
.1597928946225705-12 

1 
2 
3 
k 

7 
6 
9 

10 
11 
12 
13 
14 

.2855221066077309-02 
,6277261248652160-04 
,2640650700435702-05 
.1647411669505825-06 
,1364080105949640-07 
,1406601341960650-08 
,1743192599377849-09 
.2514730417204718-10 
.4143721988720650-11 
.7678476262157784-12 
.1580502862083735-12 
,3577807164816551-13 
,6833989602828937-14 
,2362673846383553-14 

( n 

1 
2 
3 
h 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

A^IO.O) 

,3294039229342062-02 
,6355034722222220-04 
,4054880321593885-05 
,2918490264641404-06 
,2767950212432688-07 
,3321406261862769-08 
,4742076629053547-09 
.7692901301156706-10 
.1500347502194767-10 
.3207490091000004-11 
,7616635771061771-12 
.1969231200000002-12 
.5666491663611048-13 
.1748437700000002-13 

n 

1 
2 
3 

6 
Y 
8 
9 

10 
11 
12 
13 
14 

^(12.0) 

.2505660543357751-02 
•4835069538323045-04 
.1765099521059007-05 
,9773964845898059-07 
,7102735929255482-08 
,6437111766926895-09 
,6991421474150121-10 
.8651741124902261-11 
,1260103361294624-11 
,2061636567484729-12 
,3760832652542712-13 
,7471758622456988-14 
,1619123425722283-14 
,3600528513679401-15 
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Table B-20  (Cont'd) 0 

n 

1 
2 
3 

^ 
6 
y 
ö 
9 

10 
11 
12 
13 
1^ 

^(13.0) 

.22223565553895«»0-02 
t9fifi2929a^7^7803-0<» 
. 12<»51823477(f 1390-05 
,60U64175'*9651l'*2-07 
,3fi96ai57*66«»5977-08 
. 313207<»570<»59569-09 
•3016917042901795-10 
.3387532176858264-11 
• <»3<»if6680823Ü173i-12 
•6266355634582820-13 
•1003943514868797-13 
•1768906675025272-14 
•3399530048116087-15 
•7076846306335666-16 

n 

2 
3 

1 
6 

I 
9 

10 
11 
12 
13 
111- 

^(15.0) 

,1793047845466397-02 
,2475865843621399-04 
•6539843789930920-06 
•2562186240563100-07 
.1332295530314341-08 
•8639745162392619-10 
•6714448506525714-|^ 
t6082fl7Olfl3O58153-r2 
•6294480063492231-13 
•7324811241851952-14 
.9468230395801812-15 
•1345992373915983-15 
•2087058665185549-16 
. 3§053^ft84204e450-!l7 

n 

1 
2 
3 
k 
5 
6 
7 
8 
9 

10 
11 
12 
13 
111- 

i^dll-.O) 

•1988550907086491-02 
.3044837726757369-04 
•8920760506585824-06 
•3876055927804059-07 
.2235243014034292-08 
•1607570185660516-09 
• 1385556349862650-10 
.1392089727185193-11 
•1597582806544551-12 
•2061791705747298-13 
^955711239413460-14 
.4659943167431874-15 
.8013413594672413-16 
•1492661780839711-16 

n 

2 
3 

k
5 

6 
7 
8 
9 
10 
11 
12 
13 
111- 

A^ie^o) 

•1627604166666666-02 
•2039803398980033-04 
•4891455633404814-06 
•1739555755043866-07 
.fl2iQ79a765669292?!fl9 
•4833285175646258-10 
•3409641746398528-11 
*28Q390867a984149-12 
.2633735112600454-13 
•2782054179910341-14 
.3264336175499961-15 
•4212360915265520-16 
•5928906375979980-17 
.9039211048105041-18 
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Table B-20 (Cont'd) 

n 

1 
2 

I 
6 
7 
8 
9 

10 
11 
12 

V17.0) 

.1<»86125153<(0890<»-02 

.170059733ei27e71-0'* 

.37235560^0551098-06 
•1209106958799956-07 
.52l096f367«*396if3-09 
.2800799187888995-10 
• 180407626635<»<f 83-11 
Al35iL6172!f 5418725-12 
.1161800130671895-13 
.1120550677967813-14 
.1200514442213222-15 
.1414505620569984-16 
.1817859387797468-17 
#2530595976950671-18 

n 

1 
2 
3 
k

5 

6 
7 
8 
9 

10 
11 
12 
13 

^(19.0) 

.1257761698851765-02 
al218112658145827-04 
.2257287290885441-06 
.6203497952650543-08 
.2262731415887266-09 
.1029294982338471-10 
.5611200117439291-12 

JLi565fi284if7263459-l3 
.2588321660295779-14 
.2112814209833057-15 
.1915755918869904-16 
.1910383001496502-17 
.2077873171033199-18 
,2448074004256393-19 

n 

1 
2 
3 
k 
5 
6 
7 
Ö 
9 

10 
11 
12 
13 
li+ 

A^lb.O) 

.1364017710622199-02 

.1432619122466088-04 

.2879066973946474-06 

.8580709878429038-08 

.3394229670727538-09 

.1674440494166337-10 

.9899363327025878-12 

.6822343712208841-13 

.5370479222374401-14 

.4754203274391557-15 
,4674963856154057-16 
.5055686903346446-17 
.5963488755215175-18 
,7619518977287890-19 

n 

1 
2 
3 
k 
5 
6 
7 
8 
9 

10 
11 
12 

13 
11; 

^(20,0) 

.1164618738281141-02 

.1044379340277778-04 

.1792020857686631-06 

.4560141038502205-08 
11540139453766902-09 
.6487125550513241-11 
.3274564981748065-12 
.1926831372353206-13 
.1295051138840621-14 
.9768482943725640-16 
*821Ä2559SÄ4077QQ-17 
.7588314819335988-18 
.7642392503772465-19 
.8337200641632148-20 

c 
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Appendix C 

TABLES TO FACILITATE HAND COMPUTATION OP THE ROOT t^ 

FOR THE CASE OF A REAL EARTH 

In this section we present some tables which permit one to rather 

easily compute (with a desk calculator) the numerical value of 

the first root t^ of the equation 

Wi'Ui) - q w1(t1) = 0 (C-l) 

when the impedance parameter q has a phase which is  approximate- 
ly kS •    This case occurs  very frequently in the case of the 
propagation of radio waves around the earth1s surface. 

Let us first review the theoretical solution.    We consider a 
sphere of radius a»    We assume that the time dependance is of the 
form exp(-i(ot)  and that the propagation constants  are of the form 

k2 = w2e0ii0 ,      r > a (C-2a) 
2 2 ^ = w eiH0 + iun- a    ,      r < a (C-2h) 

Per the propagation of vertically polarized waves,   the theory 
leads  to an expression for the impedance parameter q which is of 
the form 

q = i(ka/2)*(kAihA - ÖcA^T2 (C-3a) 

Therefore,  if coe^« a,  and o •* «, we see that 

q s VT (ka/2)^V^7o (C-3*) 

Eq» (0-313) shows us that in the limiting case arg(q) = 450J ^ut 
if we retain the full form given in Eq» (C-3a) we find that the 
actual value of arg(q)  is  approximately ^5°» 

C-l 
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o The theory of the propagation of waves around a convex surface 
has been developed (See Section 1) in terms of the diffraction 
function 

•0 

D(x,y,y0,q)  =£/ expC^jw^t-y^vCt-y^ -^^^ w^t-y^w^t-y)^ 

«       exp(ixtB) w^-y)   wl{tB-yo) 

1J t8-q
2   wi<v    w 

8=1 
Pig» 2-2 reveals that the root t^  has the smallest imaginary        » 

part when 30° < arg(q) < 2100, Therefore, when x > Vy + V?^ 

and x -+ oo , we find that we need only retain the first term in 

Eq« (C-4)# Since the factor expdxtj^) then determines the manner 

in which the wave continues to propagate (when y and y are fixed), 

the ability to determine the numerical value of t1 accurately will 

be required in many problems which involve the propagation of the 

ground wave to great distances» \ 

Let us assume that we know the value of t^ for some value a of 

the impedance parameter, and let us denote this value by ^(q^J» 

If we want to know the value of t-^ for some neighboring value of 

q, we can seek to express t^(q) in the form 

^(q) « t1(q0) + A1(q - qc,) + A2(q - q0)
2 + A3(q - qo)

3 

+ Vq" *o)h +,,,+ V* " ^^      (C"5) 

We observe that the coefficients PL   will be functions of q0. The    , 

coefficients can be determined by observing that t(q) satisfies 

the Ricatti differential equation 

[t(q) - q2]^^- = 1 (C-6) 

If Rq«   (C-5) is inserted in Eq»   (C-6),  we find thai the first 
several values of iL are given by 

C-2 
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Al = (to " ^o^1 (C"7a) 

A2 = -(1/2)[1 - 2q0(t0 - q2)](t0 - q*)"
3        (C-7b) 

and further terms can be obtained by means of the recurrence re- 

lation 

^o " <P + (n " ^Vl^ " 2%)  + (n - 2)An-2
(A2 - ^ 

+ (n - 3)An.3A3 +•••+ ^2^1-2  + ^^-1 = 0    (C"8) 

'       In Section 2 we showed that the roots for which the phase of q 

is zero (i.e., q = Q, where Q is real and positive) arise in a 
class of problems which are of practical importance.  Therefore, 

in the tables that follow, we give the values of 

^o = tl^ 

for  the cases in which qo = Qexp(ii].50)   and q    = Q.    Table C-l 

V. contains  the data for the case q0 = Q expdi+S0)  for Q = 0.00(0.05) 

i|..00,   i.e.,  Q = 0.00,  0,0$,   0«l0,   0.15, • • •|3«95#   and i|..00.  The 

data for the case q0 = Q is given in Table C-2 for Q = 0.00(0.05) 
2.00. 

f 
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1 
2 
3 

\ 
6 
7 
8 

n 

1 
2 

I 
5 
6 

87 

Table C-l 

VALUES OF q0,   t0, AND A, n 

qQ = O.OOexp(il|.50) 

t0 = 0.509396^9 + iO#88230059 o 

Real An 

ö.««Vü^7ö7bt-0ü 
•Ü.52n62ivc Oü 
Ö.672ü26iüt-01 

•0.43b0l25ifc-02 
0.9b77»»25Uu-02 
0.l006U»«tilL-02 
ü.6r-ilUlöi«£-Üi 
0i5666 79b0fc-0< 

Imag A^ 

-0.850050U3E   00 
0. 
0.1 I639844E-00 
0.Ö2010I26E-02 

-0.232552U/E-07 
0.17U32125E-02 

-0. n6i8Hi»E-02 
0.822U6385E-07 

q0 = C.05exp(il;5ü) 

t0 = 0.55678567 + 10.8707760^ 

Real A^ 

U.Ub262obVt-00 
•0.bJ2»*82ÜÜL OU 
0.6t)81»»iUttt-Ül 

•0.ldVclolöh-Ü2 
O.V77Vb7llu-02 
Ü. U6iUliUt-02 
0.fi4V0»»VU5fc-03 
0.6ÜUbUbü2L-0.-i 

Imag An 

-0.bh682b87C 00 
0.WU28691C-01 
0.11701U91E-00 
0.79905694E-02 
ü.621S2l58C-0i 
U. I66I5978E-02 

-ü. I0n9560t-02 
-ü.7U7i8907E-0«» 

q0 = 0.l0exp(il|.50} 

t   = 0,601|.07773 + 10.86158898 

Real An Imag A^ 

1 0.UI2^2üb2L-0ü 
2 -O.bJMÜUlbOL   00 

l O.Ö'i.'tVUÖöUL-OI 
-O.^UliOööSc-Oi 

5 Ü.V7ü7V9IÜt-U^ 
6 O.I9<C6.<i7«4L-02 
7 0.1ÜSö9'4i*6L-02 
ö 0.67b2«4Üi»*£-01 

-0.92261U16E 00 
0.5h800108E-01 
(j.n8I2087h-00 
Q.9übV970ät-02 
0.1332bbS6C-02 
C.l66b0086C-02 

-0.b6l51«»52t-0i 
-O.M22i«6SE-Oi 

C-ij. 
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c Table  C-l   (Cont'd) 

VALUES OP  q0,   t0,  AND A^ 

c 

n 

1 
2 
3 

1 
6 
7 
8 

n 

1 
2 
3 
ij- 
5 
6 
7 
8 

q0 = 0.15exp(i[|.5ü) 

t0 = 0.65117579 + io#851i.7ll59 

Real An 

0. snuu^üUt-OJ 
-O.^iöVööVL ÜO 
0.6^9U7br5bi;-OI 
0. IÜ90{l47bL-0^ 
0. VbbObü76L-0/f 
ü.^I*I6I400L-ü^ 

0. H07«»0b2t-0ü 
Ü.^a2Udl.^L-04 

Imag A^ 

-0.9!>ru^6S9E 00 
0.58160797L-01 
0. I I9/Iö61b-0Ü 
0. 1 mU2376-01 
0.2lrjS0bHlE-U2 
ü. l/63U061b-02 

-0.699S1822C-Oi 
-0.169614 H5t-04 

^ = 0,20exp{il;5O) 

t0 = 0,69798303 + iO,850lli;55 

Real An Imag An 

0.527'J672.St-00 
■0.3301lUOUh 00 
Ü.öl3l26b3t-0I 
0.2i8b4/70L-02 
0. lü03öbUi;-0l 
0.2V2bl2b^fc-02 
0. li9906S6E-02 
0.94l26US0t-01 

-0.99131552E 00 
0.7755U256E-01 
0.l2iy0702E-00 
0.IU159Ö78E-OI 
ü.3nb263UE-02 
0. I97l82i6E-02 

-0.5085531Ue-Oi 
-0.18103705e-ü4 

n 

1 
2 
3 
k 
5 
6 
7 
8 

q0 = 0,25exp(li;5ü) 

t   = 0,7^0214.8 + io. 814.776678 

Real A^j 

0.2d226u69E-00 
-0.5b67SU75t 00 
0.5956IOiUE-OI 
0.33.36 177 7E-02 
0.I02b3797C-0l 
0.3UbVl33öt-02 
0. I95r7l9 7t-Ü2 
0.1l27l9!>4E-02 

Imag An 

-0.10?U?750E 01 
0.97018810L-0I 
0.I2UU0058E-OÜ 
0.16605039E-OI 
0.I42U36861C-02 
0.23nit>93C-02 

-0.2673135IE-03 
-O.II)6l5U2»ifc-01 

t c-5 
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Table C-l   (ContM) 3 
VALUES OP 

n 

1 
2 
3 

I 
i 

n 

1 
2 

I 
6 

87 

n 

1 
2 

\ 
7 
8 

V V AND 
^ 

q0 = 0.30exp(ii|5O) 

t0 = 0.79033678 + io.8l4.76 3502 

Real An 

0.2i!>C?'jUdL-0U 
-0.563öVU2»it Oü 
O.S/Sve^Ö/L-OI 
U.UDIibölSL-02 
0. 105i6l60t-ül 
O.Uü 1*1 559^1-02 
Ü.2i23lb^2h-Ü2 
U. li7b9IVIt-02 

Iraag AJJ 

-0.1Ü563UI2C 01 
0. n658908E-00 
0. l2750dU5E-ü0 
Ü.l?109^78fc-01 
0.b5760220E-02 
(K280ö922Ut-02 
0.!)ü682307E-0«» 

-0.7878I296E-0«» 

% = = 0.35exp(i45o) 

t0 = 0.83568808 + 10,814.968355 

Real An 

0. Irt601296i:-0ü 
-Ü.S71öl580t 00 
0.bbiblb76fc-01 
0.!>277038UC-02 
0. I07b2^9lfc-0I 
0.«»Srv72fl9t-ü2 
0.27Sd97Ult-02 
0. löHlitt0ÜE-02 

Imag An 

-G.10b75U»»0E 01 
0.13629i»27E-00 
0,niH».ilOE-00 
0.22il5605E-0l 
0.71528966E-02 
0.54j000101fc-ü2 
0.«l7896879fc-03 
0.7«»37522»iE-0«» 

q0 = 0.40exp(il;5O) 

t0 = 0.88035785 + 10.85387373 

RealAn 

0. liUV626iE-00 
-0.!»8000i66C 00 
Ü.b27ii8b»«2£-01 
0.5/765931t-02 
0. 109767b2l:-ül 
O.Dl33«ii*lbE-02 
0.3229U66dc-02 
0.20ti36ö74E-02 

Imag An 

-0.11179169E 01 
0.lb6l570«»E-00 
0.1353166UE-00 
0.2566U920E-0I 
0.9Ü198285E-02 
0.U427IU53E-02 
0.10b9liS68E-O2 
0.33615%lbE-03 

) 

e-6 1 
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-t.1-nTrW^I1|H|||MiIWtl, ^.^ 

!       i 

c 

f 

n 

1 
2 
3 

6 
7 
8 

n 

1 
2 
3 

87 

n 

1 
2 
3 

5 
6 

Table  C-l   (Cont'd) 

VALUES OF qo,   t0,  AND i^ 

q0 = O.^5exp(i^50) 

t„ = 0.92^214.677 + 10,86016357 

Real "n 
Imag Ari 

O.blücih>/6L-01 
-O.bbVlöUUrt. ÜÜ 
O.UV6V?eCfL-UI 
ü.b/U/'?VOVL-ü^ 
0. 1 lütj^ IL-ÜI 

U.?Ubi»Msut-U^ 

-0.1U?UV9IL ül 
0.H619251E-00 
U. !uü05b5/C-0(J 
0.2V398875E-0I 
ü. I l?25VA5i;-ÜI 
0.56U09b?bC-0^ 
0. löUUl«?lh-0^ 
GaZ-ilSflUl^E-Gi 

q0 = 0.50exp(ii4.5u) 

t„ = 0.96725i|.65 +10.86850721 

Real ^ Imag A^ 

(1.26fty9b6üL-0 1 
■U.l99'/0ü2fc  OU 

u.böo^röiüL-ü^ 

-0.n/65566E   0 1 
0. WöUOUHUE-OO 
Ü, 1145412581-00 
0. V-lVjbOlöh-ül 
lM3821VUbE-OI 
O.nvBM IÜE-Ü^ 
C.ZbV'jOA^BE-OÜ 
0. Mf^m/t-O/ 

q0 = O.SSexpd^") 

t0 = 1.0092801t   + iO.87885ii.39 

Real An Imag AJJ 

•(». SUoo/Wi IL-0 1 

0.4l i'ü^UÖ^L-ül 
O.*4ybÜ«2OiL-02 
ü.   lO^Z/'NüftL-Ul 
ii.ti/SöjfH >L-\)A 
U.'*)U l/'x.i'ftL-Ü/ 
0. 44G04«466L-0^ 

-o.i2nuum8t oi 
0.?lAi'86Ui4L-Oü 
O.l5ll.<^b2£-00 
(5.5«I6?6U66-Öl 
0, löl]55i2lE-ÜI 
1).9160/01«*£-Ü^ 
Ü.U2H27ÜU?Ü-Ü^ 
o.22Hr5nve-o2 

c-7 
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MMMMMMMMI R,iiw-a*-oWpH« 

1 
2 
3 

\ 
6 
7 
8 

n 

1 
2 
3 

5 
6 
7 
8 

n 

1 
2 
3 

6 
7 
8 

Table C-l   (ContM) 

VALUES OP qr t0,  AND i^ 

c^ = 0.60exp(i^5O) 

t0 = 1,0502221 + 1  0,89lli;979 o 

Real An 

-0.90292b«trt-01 
-0.622U5r51E  00 
0.i6606IObt-01 
0.ii8ö940Gt-02 

0.61M0?ibt-02 
0.urüi5lö5fc-02 
0.4SV9Ul76c-02 

Imag An 

-0.12320057E 01 
ü^i/^/HE-OO 
0. li7U7670E-00 
O.U-Sif3599UC-01 
0.2036«i20bE-0l 
Ü. n583U5S£-0l 
0.6080H59E-02 
0.35616I99E-02 

t0 = 1.0899773 + 10.90533239 

Real ^ Imag A^ 

-0. 1522ab32i:-00 
■U.635Vt>3U0E 00 
Ü.30«*291«UUC-01 
0.IÜ2^1596t-02 
0.815051291-02 
ü.5i«b5 7ryjc-02 
0.»»U96392bt-02 
0.363b9b86t-02 

■0.12589797E 01 
ü.2b793859E-0ü 
0.16U30058E-00 
Ü.U876U682E-0I 
0.2a363bU0E-01 
O.IU507200E-OI 
0.83iH»688E-02 
Ü.528I0881E-02 

^ = O^Oexpdl+S0) 

t0 = I.I28/4428 + 10.92133459 

Real An 

•Ü.2I67U3I3C-0Ü 
-0.6b09l322L 00 
0.230326761.-01 

-0.2U2Vf»23lL-02 
ü.!3731Vh22i:-02 
O.KI l3^G3li.-02 
ü.36816'J28C-02 
Ü.3l9UV67t-02 

Imag Aj^ 

•0.1285U989E 01 
C.278592UUE-00 
0. l71b2733E-00 
0.54 700182E-01 
0.28829713E-0I 
O.17934771E-01 
0.ni28n3E-01 
0,750I8863E-02 

d 

) 

C-8 
3 
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■ o Table C-l   (Oont»d) 

. 

. 

n 

1 
2 
3 
k 

i 
7 
8 

n 

1 
2 
3 
k 
5 
6 
7 
8 

n 

1 
2 
3 

6 

I 

VALUES OP qo. ^^ 
AND ^n 

q    = O.75exp(ii;50) 

to = 1.1655153 + 10.93908155 

Real A^ Imag An 

0.1'* \92f6iL~ii\ 
•0.725^6U'j/L-02 

Ü. IV'.WlöUC-O^ 

-0.1.^1 IA7U3E OJ 
0.299H005E-00 
0. I 790.-55 75t-ÜÜ 
0.609376ü»4L-Ü1 

Ü..ii67i4400e-0I 
0.i?1799766t-ni 
0. J'4i70657£-0I 
0.1Ü2I1703E-01 

q0 = O.80exp(ii4.50) 

= 1.2010921  + 10,958^9018 

Real An 

■0. ^-SUVU'^c-OO 
•ü.6hl>vUiiV2L 00 
Ö.io6bSö25:-02 

•U. I •)6 72l IRt-OI 
•0.292 I92VIL-ü^ 

•0.2 1 /'/'/Ü9H.-Ü2 
•0. nr>UUC94L-02 
■Ü.SbdVV0 3fji:-0i 

Imag An 

-0.15476'J89c 01 
0.5l952658t-ÜÜ 
0. ldö6U,j96E-00 
().67292141911-01 
O.H7l055i£-ÜI 
0.25920190C-0I 
0.I/91C162E-0I 
().H2!>7ö5UE-0l 

qn = 0.85exp(ii;5O) 

to = 1.23W1IL + i0.979i;6823 

Real ^ 
Imag A^ 

■0.'»26U07CI*L-0U 

■0. 706'»V55bL 00 
•0.ö79IOo8bL-ü2 
•0.220'jbÜbOL-OI 
•U.9aHi457i«L-U2 
•0.7d9jSb07L-Ü2 
0.606OI79ÜL-02 

■O.Uö79Üi96t-02 

-0.H655bl0C 05 
0.43946H10L-00 
0. I9UI0221E-00 
P.7iU722SUE-01 
(l.Ui60956UC-0l 
ü.299J750lt-ül 
0.2H65UIU-01 
0. IO2U0927E-0I 

0-9 
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Table C-l  (Cont'd) 
VALUES OF q0,   t0,   AND An 

o 

n 

1 
2 

I 
6 
7 
8 

n 

1 
2 
3 

\ 
6 

1 
2 

I 
6 
7 
8 

q0 = 0.90exp(345O) 

t    = 1,2673537 + 11.001913^ 

Real An Imag k^ 

■0.5üU3»«2IE 00 
-0. ^2V0U««U2t 00 
-Ü.i»5U2«267fc-0l 
-Ü.^267bVbt)i:-0l 
-U. iVObUOlbC-OI 
•0. Iä877b99t-0I 
•Ü. Ii239^73fc-0I 
•0. Ili»»46l72fc-0I 

-0.1i895977E 01 
0.3587U255E-00 
0.20105U92E-00 
0.790U5778E-0I 
O.U7a52503E-OI 
0.332UU967E-01 
0.2i»0UU22öE-0l 
0.I65HU2I6E-01 

q0 = 0.95exp(1^5O) 

t0 = 1,29781426 + 11,0257123 

Real An 

•0.b79b760Ut 00 
•Ü.75U0639it 00 
-O.U0U52259C-0I 
•Ü.W'irBöl lOb-OI 
■0.4079IV1UE-OI 
•Ü.26U092I6O0I 
■0.2297Ö70UC-0I 
■Ü.205b7209t-0I 

Imag AJJ 

-0.IUI59986E 01 
0.37702996E-00 
0.2Q7Ü»l291E-00 
0.83UI2U36E-01 
0.50682299E-01 
0.3U919862E-0I 
0.2i»850b82E-01 
O.I8til09b7E-OI 

(^ = 1.00exp(1^5O) 

t0 = 1.32614471 + li,o5o7M>o 

Real An Imag AJJ 

■0.66U21b2C 00 
■0.7ölt>büblt 00 
■0.6Ü0Ü0297C-01 
•0.6l«i942»3E-Ül 
■Ü.«45ü79i*66t-01 
•0.39i»72 76bE-0l 
•Ü.3bl2676öt-01 
0. 31879UyE-0l 

-0.UU30096E 01 
0.3939375UE-00 
0.2IU80U5E-00 
O.Ö!>782«»30E-0l 
0.510781U7h-01 
0.33690591E-0I 
0.222W9578E-0I 
0.1115156706-01 

) 

C-10 
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: v ;■>.■> a-4i-.t 

o 

n 

1 
2 
3 

I 

n 

1 
2 

I 
6 

Table C-l   (Cont^d) 

VALUES OP q0,   t0,   AND An 

«^ = 1.05exp(ii4.5O) 

t   = 1.3530025 + ii.0768585 

Real A^ Imag AA 

-0.7U6I3634E 00 
-0.811663781: 00 
-0.82086817£-01 
-0.7V701 I99E-01 
-Ü.6165712ÜC-0I 
•O.5UUy7832fc-0l 
•O.U8729718E-01 
■O.U39!)9U61E-01 

-0.1U^09239E 01 
O.U089939««E-00 
0.213654U1E-00 
G.85179U53E-01 
0.U7772381E-0I 
0.27987981E-0I 
O.U3810S6E-01 
0.>ib7768««3E-02 

^ = l.l0exp(ll|.5O) 

t0 = 1.37767^0 + 11.1039177 

Real An Imag An 

•0.834Ü5215E 00 
•0.84429IV2E 00 
•0. 106t)U067E-00 
-0.VV968d48t-01 
•0.?76ö2S2Vt-0l 
•0.7ü0/li00E-01 
•0.6l626»«a3£-01 
•0.S37Ü8897C-01 

-0.15000723E 01 
0.42165U11E-00 
0.21273929E-00 
ü.8ÜJ*85i56E-0l 
O.S^SSbPbE-Ol 
0. löltifUSUE-OI 

-0.5b768762E-03 
-0.13193293E-01 

n 

qo = 1.15exp(i^5ü) 

t0 = 1.I|.001585 + 11.13175^6 

Real ^ 

1 -O.V25liUlOL  0Ü 
2 -0.8?9321U3c   0U 
3 -Ü.13293339E-0Ü 
k -0. I2U0156C-ÜÜ 
5 -ü.9^fö06lL-OI 
6 -0.d3/UlV!>ÜL-01 
7 -0. /üWö6iVt-0l 
8 -0.,>6226IML-01 

Imag Aj^ 

-O.1S3082HC   01 
O.U313122bE-00 
ü.20?8U0»*UE-00 
0.705U7698E-01 
0.2U505138E-01 

-0.31087198E-02 
-0.245b898bE-0l 
-0.39048227E-01 

0-11 
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I 

I 

n 

1 
2 
3 

\ 
6 

87 

n 

1 
2 
3 

I 
7 
8 

n 

1 
2 
3 
1; 
5 
6 
7 
8 

Tatole C-l  (Cont'd) 

VALUES OP V AND 

q0 = l,20exp (114.5°) 

t0 = UkzokW + 11.1601938 

Real k^ 

-0. XdMiitlbC 01 
-Ü.9l6Uil7?E 00 
-ü. Iö0b2ii81£-0U 
-0. lU2 5,Ji»26i:-00 
-0. I I295600t-Üü 
-Ü.Vlb02ä56L-0l 
-ü.695V2Ub£-0l 
■0.Ubb27b63t-0l 

Imag Aj^ 

-0.IS6i5658fc   01 
0.U373289VE-00 
0.198075066-00 
0.b4 36670ljt-0l 
ü.246^0^U6C-02 

-0.3Ü09I969E-0I 
-0.55707222E-0I 
-0.7008207US-01 

q0 = 1.25exp(1^5
0) 

t0 = 1 •14.386325 + il.1890502 

Real k^ Imag k^ 

•0. 1 I lobUSOE 01 
■0.955I9b96t ÜÜ 
•0. ia8202l9t-00 
■0. 161406780-00 
■0. 12262517t-00 
•0.9ÜI IU665E-0I 
•U.54779880C-0I 
0. l6n5u7UC-0I 

•0.15987185E  01 
O.Ui907U78E-00 
0.1Ü2682U5E-00 
0.3136I757E-01 

•0.2695910äE-01 
■0.65235075E-01 
•0.8/OU2430E-OI 
•0.989I6647E-0I 

^ = 1.30exp (114.5°) 

t0  = 1.14.5^5836  +  11.2181302 

Real ^ 
Imag A^ 

-0. l2l6Uf)53t 01 
-0.994Ö64 13L 00 
-0.21U50788L-00 
■0. 1755Ü46JL-0Ü 
-0. I232H«42L-0ü 
•0. ^737^86^-01 
•0.2262I8I3E-0I 
0.301495Ü62L-0I 

-0.I6366923E   01 
0.435990500-00 
0. l6n9861t-00 
0.168UU275E-02 

■0.6l880367fc-0l 
•0.98U98941L-ÜI 
-0.I1606693E-00 
•0.11UO2I32E-00 

C-l 2 
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o Table C-l   (Cont'd) 

VALUES OP V AND A. n 

( 

n 

1 
2 
3 

\ 
6 
7 
8 

n 

1 
2 
3 

\ 
7 
8 

n 

1 
2 

I 
6 

67 

q0 = 1.35exp(i^50) 

t0 = 1.^683571 + il.214.72358 

Real *« 
Imag k- 

•0.13ld7756E Ul 
-0. IÜ345690E 01 
•0.2i770V8VC-00 
■0. 1822»»20Ib-0Ü 
■0. 11 I 73i»Vbt-0ü 
•O.'ii^ü^UOL-OI 
Ü.21>SW5^Üc-0l 
0.082 72t>0 5t-01 

-0.16778798E 01 
O.U2765906E-00 
0.1 336014 7bE-0Ü 

-0.33U99251E-01 
-0.9903U086E-0I 
-0.12936UUUE-C0 
-0.13078818E-0Ü 
-0.10302761E-00 

q0 = 1.^0exp(ii;5O) 

tn = 1.14.7999^5 + il.2761691 

Real An Imag ^ 

•0. lU230932t  01 
-0. IÜ732608E   01 
•0.2^597150t-00 
-0, 17935UlUt-0Ü 
■0.86737260£-Ül 
Ü. 13!>80»*U2t-02 
0.8)88566ÖE-0i 
0. 139y55V8£-00 

-0.17226270E 01 
O.U13884 78E-00 
0.100U8096E-00 

-0.7187169UE-01 
-0.133U3360E-00 
-0. U79U017E-0Ü 
-0.1218239»»E-00 
-0.5905659«»E-01 

% = l.I|5exp(i^50) 

t0 = l.i;8956i4.8 + il, 30^7369 

RealA^ 

-0. 1528912611  01 
-0.110V7967E  01 
•0.267597I7E-0Ü 
•0. l6bU9239C-00 
•0.i»9lV5b97t-01 
0.5U3i>7lüü£-0l 
0.13288063C-0Ü 
0.I6U/U293E-00 

Imag k^ 

•0.177I2054E   01 
0. 391*75 7U6E-00 
0.63073153E-01 

•0.110091U6E-00 
-0.15928116E-00 
-0.1U723893E-00 
•0.0»»913188t-01 
0.I2669551E-0I 

t C-l 3 
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n 

1 
2 
3 
h 
5 
6 
7 
8 

n 

1 
2 
3 

I 
7 
8 

n 

1 
2 
3 
k 
5 
6 
7 
8 

Table C-l  (Cont«d) 

VALUES  OF V to' AND A^ 

c^ = 1.50exp(il^0) 

t0 = 1.^971633 + 11.3327571 

Real An Imag An 

-0. lö3,367«»9E   01 
-0. lUiOUOOC   01 
-ü.2nil66l£-00 
-ü. U07J069J:-00 
•0.29«i66I84i:-ü2 
0. l05U7bfJ2t-00 
0. I65UöU26C-0ü 
0. luruil38£-00 

-0.1b2i7b7HE   01 
0.3/069287E-0Ü 
0.232U2U19E-0I 

-0- IUU2U573E-00 
-0.17U6Ü26E-0Ü 
-ü.l2397U55fc-0Ü 
-0.2U66090UE-OI 
0.92863l09fc-0l 

% = i.55exp(i^50) 

t0 = 1.5029100 + 11,3600639 

Real AJJ Imag Ajj 

-0. ir»»27b36fc   01 
-0. II7I97!>7E   01 
■0.266h3ö93C-0ü 
-0. lü6798b6£-00 
0.»*58üt>302t-01 
U. )U3bl68bt-UU 
0. l6lur9l6E-00 
0.8b0<«iil79L-0l 

-0.I880U292E 01 
0..3U2429t»lE-00 

-0.16725001E-01 
-0.1/G56987E-00 
-0.I6660023E-00 
-0.^057Ui72E-01 

0.45217568E-01 
0. I5«I50!>77E-00 

q0  = l.eoexpd^) 

t0 = 1.5o69lf60 + 11.3865130 

RealAn 

-0. ldU96i«b5E  01 
-0.119S62nE  01 
-0.25350136C-00 
-Ü.66899695E-ÜI 
0.898b7080E>0l 
0. l6lOI225fc-00 
0.1270«i95«iE-Oü 
0.«»62l5ü9»£-02 

Imag An 

-0.I9U10583C  01 
0.31097n2E-00 

-0.54M218UI«E-01 
-0..d62UI5UE-00 
-0.1U5177U5E-00 
-0.25I34958E-01 
0.106S6009E-00 
0.17SS%0Sli-00 

C-llj. 
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c 

€ 

t 

n 

1 
2 

I 
6 
7 
8 

n 

1 
2 

I 
6 

67 

n 

1 
2 
3 
k 
5 
6 
7 
8 

Table C-l  (ContM) 

VALUES OF q^ t0' 
AND 

^ 

"o 

Real An 

■0. IVSJ^OO^L 01 
-0. mui093t  01 
■0.2.i326ÜlUE-00 
•0.251 Wö5öi:-0I 
Ü.l24u1b7^C-00 
0. I^U lfi241>t-00 
U.6V6lbi;56t-0l 
'0,THff2ktft-0\ 

c^ = 1.65expriU50) 

= 1.5094280 + il, 4119853 

Imag Ajj 

-0.2üOStidlCE  01 
0.277i>22UUE-00 

-Ü.8^670U57E-OI 
-0. l«99av'U6E-00 
-0. n06lH75E-üü 

O.-SIOOOä^OE-OI 
0. IU^0915<£-Ü0 
0. 1S021U75E-Ü0 

% = 1.70exp(i450) 

t0   = 1.5105226 + 11.4363894 

Real 
^ 

Imag An 

-0.2U60U4 5 5fc  0 1 
-0. 1226726bt   01 
-0.207^lbi6C-00 
U. lu3y'Vi4 7yl.-0 1 
0. KIuOUl IL-OU 

0, \2bl/0tibc-00 
O.bmöuClL-02 

■Ü. 126ö'JUö^L-0U 

-0.2073595/E   01 
Ü.2iMi08»»7E-ÜÜ 

-0. nU8i032L-0U 
-0. lH2.?Oni7E-00 
•0.68H06M0t-01 
0.77ÜI0261E-OI 
0. H*b5728S£-00 
0.9H097U2C-ni 

q,, = 1.75exp(i450) 

to = 1.5104005 + i1.4596621 

Real An Imag A^ 

-0.2165M/62L   01 
-0. 1235tiVttUt:   01 
-0. Uei.5b86t-00 
O.i»>i2jlol6t-0 1 
0, Uu<, iUU iTL-OO 
0. ^ov/** M7E-01 

0. I i^^HU6Ct-0ü 

-0.2IJ4UU190E   01 
0.20V512I5E-Ü0 

-0. I.'i«*?8U54C-00 
-0. 16'JI9UiUE-0ü 
-ü.2640b9R8E-ül 
0. 1ÜrrH3993£-ÜÜ 
0. 126U08^5E-00 
0.221U2 763E-0I 

C-I5 
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Table C-l  (Cont^d) 

VALUES OF q0,   t0,  AND An 

O 

' 

1 
2 
3 
k 
5 
6 

n 

1 
2 

5 
6 
7 
8 

n 

1 
2 
3 
(i 
5 
6 
7 
8 

qo = 1.80exp(llj.5O) 

t    = 1.5092301^ + 11.1+8176711. 

Real AJJ Imag An 

•0.226UUVI5E  01 
-0. I25öli07t  01 
•0. |i»yd2iWC-0Ü 
0. ^2ttW6IE-0l 
o. liuüvrue-oü 
0.i44226732C-01 

•Ü.B27l7Vlöt-0l 
•0.11672C7fE-00 

-0.22181I55E 01 
ü.l77U»i63E-00 

-0. U797209E-0Ü 
-0. U160773E-00 
0. n2«5232E-0l 
ü.nSB72S7E-00 
ü.ö7«ii9t>0UE-0l 

-0.35U6ii»U7£-01 

(^  = 1.85exp(l^0) 

t0 = 1.5071735 + 11.5026938 

Real ^ Imag AJJ 

•0.236i2956i:   0 1 
-Ü. I2541227L   01 
•0. n7d3tWit-0Ü 
0.9l72i2U2E-0l 
0. nSC9d98£-00 
U.U542S4Ü6Ü-02 

•Ü.9U9U7<5fc-0» 
■0. 77UÜ6l6bc-01 

•0.229U0500E 01 
0. 1U698199E-0Ü 

•0. I!>U2ö0fliE-0Ü 
•0. 11U7527ÖE-00 
0.»»0iö6754E-0l 
0.10972737C-00 
0.«iU?97i22E-0l 
•Ü.69557286E-0I 

^ = i.90oxp(ll4.50) 

t0 = 1.50I4.3806 + 11.5221+510 

Real *n Imag An 

•0.214597927E 01 
-O.I22tt67ilE 01 
-0.898267UOe-01 
ü. 1Ü1Ü026UC-ÜÜ 
O.VII^U^ÖE-OI 

•ü.246V*l620t-OI 
■0.d9262U89fc-01 
•0.3t»528nö£-01 

•0.24717U6E 01 
0. 1195515IE-0Ü 

•0. 1bU85i»09E-00 
•0.B7U95010E-0I 
0.59676795E-0I 
Ü.92771936E-0I 
0.68570913E-02 
•0.79280217E-0I 
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c ^able  C-l  (Cont'd) 

VALUES OP q0. to' AND An 

( 

n 

1 
2 
3 
k 
5 
6 
7, 
8 

n 

1 
2 
3 
i^ 
5 
6 
7 
8 

n 

1 
2 

5 
6 

c^ = 1.95exp(ii;50) 

to = 1.5009886 + il.5^0661 

Real An 

■0. I22GS9UIE   0 1 
■U.6u76i:jüVL-ül 
ü. I0i4bt>l»üc-00 

•(;. MbüUoO'iZ-O I 
•Ü. 174iG^yoc-ü2 

Imag A^ 

0.9513^/2äfc-CJ 
-0.I5087279t-Cü 
-0.62C20U96t-0l 
0.6y6a9bV9t-OI 
0.7C7UU4nC-01 

-ü.I97U5617L-Ü1 
-O.71?Ü7707L-OI 

c^ = 2.00exp(i^5O) 

to = l.li.971197 + 11.5585788 

Real An Iraag A 

■ü. I21C6U6^i:   0 I 
■O.Uill>099lL-üJ 
0. lOÜUU«4 3Vt;-ÜO 

■0. jlbüU/'S-ih-ül 
■0.5J9ü8274L-OI 
0.W7V6682t-01 

-0.?^07620L 01 
ü.7480Ji59C-0l 

-0. I'4556328E-0Ü 
-ü.iV7120'We-0l 
0.72l0716yC-CI 
U.Ud,J2rtü0UL-tl 

-0.3U721Ö57E-0I 
-0.5UOI5MUE-OI 

qn  = 2.05exp(i45O) 

to = 1.4928805 + 11.5750388 

Real A^ 

-o.27i366.SBL   01 
-ü. I IV9U97bfc   0 1 
■0.251220^^-01 
0.9idl1707t-01 

-0.b2Uö6226c-OI 
•Ü..'1217Ö292C-01 
0.2V76I702E-OI 

Imag An 

-0.26m255E   01 
0.55»4r6008£-0l 

-0. MU058S6E-00 
•0.21220735E-OI 
0.69057S63C-01 
0.2rtbU69a8E-0l 

■0.UÜ051955E-01 
•0.i49U5822E-0I 

l 
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n 

1 
2 
3 
h 
5 
6 

I 

1 
2 
3 

6 

n 

1 
2 
3 

.'/able C-l   (Cont'd) 
VALUES  OP q0,   t0,  AND ^ 

qo  = 2.lOexp(ilj.50) 

to = 1.14.883628 + il. 590^017 

Real An Imag An 

•ü.nH7^02rt 01 
-Ü. lüSiW31t-0l 
0.db0b22in:-0l 
ü.92HV4U2lt-02 

•0.4ÜU8UObüE-OI 
ü. lj9it>Ü56t-0I 
0.5I260Ü8UE-0I 

-Ü.2692U697E 01 
0.39957666E-0I 

-0.1233I77UE-00 
-0.66537622E-02 
0.62596Ö19E-0I 
0.12833690E-OI 

-0.3870I627E-01 
-0.IH4I9635E-OI 

^ = 2.15exp(ii^0) 

tn = i.^8361<42 + 11,6050261 

Real AJJ Imag An 

-0.29093366E 01 
-0.1Ub6996E   01 
0.93bi«33U9E-03 
0.7s302979t-0I 

■0. U636636L-02 
■0.«»l67lüült-0l 
•Ü.W12/2V82E-02 
0.2/7922*»«»£-01 

-0.27736759E 01 
0.26988509E-01 

-0. n209bS8E-00 
0.U3331879E-02 
Ü.5UU23767C-0I 
0. 1U392892E-Ü2 

-0.336W855E-0I 
-0.62236485E-02 

^ = 2#20exp(i^5
0) 

to = 1.4787898 + 11.6186719 

Real An 

-0.2993566a£ 01 
-0.116381Ö6E   01 
0.9683U677E-02 
0.6bU2 1522(1-01 

-0.92962272E-02 
"0.3U3i6iibE-01 
0.3b23B722E-02 
0,221ö»39l£-0l 

Imag An 

-0.285U8717E 01 
0.162780U5E-01 

-0. 1009U688E-00 
0.121653I9E-0I 
0.U578O73UE-OI 

-0.6088U871E-02 
-0.271U503E-01 
0.1ä99li097E-02 

J 

) 
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c 
Table C-l   (Cont!d) 

VALU£"   OF V V AND i^ 

c 

n 

1 
2 
3 

\ 
6 
7 
8 

n 

1 
2 
3 

5 
6 
7 
8 

n 

1 
2 
3 

5 
6 
7 
8 

qn = 2.25exp(ll|.5 ) 

t0 = 1.14.738531 + il.631^986 

Real i^ Imag i^ 

-0.115229611: 01 
0. I6UÜV7UE-0I 
0.5b977ilöe-01 

•0.1590182^-01 
-ü.269b3il»9L-0l 
ü.76i25ü85t-02 
0.164ü2lU5c-01 

-0.293592U9E 01 
0./5ilU5»»iE-02 

-0.90251160E-01 
0.17U20936E-01 
0.i7U7BUU3t-01 

-0. I0512557t-01 
-0.2Ü551095E-01 
0.5b631638E-02 

q0 = 2.30exp(i^ ) 

t0 = 1.^688782 + 11,6^35635 

Real i^ 

-0.ii5r6»»3ii: 01 
-0. 11U12yl3E 01 
0.20721I67£-01 
Ü.»<7307265£-01 

-Ü.l65u27uöt-Ül 
-Ü.20U21V64L-01 
0.9/3336791.-02 
0.111 l27i*4E-01 

Imag A^ 

-0.50167385E 01 
0.U6611596E-Ü3 

-0.802U5519E-01 
Ü.2Ü6«477I»U£-01 
0.2997752Ut-Ül 

-0.126U5830E-01 
-0.147U3836E-01 
0.76 129670E-02 

(^ = 2.35exp(ii^0) 

to = 1.1+639002 + il .6511.9218 

Real ^ Imag k^ 

-0..-$2377992».   01 
■0.1I3ü9ül9t   01 
0.237Vb249L-0l 
0. W,j75b86E-0l 

•0. UUü6106£-ül 
•0. U90Öl95t-0l 
0. 10Üöl622i:-OI 
0.6995I670E-02 

-0.3Ü972U30C   01 
-0.5177665UE-02 
•0.7ir385«*5n-CI 
ü.22336286fc-01 
0.23U8U930C-01 

-0. li2106l3E-01 
•0. 10003487E-01 
0.7791U037E-02 

C-l 9 
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n 

1 
2 
3 

i 
6 

n 

1 
2 
3 

\ 
6 
7 
8 

n 

1 
2 
3 
14- 
5 
6 
7 
8 

Table C-l   (Cont^d) 

VALUES OP q0, to' 
AND 

(^ s 2,l4.0exp(i^50) 

t   = 1.U589I4.76 + 11.6656250 

Real i^ 

■O.Jilööööic 01 
-0.11211799^  01 
O.?b696?0bE-0l 
0.5^«29IU<ft-0l 

•0.l736VUdIt-ÜI 
■0. IOWb46Ut-OI 
ü.9i«66l792C-02 
0.496^6H»»5E-02 

Imag An 

-0.31773922E 01 
-0.963J7I71E-02 
-0.627W0U76E-0I 
0.22ä99927E-01 
Ü, ld040799E-0l 

-0.I27Ö3258E-0I 
0.63559M23E-02 
0.7I139JU1E-O2 

c^ = 2.l4.5exp(ll+5
0) 

t0 = 1.^0^29 + 11.6757223 

Real An 

•0.339bC352£   01 
•0. ni21U2VE  01 
0.26688V69E-ÜI 
Ü.2703r656t-0I 

•0. I65?69'42t-0I 
•Ü.?U3U2U5St-02 
0.HU05)536C-02 
0. lb^V0!>2lt-02 

Imag A^ 

•0.52571Ü70E   01 
•0. I3098i»56E-0I 
■0.5b?88094E-0l 
Ü.226M692E-01 
0. liSÜ66?bE-0I 

-0. n789«»U6E-0I 
■0.3680761UE-Ü2 
0.606250U1E-02 

a    = 2.50exp(il4.5O) 

t    = 1.1^92032 + 11.6852585 

Real Ajj 

■0.347235I8C 01 
0. 1103781»^ 01 
0.269982J5e-0l 
Ü.2212ö706fc-0I 

•0. 1SU30962C-0I 
•Ü.U4UÜ9981L-Ü2 
0WI76I0I IE-02 
0.!>2UI8^Vbt-Ü3 

Imag AJJ 

-0.33565223E   01 
-0. I57!>I88UE-0I 
-0.U6663935E-0I 
0.219J0i91E-0l 
0.10013570E-0I 

-0. IÜ52«4012£-0I 
-0.I80I67I2E-02 
Ü.U9292U3E-02 

C-20 
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( 

( 

«"■ 

c 

n 

1 
2 

I 
6 
7 
8 

n 

1 
2 
3 
k 

n 

1 
2 
3 
k 
5 
6 
7 
6 

Table C-l   (Cont^d) 

VALUES OF c^,   t0,  AND i^ 

qo = 2.55exp(lil.5
0) 

t    = l.i|)|/|)|/|.20 + 11.69^2755 

Real ^ Imag A^ 

•0.3^Uö93^ut 01 
•0.10960b30t 01 
0,2b8Q$bb0€-0] 
0. Iü0ü8bö3i:-0l 

•0. Uö/Ü«429c-01 
■0.?53b7698h-0<' 
0.5V!363IV5L-02 

•C^VSOiri^.-iC-Oi 

-0.34lt>U«52E   01 
-0. WM9509E-OI 
-0.42810526E-01 
0.20«I2096E-01 
ü.719m2UUE-02 

-ü.9lirö96U3E-02 
-O.5S809953E-0i 
0.5ö71l8nE-02 

qo = 2.60exp(i45O) 

t   = l.Ij.397693 + 11.7028119 o 

Real ^ 

-Ü.362u8b0ie 01 
-0. I0890052C 01 
0.262U6bl6t-0» 
O.I««5<r7L'i2£-01 

■U. I26UV»42UE-0I 
-0. I l802283h-02 
O.Uö»»022Ö3fc-02 

•0.7Ui»l9327E-0J 

Imag An 

-0.349U0U25E 01 
-0.IV1ÖÜ089E-01 
-0.37660»*00E-0I 
0. I95l9807b-0I 
Ü.IJÜ010202E-02 

-0.78709296E-02 
0.269920«E-0.* 
0.29585057E-02 

q0 = 2.65exp(ii|.50) 

t    = l.I|.35192l4. + 11.7109028 

Real An 

•0.370ü2i69E  01 
•0. 10e25l28£  01 
0.25»»37778t-0l 
0. I17366i»7£-0I 

•0. Il25392ä£-01 
■0.2i78l2b5t-ü3 
0.3b690072E-02 

•O.9S0I0B09E-03 

Imag An 

-Ü.3572208UC 01 
-0.20l9193öE-0i 
-0.33li»285?t-01 
0.1dl36«»01£-01 
0.3317U2U1E-02 

-0.666U2665E-02 
0.75289337E-03 
0.22100975E-02 

C-21 
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n 

1 
2 
3 

5 
6 
7 
8 

n 

1 
2 
3 
1; 
5 
6 
7 
8 

n 

1 
2 
3 

I 

Tatle C-l   (Cont^) 

VALUES OP q0,   t0,   AND An 

qo = 2.70exp(iI|.5O) 

t    = l.ij.307162 +  1.7185812 

Real An Imag An 

-0. iflzMtOL   01 
-0. I07656«*Ut   01 
U.2UU6I mt-01 
0.?3968ü'>bE-02 

0. -JViiöäOUL-Oi 
0,iÜ5l9ViÜt-02 

•0. I00UU5U5O02 

-Ü.i6«»99930£ 01 
-0.20ÖU5375E-0I 
-0.2Vlö8ä36E-OI 
0.1ö733225E-01 
0.20»»1U288E-02 

-0.b,j88865UE-02 
0.10H6339E-02 
0.I6I77900E-02 

q0 = 2.75exp(il+5u) 

t0 « 1,^2631*43 + ü.7258766 

Real ^ 
Imag A^ 

-0.38UVt»766i:   01 
-0. IÜ71Ilöüc 01 
0.233U1löÜC-OI 
Ü.7U77008HE-02 

-0.87220672C-02 
Ü.796U6l57t-03 
Ü.2i8ll133£-Ü2 

•O.Vf028U3VC-03 

-().5727«»108E   01 
-0.2I2I5896E-0I 
-0.2b73103i)E-0l 
O.1535813OE-0I 
0.10871763E-02 

-0.U6!)3065IE-02 
0. 11209«» 90E-Ü2 
0.I16I29U8E-02 

q0  = 2.80exp(i45O) 

t0 = 1.4220782 + 11.7328160 

Real Ah Imag An 

-0.392i6308£   01 
-0.I066I326C 01 
0.2224S742E-01 
ü.b9070366E-ü2 

-0.7625466UE-02 
0. l03b6723t-02 
0. l8«»000i»0C-02 

-0. 88931» 76ÖE-0S 

-0.580UU778E  01 
-0.2I361263E-0I 
-0.227I0320E-0I 

0.IU0UWU8E-01 
0.38U0 7662E-03 

-Ü.38525677E-02 
0. n3i»600lE-02 
0.8I675809E-0J 

J 

) 

C-22 
<M* 

LOCKHEED MISSILES &  SPACE COMPANY 

mnUMll HfllBIMir  IMIIM     liMiillllliiWiini asSMiw 



>! 

( 

1 
2 
3 

\ 
6 
7 
8 

n 

1 
2 
3 

6 

I 

n 

1 
2 
3 

\ 
6 
7 
8 

Table C-l   (Cont«d) 

VALUES OP q0,   t0,   AND i^ 

% = 2.85exp(i^50) 

t   = 1.1^179189 + ll«739l|2i|2 

Real AJJ 

-0.599734366   01 
-0.I0615686E 01 
O.2I09O3I5E-0I 
O.U6267030t-02 

-ü.66U7«t93re-02 
0.n595ÜlbE-02 
0. H»09500UC-02 

•0.78ö03ü23£-03 

Imag An 

-0.3Ö8I21HIE  01 
-0.2132868rE-0l 
-0.2007137UE-OI 

0.12802324E-0I 
-0.I2U856I2E-03 
-0.31763460E-02 

0.10901563E-02 
0.56122 U«»E-03 

q0 = 2.90exp(ii;5O) 

t0 = 1.1^138661 + il,71|5725C 

Real AJJ 

-Ü.40707552E  01 
-0.10573b89£ 01 
0,199U05H»E-01 
0. 358b»ii»94E-02 

•ü.57837n2£-02 
Ü.12039!>7i4E-02 
0.I0706633E-02 

•0.68226U23C-05 

Imag AJJ 

-0.39576285E   01 
-0.2n56660E-01 
-0.I7765286E-01 
0.n6»»9375E-0l 

-Ü.U8U987U2E-03 
-0.2610U02UE-02 
O.I0131820E-02 
0.3T»»59977E-03 

q^ = 2.95exp(i^0) 

t    = 1.1^099192 + 11.7517381| 

Real k^ 

-0.»ilU389Vbt  01 
-0.10535b90E 01 
0. 188U492E-0I 
0.27404917E-02 

■0.5026W66t-U2 
Ü.H9i3606£-02 
0.80628«*bl£-03 

■Ü.58lÜb»»8!J£-03 

Imag An 

-0.i»G3ä7U63£ 01 
•0.20876610E-01 
-0.1b7U8823£-01 
0.10586388E-01 
-0.73205028E-03 
-0.21U00315E-C2 
0.92059250E-03 
0.2U028598E-C3 
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Table C-l   (Cont'd) 

VALUES OP q0,   t0,   AND An 

J 

n 

1 
2 
3 
k 
5 
6 

n 

1 
2 
3 

5 
6 
7 
8 

n 

1 
2 
3 

^ 
6 
7 
8 

q0 = 3.00exp(ü;5O) 

t0 = 1.^06077/4- + il«757i4-82l 

Real ^ Imag AJJ 

-li.Uiflöttü/VL   Ul 
•ü. IObOO**68L   01 
0- I772»4?CI*.-0I 
0.2üb6b»i5Üt-Ü? 

0.1 IS26öö6(.-02 
0.ftOI«»9 7«»<ii.-03 

•C.«»bb97ö56w-üi 

-li.J*ltV5ö21E   01 
-ü.20l>l4Ö9/t-0l 
-0. li9tt4Cobi.-0l 

C.96l2ä3ü2L-ü2 
-0.b93929Süt-0J 
-C. W.,illli5e-C2 

0.fc2i2l6/4i:-C4 
C. HijOM9üic-C3 

c^  = 3.05exp(i^5O) 

t0 = I.I4.023372 + 11.7629775 

Real Ajj 

•t.<«2b95Uölc   01 
■0. Iu»»6fa?i2».   01 
ü. l6679i6U*.-Ül 
C.1Jü*«36ü1L-02 
•U.57V0bOi2L-O2 
ü. IOM944b5L-02 
U.»»U4b7/»75L-üi 

■0.«i07b9lb7i:-0<t 

Imag An 

•C.Uldblb2UL   01 
•L.2Ü(JöV266t-CI 
-C.l?H579i9L-OI 
ü-b7/36H>»L-02 

•(;.9922«»3IÖi.-üi 
•C.l<»i07ÖbÜc-02 
C.7277CHlbL-Oi 
C.7bolB«42t.-C«4 

^ = 3.l0exp(i45O) 

t0 1.39Ö6976 + 11.7662386 

Real ^ 
Imag k^ 

■L.Uiö2üi73L   01 
-O.lüUibblöL 01 
C, lb6bi«H«5L-ÜI 
Ü.IÜb9bi42il-02 

•Ü.i292äÜ7ät-02 
L.lüU75ibL-ü2 
u.i^32bU66L-01 

•0.3JbCUb66t-03 

-0.»»260i»7lbL   ül 
-0.r;6l9N7L.-ül 
-C.nü«l6/2L-ni 

O.792Ü02blL-02 
-0.1O«I36270L-O2 
-0.I l6/692bL-02 

C.637b62M9L-03 
li.33l756b«lt-0»i 
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Table C-l  (Cont'd) 

VALUES OP q0. to' jLm 

t 

n 

1 
2 

I 
6 
7 
6 

n 

1 
2 
3 

I 
7 
8 

n 

1 
2 

I 

% = 3.15exp(3450) 

t0 = 1.3951562 + il.7732802 

Real ^ 

-O.Ui43i«3ö2lL  01 
-0. lOMIi/ÖL Ül 
Ü.U 73966^-01 
0.. 'J31Va<»7t-03 

-0.286185361-02 
0.93b350f8L-03 
ü.25Ub6l6t-03 

•0.2^881856L-03 

Imag A^ 

-0.i»33i»55b8e 01 
-ü. 191170I9C-01 
-0.9ä903269t-02 
Ü.7l905l20t-02 

-0.10608169E-0? 
-0.9b205l59E-03 
0.55565957E-C3 
0.28bi»8ill3t-0b 

(^ = 3«20exp(ii4.5
O) 

t0 = 1.3917100 + il.7781165 

Real i^ 

-O.U506b583L  01 
•0.I0386299L 01 
0. I38i»8622t-01 
0.<»l82C063t-03 

•0.2Utt93l9Zt-Ü2 
0.ä55i»2i»36L-ü3 
0.161997Ü5L-03 

•0.229 1631«i£-03 

Imag i^ 

-C.Ui»IOI»l89£ 01 
-C.18593632t-01 
-0.8842}I63E-02 
0.6531IbCüE-O? 

-0.10535108t-02 
•0.7^555661E-03 
0.i»8186320E-C3 

•0.1669066 3E-0<i 

q0 = 3.25exp(il4.5
0) 

t0 = 1.3883571 + 11.7827593 

Real ^ 

-0.15786219L  01 
-0.10363180t 01 
0.1301028UE-01 
0.19I57200L-03 

-0.216^i5»»3E-02 
0.7777i»6Ü5t-ü3 
Ü.IÜ9f6191t-03 
-0.l8787760t-03 

Imag ^ 

-0.iHi8507i»lt 01 
-0. 18(i57566t-Ul 
•0.79l89a35E-0? 
0.59359587E-02 

•0.10290«i37E-02 
•0.6312%2UE-03 
0.«il650f5%C-03 

•0.2e6«9l92£-0ti 
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Table C-l   (Cont^) 

VALUES OP q0,   t0,  AND An 

J 

n 

1 
2 
3 

6 
7 
8 

n 

1 
2 
3 
1+ 
5 
6 
7 
8 

n 

1 
2 

6 
7 
8 

a    = 3.30exp{iiJ.5
o) 

t0 = 1.3850914-5 + 11.7072202 

Real AJJ 

-ü.iiö50b66bL   01 
-U.10.-SUIdi*bL ÜI 
ü. I222.'i5b0t-Ül 
0. l2U5CJ6ii*L-CU 

■Ü.l8tifi922L-02 
(j.TVUOITStL-Oi 
ö.rü7b4H25L"0«» 

■0. I53/6ÜDÖL-05 

Imag An 

-Ü.U5^9b3<ilL   01 
-(J- Ifllbööbt-Cl 
-0. nü«»20u2e-o? 

0.5ä99I2l6t-G? 
-0.992</i(>;ibL-01 
-0.bliil3V6E-0.-( 
0.iSViy6*IL-03 

-0.ib3395ä9L-0i| 

%  = = 3.35exp(ll;50) 

to = 1.3819191+ + 11.7915103 

Real AJJ 

•U,nf22k0km 01 
-Ü.lüi22ijüt  01 
U. llita6U5?L-UI 

•C.I2e03äl6t.-04 
-Ü.I6M9I I I3L-0? 
t.63519UaU».-03 

-O.I2b69itl3(.~0.5 

Imag A^ 

-0.i»631älCöL 01 
-0.i69732öbL-0l 
-0.63öi«0b2it;-02 
O.ii9läll76E-02 

-Ü.9i»93II8/L-03 
-C.UI<i9d273E-03 

0.3Ü93ÜIÖ9E-03 
-0.3H<»434»39£-C«» 

(^ = 3.^0exp(145O) 

t    = I.3788290 + 11.7956392 

Real An 

-Ü.it/9Ult»65t  01 
-0.103Üi89lt   Ul 
0. I0796162L-U1 

•0.237m352t.-03 
•ü. UUI36534.-0? 
ü.b7l72b28t-03 
Ü.2u69ü»»*i3t-Üi» 
•Ü.lü26b013t-03 

Imag An 

-0.«i7C79l50L 01 
-0.löi)3<ibHb£-0l 
-O.^7i«6i»b99t-0? 

0.UWb7d/0t-02 
-0.90l22«*6UC-0 4 
-0.33«30739E-05 

0.26610I29E-03 
-0.39l2btt69£-0»i 

) 
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o Table C-l (Cont'd) 
VALUES OF q0, t0, AND An 

%  = 3.45exp(ii|.50) 

t0 = 1.3758211 + 11,7996162 

n       Real i^ Imag ^ 

1 -0.«»ä6bt0^5t   01 -C.4?ölflb/iiL   Cl 
2 -0. lCiÖ6996t.   01 -0. lb9040IIC-ol 
3 Ü. l(jIbl4ii3L-Ül -ü.5lMllliV£-(ii' 
i|.             -Ü.32u7ä*»Vbt-03 0.UÜa*>.169ii:-C2 
5 -0. li?6i6l22t-0? -0.tibuVm6fc-0.-J 
6 ü.bI47l5Üi*c-03 -0.27UC5605fc-O5 
7 0.3-47351161.-05 Ü.Ü2öb3?/9£-(.i 
8 -0.d3Öb26ü6L-0«i -0.3bi6l7C2L-CH4 

qo = 3.50exp(1^5O) 

t0 = 1.3728925 + 11.8031^914. 

n Real An Imag A^ 

1 -O.U?373ü03t   01 -O.^tibboWUc   Cl 
2 -0.102/1326».   01 -O.lb-SblOOÜL-f I 
3 0.9bU90669t-02 -Ü.i«ö/69175t-(,? 
Ij.             -0.36379899^-03 0.37i0bH6t:-C2 
5 -0.nCb932iii.-02 -0.799999 l3L-{)3 
6 Ü.i4olOb070i.-03 -C.22l56U36£-0i 
7 -0.5bl319blt-lJb C-19676722E-(M 
8 -0.6ö4 73667c-0«i -0.36<4u09t?C-0«4 

( 

c 

o. 
qn = 3.55exp(i^) lo 

to = 1.3700l|.o8 + il.807lij.72 

n                   Roal An Iniag An 

5^              -0.b0Gdti«7bL   01 -0.'♦929294CL   Cl 
P              -0.102567604.   01 -C. I*»ö7ü«lb7(--ü I 

Ü.tiVb6 7938L-ü2 -(),««2i2IU»4^L-<J2 
?              -0.4-S(JI3U39C-03 C,3«ll02669t-02 
7             -0.97C95511L-03 -ü.7U963bC0£-C? 
?                O.UI3i*bl72w-05 -C.17,"i73l64c-n3 
S              -0. 1306Mb I7i.-U«l L.16927UCH»L-Ii^ 
^              -0.5->92«»563L-0<i -C.3««069066L-oU 
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Table C-l   (Cont'd) 

VALUES OP c^,   t0,  ANT) An 

q0 = 3.60oxp(l^0) 

t0 1.3672636 + 11.8107165 

n Real k^ Imag An 

\ -Ü.50«0i52lL   ül -C.5üü^ä0bdd   Cl 
2 -Ü.I02i»i^t,6i.   01 -C.lUi/2^6L-0I 
3 (>.au620übii:-ü? -G.ie.'iivi^öL-ü? 
^ -t.«463Üliä5c-U^ ü.il^lOöiilL-C? 
3 -O.Ü557fcb?ÖL-üi -0WüÜ6?C95i.-C;i 
0 Q.lT0b79ktL-üi -0. l*»i/Jbi»iL-03 
7 -U.lbllV«i5lL-üli (;.IHj6d62fL-(.1 
ö             -t.M^6b9*>i?St-ü«»                                    -C..11«*290«4eL-ri. 

q0 = 3.65exp(ll+50) 

t0 = i.36i|.558i + U.öil^i 

n Real An Imag An 

1 -Ü.blt>l7lü6L   01 -C.b(.'/olVÜ6i:   01 
2 -Ü.IC240669L   01 -0.licdHVtVL-OI 
3 Ü./V^226I5L-Ü2 -C..1»l/.»*i7i9L-ü2 
ij-             -U.»4bbÜ/nVL-(Jj li.2bt>968VUt-U? 
5 -Ü.751VM4U44.-0J -0.6bi»»93lbL-Cl 
6 &.i522/62l4--ü5 -C.llbl579AL-Ci 
7 -Ü.2lilo99b4.-U«i (j. l2jU/bML-lJl 
8 -L.iTikiW^-Uk -ü.2b^0db92t-0«4 

^ = 3.70exp(i^5O) 

t0 = 1.3619222 + 11.8l7i|.963 

n Real An Imag An 

1 -Ü.b223UbilL   01 -C.bla94b6GL   ül 
2 -Ü.IC2lk9ulL   01 -C.li»»IVor/t-ni 
3 0.7bl5199iL-0? -U,.1lo06bblc-0^ 
1^             -ü.»i9h««ob87L-03 l.26^1200 IL-L? 
5 -Ü.663401 ISc-Ü-i -O.ö0öb9lbi*.-t;3 
6 0.29/b92bbL-0i -0.9lo26U I9t-0M 
7 -C.2m»»4b«l9L-ÜM 0. IÜbl/26HL-C3 
8 -L.5<)5i6A/iL-0«» -lJ,260297/SL-<!«i 
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o Table C-l   (Cont'd) 

VALUES OP qof   to,  AND i^ 

( 

f 

n 

1 
2 
3 
1; 
5 
6 
7 
8 

n 

1 
2 
3 

6 
7 
8 

1 
2 

I 
6 

2 

c^ = 3.75exp(i^50) 

t0 = 1.3593533 + il.8207189 

Real ^ 

-Ü.IOi'Or^«?!.   01 
0.7U6bh/iOL-0^ 

•Ü.büUV«.6ä6L-Üri 

Ü.^6nbUbUL-34 

-Ü. it*i Vö 561» (J 1.-0*1 

Imag i^ 

■U-bi^öOcSE 01 
■C.IP^öSJCü^-Gl 
•C-irb76l I3HE-U^ 
C-2««U/lyi»«L-0? 

■O.böftll I/VL-CS 

■C.72"/Hum>lL-C'« 
c.vsiticrvot-üu 

(^ = 3.80exp(iij.5
o) 

t0 = i.3568i}.92 + ii. 8238375 

Real An Imag An 

-t.bi65bö58c 0 1 
-Ü.IOI9^b2i.   01 
Ü.66V026Ö04.-0? 

■C.305VUi*30L-ü3 
-G.5105V682L-Ü5 
Ü.23970a»» 1L-03 

■ü.?«»C«i,6b7i.-0i» 
•0.2ÜU5107VL-01« 

■0.5?9t,65««5t   Cl 
•O.I2ä26C7iJt-CI 
-0.2620Öb2UL-C? 
0,22JSlä6tiL-02 

•C.b2ölU2e<»i-05 
■Ü.57252C96L-0»« 
0.bU6,j2ö06L-(J»i 

•ll.2lb69ü«»2L-0«» 

qft = 3.85exp(ii;50) 

t0 = 1«351|4079 + 11.8268576 

Real AJJ 

•U.bi»367»blt   01 
-0.10188229^. 01 
Ü.63I827b6L-02 

•Ü.50262973£-C3 
•Ü.U5963939L-Ü3 
0.21b2C5ÖlL-03 
•ü.2i684S28L-0U 
■ü.l67»»9lblL-0U 

Imag An 

■(..!>3o«60l/lt 01 
•0.I2102C67L-0I 
•0.239 lölöUt-C7 
C.2ü39l7bMC-()^ 

•0.»»üb698llL-Üi 
•0.*»i«b925b5t-0i» 
C.69/67fl99L-0«» 

■ii.löbbJöibt-O«» 
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n 

1 
2 

6 

I 

n 

1 
2 

I 
6 

I 

n 

1 
2 
3 I 
6 

2 

Table 0-1   (0ont«d) 

VALUES  OP q^j,   t0,   AND A^ 

c^ = 3.90exp(ii|5O) 

t„ = 1.3520270 + il# 8297833 

Real A,, Imag An 

-u. loirvi'BVt ol 
CSV ^0^3*114^.-0? 

■C.i49b9b626L-0:i 
-C.10bU^09lL-Ui 
0. l9,-Ji«MWbt-0-i 

■0.22V3^72c-ü«i 
-0.li/2ii«/bt-0i» 

-C.S*H4l<i5IO£   01 
-Ü. n6V40*»2L-CI 
-0.2Ub.'S626£-02 

C.l«79.12ü7L-Ü? 

-0.4««2bbäC/t-C«i 
0.6Ci|1CH<*9£-Oii 

-C.l6oiül2öt-0l« 

Oo - 3.95exp(ii;50) 

t0 = 1« 314-9 70/4.6 + il ,8326191 

Real AJJ 

•U.bb79U92»it 01 
-Ü.I0ir0912L   01 
(J.56U5bä66L-02 

-0.'4Ö<.699l2L-05 
•0.i627J933L-ü3 
O.I74dt.Oi»lt-üi 

•ü.2l96IG65t-0»l 
•ü.ll2«»tt561>L-0ii 

Imag A^ 

-IJ.S5I«I2I214L 01 
-t.ll29b95öC-()l 
-C.I9995i6it-C? 
C.I7il9äl«t-0? 

-t.i«2ll82b0C-0i 
-C.21»90ö/6 9E-0»i 
0.524 14ieoc-od 

-C.I«*V96/b7L-('«» 

= i^OOexpd^) 

t0 = 1.34714.386 + 11.8353696 

Real An 

•G.bbSOIVblL 01 
•ü.l0löi0ä6L   01 
Ü.5ii»21079L-02 

-Ü.«i75i»b915L-0i 
-0.-1230llU6L-ü.i 
ü. l56*»b-3 74L-03 

•0.2übH2,jllL-0»l 
•0.92225I68L-0S 

Imag An 

-Cbboöböbbt 01 
-0. lü9l9i»bäL-CI 
-0.lb3lb/llL-0? 

C.l6ül69l»9L-02 
-0.J9ü935(i«»L-ü3 
-O.I9IOf66.it-ü»» 

O.UVj24 789t-0«i 
-C.I3i«i58/0L-0«» 

0 

) 
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Table C-2 

VALUES OP q0, V AND A^ 

c 

n 

1 
2 
3 

I 
7 
8 

n 

1 
2 

I 
6 
7 
8 

q0 = 0,00 

tn = 0# 5093961^9 + 1 0.88230059 

Real i^ 

Ü.uy077678t-00 
■0.52716?19fc 00 
0.672U2630L-01 

-0.3!jbül2b3c-üP 
O.Vb77««25«4L-02 
U. lU06i4UblL-02 
0.6 73U18«»t-Oi 
0.56667980L-0.i 

Imag ^ 

-0.85Cü50«»iE  00 
C. 
0.ll6J9aiUE-0Q 
C.62ÜI0I26C-C2 

-0.2i2!>52U7E-C7 
O.I7»ii212b4:-(:? 

-0. llö*>ft3Hi£-02 
O.H22»»6ibbE-07 

Qo = 0.05 

t0 = 0.53512579 + 10.83981265 

Real An Imag An 

U.UibS63IOL-00 
-U.hUI^.'iOSL 00 
Ü.fc67i6226t-01 

-0. \0t9i:2ibL-0'/ 
C. 1021^00be-01 
Ü. 1^80761 lt-02 
0.8922nb7t-03 
ü.5il76d3bL-a3 

-0.8i»V17U3i£ CO 
U.17bb29ÜV£-01 
U.l I76i«263E-00 
0.626 l2b^9fc-0^ 
r.i*ol62ls9L-(H 
«Uli332b7bC-C)2 

-0.11d2836U£-02 
-(i.90OU9 768t-Ü«« 

t 

n 

1 
2 

I 
7 
8 

q0  = 0.10 

t0 = 0.563269^7 + 10.7971;! 256 

Real ^n 
Ü.iti73,jllG4.-00 

•U.i)U71 lb7««L 00 
0.667811381.-01 
C. lbS69Mbi.-02 
0. Iü65^29t-Ül 
0. l62Vo96ll.-U2 
0. nüü«ii62L-02 
0.^11 l6*»94^-03 

Tmag An 

•C.öt»6b33bBh 00 
0.3b2939l3t-01 
0.1l«909b2L-ü0 
C.6M2lUdV*jL-C? 
C.79.i69o2 3C-C3 
C.91(J23ü li«E-C)3 

•C.12J*2la6U£-C2 
■f..2l209i«*«6C-C3 
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Table C-2  (Cont'd) 

VALUES OP qo,   to,  AND A^ 

3 

n 

1 
2 
3 

\ 
6 
7 
8 

q0 = 0.15 

t0 = 0.593Ö7758 + 10,75518902 

Real AJJ 

C.3S7|i4l»*Ht-ÜO 

U,<iM'jV2SUL-0I 

U. U02'46«4?L-02 
Ü. ji)(:ü<4V55{.-Oi 

Imag An 

-C.fJU^IO^IAL   CC 

-(..ioVVö64öL-0< 

= 0.20 

n 

1 
2 
3 
14. 
5 
6 
7 
8 

n 

t0 = 0,627000)« 3 + 10.71323170 

Real k^ 

l;.2H/Vi4i:96L-UO 

I). I1>V( JI'J^-OI 

0. nüüoGöüt-O? 

Tmag An 

•G.^^biriMbi;   CO 
l1. n^jlÜt9C-ül 
ü.I?J'JM6/L-C(: 

c. iGü/1-in^-« ^ 

q« = 0.25 

t0 = 0.66268898 + 10.67163127 

Real Tmag An 

1 IwW/^lL-OO 
2 -1).1« ^«♦^MUL-OO 

3 0WP^320lbL-0l a U. Iu?^»i3l(ll-0I 
5 u. u1 r4ij»;'4hL-oi 
6 ü. injusnu^L-t^ 
7 Ü. lf)?ub:i6?L-0i' 
8 U,4(r»irt^^i'i4L-01 

-C.H2rH50(J'*l.   f.Hi 

C. ;ifJ9<J0-JVL-CC 

-C. iM^C^M'iiL-r.y 
-ti.M/i4/'9/.VlL-0i 

C-32 
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c 

c 

t 

n 

1 
2 

I 
6 

n 

1 
2 
3 

I 
7 
8 

1 
2 

I 
t 

Table C-2  (Cont'd) 

VALUES OP q0,   to,  AND ^ 

qo  = 0.30 

trt = 0,70099524 + 10,630^79^ 

Real AJJ Imag An 

Ü. lV?6rj66/L-0U 
-Ü.«<6b^>J4 IL-Oü 
0.^60:55 I bL-0 I 

O.U^SOVOi'^L-OS 

-().ÖirViiti9E CO 
0. I0b^576üe-C0 
C. l?tti4i66ijL:-00 
C. 75HÜ()öo2E-C? 
('.6/Wl li()C-()S 

-0. li36?5t»Ut-C2 

-Ü.I Hl598i2€-.02 

Qo  = 0.35 

t0 = 0.74197277 + 10.58986899 

Imag AJJ 

'o 

Real A,, 

U. li»663ü5iL-OÜ 
■U.UbUftör^L-Gü 
Ü.?56öi6911.-01 
0. 1/1 IVrt^SL-GI 
Ü. 1U976jUlt-01 
O.UUllhU42L-02 
0.20.^6ft9?0i.-0? 
0.^50012/it-Oi 

-o.bOöinut 00 
0.1?703Ui4 9E-CO 
C.12!>72S72t-0ü 
C.7Ud«7IS9t-0? 
(-. ISUOÖJMiE-Oi 

-C.2199UUI7C-0? 
-t3.27U7IMOE-0? 
-0.1 54559 7i»E-C? 

Oo = 0,40 

t0 = 0.78567719 + 10.54989300 

Real k^ 

0.1ü17«*Oi5t-üü 
•Ü.UUäO«»179t-00 
0./947351UL-OI 
Ü.il03Öi9ii.-01 
0. löU0918ük-Ol 
0.5U5990.5L-02 
0.2U/2513t-02 
0. 1Ö596482L-05 

Imag A, 

■0.7925I95UE 00 
0.1»»60356bE-00 
C 127i42imE-00 
C.7iiilOü*4i»E-0? 

•0.66i»7090«*E-01 
■C.32«C2539L-0? 
0.i«l62n2«l£-C? 

•0.2ü«»75ä6 7E-02 

C-33 
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Table C-2  (Cont'd) 

VALUES OF  q0,   to,   AND A^ 

) 

qo  =  0,^5 

n 

1 
2 
3 

5 
6 
7 
8 

n 

1 
2 
3 

5 
6 
7 
8 

n 

1 
2 

I 
6 
7 
8 

t    = O.832I6666 + i0.5l06i;889 

Real An 

o. Jtit 14 VHIC-JH 

0. loi:6ö*)(i lc-01 

G.216b5ü<ftL-C? 
•ü. IQöb'^Ü/'c-O.S 

Imag An 

C. l^ftttHl /'SL-llO 

-ü. IHUOV»WIE-C;> 

-C.UUüICU'JSL-C^ 
-(..?66b5äWt-0? 

q0  =  0.50 

t   a 0,88150253 +i0,i|.7223036 

Real An Imag An 

-ü.i 1 ^fft-jICt-OO 

ü.iULiVCSi'jL-oi 
G. IW-jC^Iftt-ol 

0.2Ü.Ht>b20«»t-02 
•i>.6<tl..S66J* IL-Oi 

-Ü./jVUöCöbE 00 
C. lMi4ö9I>«4 7C-G0 
C. liCi^UbOöt-ÜO 
U.oUoVO*>-ilt-0? 

-ü. iuv^bOi'öE-G? 
-C.65MI966t-0? 
-ü.b6l««ft7SJt-02 
-(i.SU^^Ul I/!t-0? 

q0 = 0,55 

t0 = 0.9331^9914. * 10.1^73539 

Real AJJ 

-ü.^t)U7«;6 7üL-0l 
-G.«»U3ö««207L-C0 
0.V6I^SIt-01 
u. 554i5ei6L-()1 
U.?2üMbMi*6L-ÜI 
0.?299V721L-02 
Ü. I6«»772l5t-G2 

-0. lUüOöVUHL-U? 

Imag AJJ 

'G.7UUÜIM6E   GO 
0.20»»12»»7iC-OÜ 
0. HUlSfibE-OO 
U.bi1Uü()7UL:-G2 

•G.SMÜ90I2E-G2 
•C.b6l79763t-Ü2 
•0.7lb7?96SC-02 
•U.Uil4{ilb6E-02 

) 

o-A 
3 
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( 

{ 

I 

n 

1 
2 
3 
k 
5 
6 
7 
8 

l 
2 
3 

6 
7 
8 

n 

1 
2 
3 

5 
6 

Table C-2  (Cont'd) 

VALUES OP q0,   t0, AND An 

^ = 0.60 

= 0.98897Ö58 + 10.39826210 

Real A^ 

-0.65I2U152C-0I 
-0.3ööb5?6IL-00 
0. 10S81IO/L-OÜ 

U.2»44IC?89L-01 
0. tfl32bfQfL-02 

•U.26562b6Ut-ü? 

Imag AJJ 

-0 rJ8590«»5E 00 
u.22««H2il£-00 
0. Ii2«6ViiE-00 
Ü.4b*0fi«U8£-02 

-C.b72U0U90i;-C2 
-Ü.1 H»»»7ö6Üt- I 
-C.^ur956«0£-0? 
-Ü.3iI272fllE-02 

q    - 0,63 

t    = 1.0l|.72634 + i.0.362909/]2 

Real An 

■0. 1Ü320V96L-00 
-0.i726i/ö5L-00 
Ü. ll2665dOL-üO 
0.4 7«4V?VöUL-U1 

Ü. i'b2'j<;<rü<4i:-n? 

-U.iibruiiiblt-02 

Imag A^ 

-0.69bIHS25E 00 
0.2»»««(j0192fc-00 
G. MtfVOifC-OO 
0.ö>iVi2o0lZ~C.6 

-0. i26Aiö0i;-ni 
-0. ltj(J2l6ü5E-01 
-c.niinH2«»t-üi 
-Ü.63UM3Ü2E-0? 

q0  = 0.70 

to = 1.1086857 + 10,32877678 

Real An 

-0. M960J421L-00 
•Ü.3JUV9I ^6L-00 
Ü. l22d«492'Jc-00 

C.id9UC?9Ul.-0J 
(,. r?itaüfiOL-ii2 
-Ü.292US9H8L-02 
-Ü. 7HCöÜ73üt-02 

Imag An 

-0.6697Ödä!jt   CC 
C.2639l9J7E-0t) 
(:.H2oi ^üit--t;(j 

-0.2öVo2ülüt-C? 
-0. l^o^bMrj7L-CI 
-0.l9U»2lüME-()| 
-C.UHSZPIfc-Ul 
-0.7227H067e-C2 

C-35 
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'■,'«" W'*«*K"J~^   j,.,,., 

n 

1 
2 
3 

5 
6 
7 
Ö 

Table 0-2  (Cont'd) 

VALUES OF q0,   to,   AND An 

q0 = 0.75 

t    = 1.1733337 + 10.29596369 

Real AJJ 

-G. 1/14 lS.<«Cc-00 
-O.iib^lüö'jL-OO 

C. HV0.1^9^-CI 
U. i6I V//jl6i.-ü> 

•U.6656Ü*jHL-Ui» 

Imag An 

-C.ÖU/'uOUUUt   CO 

-t. m^bbuoL-oi 

3 

n 

1 
2 
3 
k 
5 
6 
7 
8 

n 

1 
2 
3 

6 
7 
8 

qo   = 0.80 

t0 = 1.2413039 +10.26^56921 

Real An 

-o.zoöör.muL-co 

O.OVSi» -JflHriL-OI 

u. <: .*i6 •ibU6l.i.-üi; 

■0. in^tuöL-oi 

Imag A^ 

C. JÜii?fll6L-Ü{) 

-<i. Ib/'^ibVJL-L I 

-i;.4ii4/)>VMj:-ci 

-C.6b^CI9Vt-0^ 

q0 = 0.85 

to = 1.3127021 + 10.23^6911/+- 

Real An 

•Ü).?i679^9?L-fiO 

0. ii'Cdf.MiUi.-Ol 

■ü.dH'yt i1i\kL~0\ 

Imag An 

«i.i?'j?n««2i:-on 

l. .14 i«4l4fy4 JI4L-U 

L.22^1V6St-01 
C. V?c^4666L-C? 

O-36 
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( Table C-2  (ContM) 

VALUES OP q0,   t0,  AND A^ 

( 

( 

n 

1 
2 
3 
k- 
5 
6 
7 
8 

n 

1 
2 
3 
k 
S 
6 
7 
8 

n 

1 
2 
3 

5 
6 

q0 = 0.90 

to = 1.38761447 +  iO.206l4.24.9l 

Real Ah 

-ü.26MöM17L-00 
-Ü.i*6b76l6üu-00 

ü.2Vh !7/7?t-OI 
■0. )2**WyWi.-0l 
•0,52? I06SBL-Ü1 

Imag AJJ 

C.3<»üf92ö7£-C0 
0.1 ]9\2bM£-{)C 

-C.5ö4ÜV552t-ül 

-0.22^96 I5E-C I 
C.2r2VU0|ii£-C? 

%   =  0.95 

t     =  1.14.662^95  +   10.17986219 

Real An 

-0.29G06Ub2L-00 
•0.23762028^-00 
ü. I966U6271.-ÜÜ 
Q,9?S6i'}b7L-Q\ 
Ü.2Uli91o3L-0l 
•C.26-SC/2bUi.-0l 
■0.»4701^^91-01 
•Ü.»4'SJ3C9;6L-0I 

Imag An 

-0.5Ii6.m?2C 00 
C.55ö0295bE-00 
0. I lül5970£-00 

-0.5.'$12r26Vi-C1 
-0.71ljlU2obl:-0l 
-(..b«+»»u9blUt-0l 
-0.!95bl963E-CI 
C.lbU92bi7t-CI 

qft  = i.OO 

t0 = 1.514.868714. + 10.155088914. 

Real ^ 
Imag An 

•ü.il23üi«7it-00 
-ü.?06^0792L-0O 
Ü.2lb6/9«»2L-00 
0.973b3n2L-0I 
0. HU2b»t56i.-ül 

•U.i«62U^b9t-0l 
•O.ÖÖ60Ö068E-OI 
■0.5090bÖir8fc-0J^.. 

-C.»»7/ü3»Hl9E-C0 
0.47366179E-00 
0.V76Ü597ÜC-0I 

-0.73l27b2HL-0I 
-0.887-521 I2E-0I 
-0.596b3b3CL-0I 
-0.9W85008E-02 

Ü.37C776I5E-OI 

C-37 
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n 

1 
2 

I 
5 
6 

n 

1 
2 
3 
i| 
5 
6 
7 
8 

n 

1 
2 
3 

Table G-2  (Cont^d) 

VALUES OF q0,   to, AND An 

(^  = 1.05 

t     = U635082Ö + 10.13218309 

Real AJJ 

-i), W?br:46SL-UU 

U. 9tJ<(jU?9fi.-Q} 
-U. i^Vl 7M>^L-()/ 
-u. r-SliihTVit^-iij 

•Ü. b(;hL»VUhOt-Ül 

Tmag A^ 

-(i.i4<MV^V0L-C(l 

O.hOoflf^ift-CI 
-( . Vr^Volih-dl 
-C. MJo^bVHL-Uf. 
-O.bVbMbVlL-iJl 
0. I ItrHWUL-01 
(i.6VG6ft0«4»»L-0I. 

qo  =  1,10 

t0   =  1.7256153 +   10.11121114.6 

Real An 

-U. ^«»67ü^MhL-ÜO 

•Ü. .'il )^0UUÜL-UI 
■(;. IU7Ü1U22C-UÜ 
•U. IU'jCU*H«hL-OC 
■U. iUrtlfil*bt-OI 

Iraag A^ 

-C. ■JVV71i4b?i;-Cü 
(J.3V7b78/9C-(J() 
C.5h^t?6l9L-Cl 

-O.UVjhMWt-OI 

0. n.^3l76E-€0 

q0  = 1.15 

t0 = 1.820^682 +i0.0922261i|. 

Real An 

•o.^ob.'tuu.m-ui 
U.Ü/2b9.S?6t-00 
Ü.ti?l<'Üo9i«i.-ül 

-ü.fttj9t)26i7L-0l 
■l). lUbübH.ißL-OÜ 
•0. nOi5906L-00 
0. l3ii2»*aiftL-01 

Imag An 

-i;.3b95dö6»«t-(:0 
O.^ÜU^öö.SSL-OO 
C.nVöCOJiOUt-O] 

•0, Ibbfmi8t-C0 
•Ü. l3'49513UL-()0 
•0.236U79bÜE-0l 
0.1Ci»»i69bt-00 
Ü.l6l97fb7e-0C 

3 

) 

c-38 2 
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c 

c 

n 

1 
2 
3 

6 
7 
8 

n 

1 
2 
3 

6 
7 
8 

n 

1 
2 
3 

\ 
6 
7 
8 

Table C-2  (Cont^) 

VALUPS OP q0,   t0,   AND ^ 

q0 = 1.20 

t    = 1.9198395 + 10.07526016 

Real k^ 

-0.i660C^0i4L-00 
■Ü,bU5OÖ5l8L-01 
0.2d691bB6b-00 
Ü.b90lb«4lVL-0l 

•Ü.IlhOV6ÜVL-ÜO 
■U. IB1 I ISU^L-UO 
-ü,fcöSiy978L-0I 
0.10i7023VL-00 

Imag An 

-U.il 91)20.1 SC-OÜ 
0.»i06l8"iiÖ£-00 

-C.b3b402»i6E-02 
-C. 192981Ut-OÜ 
-0. l4bi9!J4 7L-U0 

0.2i4dH2b'49t-CI 
0.17t>931/2t-00 
ü. I9S64ü2»»C-00 

% =  1.25 

t    = 2,0239391 + 10«06032268 

Real An 

■0. ;5692fiüb?L-()0 
■0. 107506bbL-01 
ü.29b299bHL-00 
U.22 46a:4M2L-Ül 

•U. 176 liö5**L-0li 
•0.2019IU9UL-C0 
■0.2I26M785L-01 
0.218994191-00 

Imag k^ 

-(J-2 7fcb«»3Üi»E-CO 
C.U0231549E-00 

-C.U726Cd26L-01 
-(J.22bOU08bfc-Cn 
-U. 1 17.1167UH-0(» 

Ü. l0tlHl7iE-CC 
C.2b3ilS2i»C-0C 
0. 179M409E-0Ü 

q0  = 1.30 

t^ = 2.1329851 + iO.Oi|.739397 

Real An 

■0.i68Ubi5bL-ÜU 
Ö.i564ü«*96L-0l 
C.294^6'4 7lL-00 

•0.2921 HObL-OI 
■U.2äbÖtt^HHL-0ü 
■Ü. 1890 I /ObL-OO 
0. l0blbO«»6L-00 
0.39li».'J'i2bL-00 

Imag An 

-().2367820lE-00 
'5.19l71bU7t-00 

-C. 9*4^^363^-01 
-C.2UVi(3 322h-0( 
-(.i.726*4U<43'>t-Ol 
0. 199i*?UlCt-üC 
C.3062U69bL-00 
Ü.656ÜUH3b£-0l 
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n 

1 
2 
3 
k 
5 
6 
7 
3 

n 

1 
2 
3 

5 
6 

I 

n 

1 
2 
3 

^ 
6 
7 
8 

Table C-2  (Gont^d) 

VALUES OP q0,   to,   AND A^^ 

q0 = 1.35 

t    = 2.2i|7199^  + io. 03614.2072 

Real ^ 
Ima« Aj^ 

Ü,;f>2öbiÜlL-ü() 
-0. ?U6k?yML-OI 
•u.^eti K.oüi'L-OO 
-0. 1^1 yfjf.;06L-C'j 

q0 = 1.14-0 

to = 2,366797^ + 10.02735 259 

Real ^ 
Iraag An 

■0, 4'3<!tA'o]öL-{H) 
Ü. I ]7 /ifitfiL-QC 

■U. \UhfflWL~QQ 
•0. i()i,5 9V*»'jL-00 
Ü. l09MiJC/i.-0l 

-0. IftU-JObtCL-tO 

C,lünUOOVUC-fO 
C.tHM^42«4t-CC 

q0 = 1.^5 

t0 = 2.1;919823 + 10.0199^098 

Real ^ 

u.2lt)i?»4',i4aL-Ot; 
■0.^*4 1 ^U'ji* 14 4.-01' 
•U.^72C •JI/'HL-CO 
0. iv/öi WI'JL-CO 

Imag ^ 

-L. Ill l()Vi4<£-(iG 
C. -mh/U/BL-GC 

-(•.^l,i^»4l MlL-l)'' 
(;.;V(Ji4<>Cö/L-r(' 

-(..1 u/'iKiift-no 
-{*. NüUHöVOC   t v 

C-.ij.O 
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c Table 0-2  (Cont'd) 

VALUES OF qo,   t0,  AND i^ 

( 

t 

n 

1 
2 
3 

\ 
6 

I 

n 

1 
2 
3 

6 
7 
8 

n 

1 
2 

I 
6 

q0 = 1.50 

t0 = 2.6229306 + i0,0l^lii.l22 

Real Aj^ 

•0.422307121-00 
0.Iö163O6IL-00 

Ü.16C7I JV6L-Ü0 

-Ü. I84Ü»4/«I1L-ÜÜ 
(;.ü910bQ2lL-üü 
U.UVbl7l25L-OÜ 

Imag i^ 

-0. lOIS^ÖJE-OO 
C.275«06nE-0C 

-C.27ö27596£-C0 
-0. 1 42202 75E-0(i 
O.iSbmüÜE-OC 
0,29ö?99Mt-Cü 

-C,»IU79216ÖC-00 

-O-bOb'jftÜUE   (JO 

trt = 2.75978311- + 10.00971885 

Real An 

-ü.30i172öut-00 
Ü.2ülOS6SUc-00 
O.V72»«5l«i2t-Ü1 

-O.Ü2V0324IL-00 
-Ü.4U04JI IOL-01 
ü.blbilbHÖL UO 
0. 19bV26ibfc-Ü0 

-O.V656230Ufc   00 

Imag k 

-G-760^9«421E-C1 
0.232ä?619C-00 

-Ü.29468/II2E-00 
-ü..'i94U8l66e-Ul 
C-i96?2526E-00 
ü.926670b«*E-0l 

-C.f02««f97e   00 
-O.U0065SOOt-00 

qo = 1.60 

t    = 2.9026376 + iO.OO6l4.6Oll 

Real P^ 

■0.2825028SL-00 
O.21O70257L-00 
Ü.31658978L-01 

-0.32ülir936E-ÜO 
0. n»4fOU91E-00 
Ü.5I50Ü867L  00 

•ü.22U800ÖOt-00 
-0. I06?6W5E  01 

Imag A^ 

■0.550C6620E-01 
0.l8ti68265E-00 

•0.2Vli6b9UE-00 
0.60n3»*62t-01 
0.5öb95626E-00 

•0. I6O029»»8E-C0 
0.7288105SE 00 
0.29IT1tt9bE«-00 

C-I4.I 

« 
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n 

1 
2 
3 

\ 
6 

n 

1 
2 

I 
6 
7 
8 

n 

1 
2 
3 

I 

Table C-2  (ContM) 

VALUES OP q0,   to,   AND k^ 

% = 1.65 

t   = 3.0515^1 + io.ool4.iii.553 

Real An Imag An 

-ü.2(>l i'jO^U-OC 
ü.ü lCi<i3 MM IL-OC 

-U. /»Mo Ifuj'jc-OU 
C-.-SCI l?6 02L-(:C 

-().«4«lV?0übL-U«i 
0.891241^ffc   CO 

q0 = 1.70 

t    = 3.206itf#> + 10.00256i4.3i4- 

Real A^ Imag A^ 

-ü./'U06C;7264.-00 
{).2i)2Hil72L-QQ 

-0. fbStbf /lbi.-U\ 
■0. 1 /99VJH0C-0Ü 

0. I J'5 1'j/i'ÜL-OO 
•l;. M^HOU^UL   00 
0. 4i?M5btje6L-Ol 

-C.25^9H3UUi:-01 
C. Iüü29ünc-Cü 

-fi.^^»4,jO7(i2L-0U 
Ü.206b41 /OE-CO 
C. llM IUöHL-OC 

-C.UhUSbUcVt-CO 
-0.?6b/4U69t-Ul 
0. UiWIöülE   01 

t0 = 3.367i!.6l6 +10.0015271? 

Real A^ 

-Ü.22Ü9W2614L-C0 
0. 1übbb20Üt-0ü 

-0. IO7MO90L-OO 
-0. Hö.Sö'jZbL-OO 
ü.i.Süo«4976L-nO 

■0.991J60J2L-Ü1 
•0.5 7 700»423L   üü 
ü.*)9b5nBbL   00 

Imag A n 

-C. l6»»20j2Ht-Ul 
0.7637bMOC-0l 

-0. 1902466 lt-(JO 
(1.2412140901-00 
ü.2Uo9üm.1t-01 

-G.UUi28199t-0C 
0.290'>496 7C-Ü0 
0.72,j247b7t  OC 

1 

) 

C-i|.2 3 
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c 

n 

1 
2 
3 

\ 
6 

87 

n 

1 
2 
3 
k 

I 
7 
8 

1 
2 
3 

6 

e7 

Table 0-2 (Cont'd) 

VALUES OP q0. V AND ^ 

^ = 1.80 

t0 = i.SJhllok + lo.oooo871i.75 

Real AJJ 

-0.2029525bt-C0 
O.17136U03E-OO 

-0.I2297896fc-Ü0 
-0.3V6600ö2fc-01 
ü.275iI223t-00 

-Ü.252b06t|6L-ÜG 
-U.28909111L-00 

0WrS18813£   00 

Imag Ah 

-0.I0094Ö26E-01 
0.5128549öt-Cl 

•U.l«»»»6Ü29öE-0Ü 
ü.2213Uift2£-0P 
-0.8eö6l9UE-0l 
■0.3ü<9U5i2e-CÜ 
0.4 7W938i»t-00 
0.19i»26705£-00 

qft = 1,85 

t0  = 3.7071357 + I0.000ii.8l51 

Real An Imag An 

•0, lö67«»966t-00 
Ü.152639b9fc-00 

■Ü. 12«»/ü2b9L-00 
0. Ib7«*in lL-01 
Ü. 189b7äi40L-00 

•U.3ü20b256t-00 
■U.«»Ol81t>38t-02 
G.607Ubl5St   00 

-C.5»»»32Ui3£-02 
Ü.32779062E-Ü1 

-0- 104207ö0k-00 
C-1H9Ö9209E-C0 

-0.15U2792ÜE-00 
-ü.l3iiU92 75t-üO 

0.»l6üi»879rfc-00 
-0-23U1C610E-00 

% = 1.90 

to = 3.88566i;3 + io.00025i;53 

Real An 

-0. U2UÜ'JU5L-0ü 
ü. l3UUI9b2L-00 

-U. 116V<4J»ä3L-00 
C.bU9,;bM00L-CI 
Ü. 11>2 51U2 7L-ü0 

•U.267VV6lbL-ÜÜ 
ü. l^n«4Ü9L-00 
C.295tib679t-00 

Imag An 

-C.33i»9i*539E-02 
0.199436U8E-U1 

-C.69325527E-01 
C.IUclh301C-CC 

-C. W2U276bL-ÜC 
(;.U9 7'4l229E-(;? 
Ü.32i965b5E-0ü 

■0.»il6Ül09i»t-0() 

<H3 
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n 

1 
2 
3 

6 
7 
8 

n 

1 
2 
3 
i*. 
5 
6 
7 
8 

Table C-2 (ContM) 

VALUES  OP q0,  to,   AND ^ 

<lo  = ^^ 

t   = k.,069d65ö + io,oool29l2 

Real 
^ 

-C. l3Vbl0liL-(J0 

-0. 10UU016UL-0Ü 
c. muc-wfL-oi 

Imag A^ 

-C. IftOoi'hifHt-fi? 

■i, lbüV^l6lL-00 

0. IS6U6I69L-C(! 

qrt = 2,oo 

t    = I4.. 2596573 + 10.00006282 

Real 
^ 

-0. Nö7^*jt».-Ü0 

-U.rV^yCäü6L-OI 

-0. I/UV UtjVL-(J I 

-t).  I?71df;7»4t.-U(i 

Imag An 

().6.<76UU6ML;-(I? 

U. I IO'JCJV6SL-(;( 

■C.?JortbObüL-00 

J 

0-44 
) 
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Appendix 0 

TABLES OP VALUES  OP ROOTS OP w^/Ug)   - q w1(ts)   =0 

In this Appendix we present tables of values for the roots t (q) 
s 

of the equation 

w1'(ts)   - q w^tg)  = 0 (n-1) 

which have "been obtained by step-by-step integration of the 
/.icatti equation 

dt  -      - rn-^ 
H       t - q 

In each case we have held the phase of the impedance parameter 

q constant while varying the modulus. In the tables we write 

t = Qexp(iP) 

where P is fixed and Q has been varied. The tables fall into two 

groups. In the first group. Tables D-l through D-20, we give 

values for the roots for s = 1,2,3,1;, and 5 for the phase of q 

equal to kf,  0°, 90°, and 30°. 

In Appendix C we have stressed the importance of the cases in 

which P s 1;50 and P » 0°, We presented certain values of the 

roots and a set of coefficients which could be used in Eq, (C-5) 

to compute (on a manually-operated desk machine) the numerical 

value of the roots for values of q which are close to those values 

of q (for P = 45° and P = 0°) which were tabulated. In this Ap- 

pendix we present further values for the first root ^(q) for 

"B = \\$    and P = 0 | as well as values for the next four roots. 

For the case of some absorbing surfaces, the phase of q is ap- 

proximately 90° and therefore we have given tables for the first 

five roots for this case.  In following the literature, the author 

D-l 
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has not found any discussion of the case in which the phase of q 

has "been such that P = 30 • The fact that no papers have appeared 

in which this case occurs is most likely due to the fact that 

only limiting cases have "been considered in the theoretical work 

which has been reported in the literature« However, there are 

strong arguments for including this case in the present tabulation 

because it represents a case that lies between the cases P = 0 

and P » 1^5 • For example, the case of a perfectly conducting sphere 

which Is coated with a thin (compared to wavelength) dielectric 

layer leads to a value of the phase of q which is close to 0°, 

The case of the lielectric interface is described by Eq« (C-3)« 

A study of this case (which corresponds to vertical polarization) 

reveals that if we express q in terms of its modulus Q and phase 

P it is found that P lies in the range l±$0  < P < 90°« Therefore, 

if one were to take a metallic sphere surrounded by a dielectric 

layer and permit the outer radius to remain fixed while permitting 

the inner core to shrink towards a radius of zero, it should be 

found that along the way one would observe a continuous transi- 

tion from the case of P » 0° (for the very thin coating) to the 

range k$0  < P < 90° for the "thick" coating. The tables for 

p = 30° which are contained herein will be helpful to anyone who 

sets out to study this transition« 

The second set of tables, Tables D-21 through D-38, describe the 

loci* of the roots that start from t° « 0,SO9k  + 10.8823 for 

Q = 0 and then "fan out" as Q increases« If we observe the be- 

havior depicted in Pig. 2-2 we see that for those loci for which 

300° < P < 360° and 0° < P < 19.2° the process of "fanning out" 

continues to infinity. The reader will observe that Tables D-l, 

D-6, D-ll, and D-16 provide additional tables for this second 

set of tables for the cases P = k50*  0°, 90°, and 30° . 

^Tables in this group are for P = 300°, 305°, ^0°,   3150, 330°, 

345°, 350°, 355°, 1°, 5°, 10°, 15°, 20°, kh0,  ^6°, 60°, 85°, and 

120° 

D-2 
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Table D-6 deserves some special discussion* This root locus is 

the one which is associated with the propagation of certain types 

of surface waves (on thin dielectric-covered surfaces, slightly 

rough surfaces, etc*)« In Section 2 we denoted this root by the 

subscript "zero." In Eq* (2F25) we gave asymptotic expansions 

for t (Q)*  Since the imaginary part of this root determines the 

attenuation of the surface wave, the determination of this imagi- 

nary part may be of interest in spite of the fact that It tends 

rapidly to 0 as Q increases* In the step-by-step integration pro- 

cedure one finds that one loses accuracy when the root tends 

toward zero with increasing Q« The degradation is so extreme 

that in reproducing the computer output we have deleted some of 

the 8 figures in order to emphasize, in the vicinity of Q = 2, 

that the imaginary part is only known to about four significant 

figures.  The data given in Table D-6b was obtained by means of 

Eq* (2r25)« For Q > [|. (or 1/Q < 0.25), the imaginary part is 

smaller than lo"^ which is the smallest number that the FORTRAN 

compiler will handle« Because of the extremely rapid variation 

of this root for large values of Q, we have included in Table 

D-6b an auxiliary set of numbers which vary suificiently slowly 

that one can easily interpolate to find the root for intermediate 

value of (1/Q)* The auxiliary functions R(Q) and S(Q) are de- 

fined by means of the relation 

^(Q) = t0(Q) = Q2R(Q) + i2Q2exp[-(^Q3+l)]S(Q)   (D-3) 

The functions R(Q)  and S(Q) provide good examples of slowly vary- 
ing functions for which one should have no difficulty in using 
the  theory of trigonometrical interpolation  (in particular,  the 
Chebyshev polynomial representation of Eq. (8-1^2)) to obtain an 
efficient means of computing t  (Q)  on an electronic computer when 
Q is large. 

The reader will observe that there are two types of computer out- 
out In the tables*    Those numbers which appear in the form 

D-3 
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0.50939614.9E+00 

were generated with a single-precision FORTRAN II program which 

v;as run on the IBM 7090 electronic computer. Since these opera- 

tions were carried out with a "word length" of 8 decimal digits, 

the entries in the tables ar3 generally accurate to no more than 

7 significant figures.  On the other hand, the entries which ap- 

pear in the form 

.509396^9+00 

were generated vdth a double-precision FORTRAN IV program which 

was run on the UNIVAC 1107.  The results were converted to single 

precision before output and these entries should be, in most 

cases, accurate to within a digit in the 8th place. 

The author would like to take this opportunity to point out that 

he feels that the IBM format is aesthetically superior to the 

UNIVAC format.  The fact that r.  UNIVAC number requires a field 

width of 12 characters, whereas the IBM number requires an allow- 

ance for 11|. characters, permits one to "pack" more output per line 

of computer output with the UNIVAC 1107« 

D-lj. 
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Table D-la 

THE ROOTS  t1[Qexp( 114-5°)] 

c 

Q 

0.00 
o,o5 
o.io 
0.15 
0.20 
0.25 
0.30 
0.35 
o.ii.o 

0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
^.35 
1.1*0 
1.14.5 
1.50 
1.55 
1.60 
1.65 
1.70 

l,8o 
1.85 
1.90 
1.95 
2.00 

Real t^ 

•509396^8-00 
.55678568*00 
.60<»07776-00 
•65117583-00 
•69798310-00 
• 7<m0256-00 
•79033688-00 
•83568820-00 
•88035798-00 
•92424691-00 
.96725480-00 
• 100928064-01 
• 1050222^01 
•10899776*01 
• 1128^31+01 
•11655156*01 
.12010925+01 
•12350718*01 
•12673541*01 
•12978431*01 
•13264475*01 
•13530829*01 
•13776745*01 
•14001590*01 
•14204864*01 
•14386330*01 
•14545842*01 
•14683577*01 
•14799952*01 
.14895654*01 
.14971640*01 
.15029108*01 
•15069468*01 
•15094268*01 
•15105235*01 
.15104014*01 
.15092312*01 
.15071744*01 
.15043815*01 
•15009696*01 
•14971207*01 

D-5 

Imag tj 

•88230059-00 
•87077606-00 
•86158902-00 
.854m64-00 
•85011462-00 
•84776685-00 
•84763511-00 
•84966364-00 
•85387383-00 
•86016367-00 
•86850733-00 
•87885453-00 
•89114995-00 
•90533254-00 
•92133474-00 
•93908171-00 
•95849033-00 
•97946838-00 
•10019136*01 
•10257125*01 
•10507401*01 
•10768587*01 
•11039180*01 
•11317548*01 
•11601941*01 
•11890504*01 
•12161304*01 
•12472361*01 
•12761693*01 
•13047371*01 
•13327573*01 
•13600641*01 
•13865132*01 
•14119855*01 
•14363896*01 
•14596623*01 
•14817677*01 
•15026941*01 
.15224513*01 
.15410663*01 
.15585791*01 
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Tabl     D-1a  (Cont'd) 

THE ROOTS t1 [ Qexp (Ik?) ] 

J 

Q 

2.00 
2.05 
2,10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.1^0 
2.11-5 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.65 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.ij-0 
3.45 
3.50 
3.55 
3.60 
3.65 
3.70 
H5 
3.3o 
3.85 
3.90 
3.95 
i|..00 

Real t^ 

.l«f971207^01 

.I«»9288l5*0l 
• 148836384-01 
• Ii»e36<f53>01 
.1^787908*01 
.1U738542+01 
.1<»6687924-01 
•14639013>01 
.14589H87^01 
.l«»5<*0^39*01 
.l<*«»920*»3*01 
, Ulf i^«* 32*01 
.l<f 397705*01 
.14351936*01 
.1«»30717<(*01 
• l«*263<*5«»*01 
.1<*22079<**01 
• 11179201*01 
.m3867«**01 
.11099204*01 
.11060778*01 
•11023377*01 
.13986981*01 
.13951565*01 
.13917105*01 
.13883575*01 
.13850918*01 
.13819196*01 
.13788293*01 
.13758212*01 
•13728926*01 
.13700109*01 
•13672636*01 
•13615581*01 
•13619221*01 
•13593532*01 
•13568191*01 
•13511077*01 
•13520268*01 
•13197013*01 
•13171361*01 

D-6 

Iraag t1 

•15585791*01 
•15750392*01 
•15905020*01 
•16050261*01 
•16186723*01 
•16311969*01 
•16135638*01 
•16519220*01 
•16656251*01 
•16757226*01 
•16852589*01 
•16912759*01 
•17028122*01 
•17109033*01 
•17185816*01 
•17258769*01 
•17328163*01 
•17391250*01 
•17157256*01 
•17517392*01 
17571818*01 

629800*01 
•17682111*01 
•17732827*01 
•17781185*01 
.17827612*01 
.17872221*01 
•17915121*01 
•17956109*01 
•17996178*01 
•18031510*01 
•18071186*01 
•18107177*01 
•18111652*01 
•18171973*01 
•18207199*01 
•18238385*01 
•18268581*01 
•16297837*01 
•18326195*01 
.16353699*01 

I 
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Table D-lb 

THE ROOTS ^(QexpC 114.5°)] 

i 

c 

1/Q 

0.00 
0.01 
0.02 
0.03 
O.Oli 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.3J* 
>),35 
0.16 
0.17 
0.18 
0,19 
0.20 
0.21 
0.22 
0.23 
0.2U 
0.2$ 
0,26 
0.27 
0.28 
0,29 
0,30 
0.31 
0,32 
0.33 
0,31* 
0,35 
0.36 
0.37 
0.38 
0.39 
OJiO 

Real tj 

•11690537t01 
.11761250+01 
.I183197«»*0l 
.11902721+01 
.11973502*01 

.12;.T'3202*01 

. 12166138 «-Ol 

.122571«H-fOl 

.12328218+01 

.1239937f+0l 

.12470611+01 

.12541934+01 

.12613342+01 

.12684835+01 

.12756411+01 

.12828065+01 

.12899790+01 

.12971577+01 

.13043414+01 
•13115285+01 
.13187174+01 
.13259056+01 
.13330907+01 
.13402695+01 
.13474384+01 
.13545933+01 
.13617296+01 
.13688417+01 
.13759236+01 
.13629685+01 
•13899685+01 
•13969152+01 
•14037990+01 
•14106093+01 
• 1<» 173346+01 
.14239623+01 
.14304784+01 
•14368683+01 
•14431159+01 
•14492043+01 

D-7 

Imag t^ 

• 202<»6604+01 
•20177886+01 
•20107123+01 
•20036268+01 
•19965279+01 
• 1989<f 107+01 
•19822706+01 
•19751030+01 
•19679031+01 
•19606660+01 
•19533867+01 
•19460603+01 
•19366815+01 
•19312450+01 
•19237455+01 
•19161772+01 
•19085346+01 
•19006116+01 
•1893002L+01 
•18651002+01 
•18770991+01 
•18689923+01 
•18607731+01 
.18524344+01 
•18439690+01 
•18353698+01 
•18266292+01 
•18177397+01 
•18066935+01 
•17994630+01 
•17901004+01 
•17805380+01 
•17707684+01 
•1^606440+01 
•17506978+01 
«17403433+01 
.17297743+01 
•17169854+01 
.17079720+01 
•16967306+01 
•16852587+01 
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Table D-2a 

THE ROOTS  t2[Qexp(i^50)] 

3 

Q 

0.00 
0.05 

0.20 
0.25 
0.30 
0.35 
0.1^0 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.1^0 
i.ij.5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real t2 

.162^09684-01 

.16389710-t-Ol 

.16536650-t-Ol 
,166660224-01 
.16636038+01 
.16966911+01 
.17m0855+01 
.1729<*082+01 
.17^6807+01 
.17605246+01 
.17763615+01 
.17924130+01 
.18087006+01 
.16252454+01 
.18420681+01 
.18591680+01 
.16766230+01 
.16943886+01 
.19124970+01 
.19309560+01 
.19497675+01 
.19669257+01 
.19664149+01 
.20062078+01 
.20262623+01 
.20465197+01 
.20669023+01 
.20893116+01 
.21096284+01 
.21297130+01 
.21494082+01 
.21665438+01 
.21669423+01 
,22044279+01 
.2^206337+01 
.22360119+01 
.22496403+01 
.22622291+01 
,22731246+01 
.22825108+01 
.22904075+01 

Imag tg 

.28130215+01 

.28090750+01 

.28052077+01 

.28014266+01 

.27977397+01 

.27941562+01 

.27906864+01 

.27873422+01 

.27841372+01 

.27810871+01 

.27782098+01 

.27755260+01 

.27730592+01 

.27708366+01 

.27686890+01 

.27672519+01 
,27659655+01 
,27650756+01 
,27b46335+01 
,27646975+01 
,27653318+01 
,27666074+01 
.27686017+01 
,27713972+01 
.27750604+01 
.27797394+01 
.27854607+01 
.27923246+01 
.28004010+01 
.28097428+01 
.28203603+01 
.28323163+01 
.28455209+01 
.28599295+01 
.28754424+01 
.28919274+01 
.29092241+01 
.29271516+01 
.29455166+01 
.29641222+01 
.29827774+01 

J 

* 
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Table D-2a (Cont'd) 

THE ROOTS t2[Qexp(i^5
0)] 

Real t2 Imag t2 

( 

f 

2*00 
2.05 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 
2,k.O 
2.^5 
2.50 
2.55 
2.60 
2.65 
2#70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.M) 
3.1+5 
3.50 
3.55 
3.60 
3.65 
3.70 

3. 80 
3.85 
3.90 
3.95 
I4..00 

.22901075+01 

.22968672+01 

.23019697+01 

.23050152+01 

.23085181+01 

.23102000+01 

.23109812+01 

.23109907+01 

.23103331+01 

.23091161+01 

.23071312+01 

.23053713+01 

.23030005+01 

.23003852+01 

.22975796+01 

.22916291+01 

.22915733+01 

.22881133+01 

.22652661+01 

.22820639+01 

.22788515+01 

.22756530+01 

.22721708+01 

.22693178+01 

.22662015+01 

.22631279+01 

.22601011+01 

.22571258+01 

.22512031+01 

.22513363+01 

.22185251+01 

.22157711+01 

.22130718+01 

.22101353+01 

.22378527+01 

.22353263+01 

.22328551+01 

.22301392+01 

.22280765+01 

.22257665+01 

.22235079+01 

D-9 

.29827771+01 

.30013011+01 

.30195119+01 

.30373613+01 

.30516537+01 

.30713305+01 

.30873366+01 

.31026358+01 

.31172112+01 

.31310615+01 

.31111972+01 

.31566383+01 

.31681112+01 

.31795165+01 

.31900775+01 

.32000382+01 

.32091632+01 

.32183861+01 

.32268391+01 

.32318511+01 

.32121597+01 

.32196837+01 

.32565517+01 

.32630878+01 

.32693111+01 

.32752513+01 

.32609181+01 

.32863329+01 

.32915112+01 

.32961681+01 

.33012175+01 

.33057722+01 

.33101139+01 

.33113136+01 
•33183815+01 
.33222666+01 
.33260079+01 
.33296131+01 
.33330903+01 
.33361157+01 
.33396660+01 

LOCKHEED MISSILES ft SPACE COMPANY 
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Table D-2b 

THE ROOTS t2[Qexp(llj.50)] 

J 

I/Q Real tr Imag t. 

0.00 
0.01 
0,02 
0.03 
O.Oli 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0,12 
0.13 
O.lii 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0,21 
0.22 
0,23 

- 0,2li 
0,25 
0,26 
0,27 
0.28 
0.29 
0,30 
0.31 
0.32 
0.33 
0,31; 
0,35 
0,36 
0.37 
0.38 
0.39 
0.10 

,20«97U7+01 
,20510*60+01 
.20581196+01 
.20651972+01 
.20722808+01 
.20793723+01 
.20864733+01 
.20935854+01 
.21007102+01 
.21078488+01 
.21150023+01 
.21221714+01 
.21293567+01 
.21365584+01 
.21437761+01 
.21510093+01 
.21582568+01 
.21655165+01 
.21727861+01 
.21800619+01 
.21873397+01 
.21946138+01 
.22018771+01 
.22091211+01 
.22163355+01 
.22235078+01 
.22306231+01 
.22376636+01 
.22446387+01 
.22514341+01 
.22581118+01 
.22646093+01 
.22708900+01 
.22769123+01 
.22826298+01 
.22879915+01 
.22929423+01 
.22974233+01 
.23013733+01 
•23047306+01 
•23074339+01 

D-lO 

.35402680+01 
«35331956+01 
.35261153+01 
.35190192+01 
.35118992+01 
.35047472+01 
.34975548+01 
.34903137+01 
.34830151+01 
.34756500+01 
.34682090+01 
.34606826+01 
.34530606+01 
.34453326+01 
.34374876+01 
.34295138+01 
.34213993+01 
.34131312+01 
.34046961+01 
.33960796+01 
.33872671+01 
.33782428+01 
.33689900+01 
.33594918+01 
.33497299+01 
.33396859+01 
.33293405+01 
.33186742+01 
.33076674+01 
.32963005+01 
.32845550+01 
.32724132+01 
.32598596+01 
.32466816+01 
.32^34702+01 
.32196216+01 
.32053382+01 
.31906301+01 
.31755161+01 
.31600253+01 
.31441972+01 

) 

« 

3 
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( 

c 

Q 

0 
0.5 
o.io 
o.i5 
0.20 
0.25 
0.30 
0.35 
0.1*0 
0.1*5 
o.5o 
0.55 
0.60 
0.65 
D.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
i.no 
l.li5 
i.5o 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Table D-3a 

THE ROOTS t^Qexpdli-S0)] 

Real t. 

• 2<»100<»96401 
• 2<l2007n+01 
.21301028*01 
.2H01519+01 
•21502376*01 
•21603611*01 
•21705358*01 
•21807721*01 
•21910806*01 
.25011721*01 
•25119575*01 
•25225181*01 
.25332553*01 
•25110909*01 
.25550667*01 
•25661951*01 
•25771883*01 
•25889591*01 
•26006201*01 
•26121838*01 
•26215628*01 
.26368689*01 
.26191135*01 
•26622069*01 
•26752578*01 
•26885727*01 
•27021552*01 
•27160052*01 
•27301175*01 
•27111809*01 
•27590761*01 
•27738757*01 
•27888399*01 
•28039176*01 
•28190131*01 
•28311380*01 
•28191071*01 
•28638135*01 
•28782269*01 
•28921371*01 
•29051111*01 

D-ll 

Imag t~ 

•11713283*01 
•11716552*01 
•11690072*01 
•11663871*01 
•11637989*01 
•11612155*01 
•11587309*01 
•11562591*0: 
•11538358*01 
•11511653*01 
•11191539*01 
•11169081*01 
•11117356*01 
•11126117*01 
•11106118*01 
•11387169*01 
•11369629*01 
•11353066*01 
•11337938*01 
•11321118*01 
•11312709*01 
•11303031*01 
•11295651*01 
•11290816*01 
•11288913*01 
•11290303*01 
•11295331*01 
•11301171*01 
•11318215*01 
•11337092*01 
•11361672*01 
•11392551*01 
.11130318*01 
•11175666*01 
•11529091*01 
•11591111*01 
•11662253*01 
•11712706*01 
•11632612*01 
•11931868*01 
•12010130*01 

LOCKHEED MISSILES &  SPACE COMPANY 
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J 
Table D-3a  ^Cont'd) 

THE ROOTS ^fQexpflliS0)] 

2.00 
2.05 
2.10 
2.25 
2.20 
2.25 
2.30 
2.35 
2,h0 
2.U$ 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.00 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.ii0 
3.U5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
ii.00 

Real  t. 

• 2905<M>Um 
•29iaoi56m 
•29297467+01 
• 29<»05362*01 
•29503075*01 
•29590092*01 
•29666167*01 
•29731322*01 
•29785825*01 
•29830153*01 
• 2986<»9<t9*01 
•29890973*01 
•29909055*01 
•29920051*01 
•29924808*01 
• 2992<»1<»5*01 
• 2991882(»*01 
.299095*5*01 
•298969*0*01 
•29881567*01 
•29863920*01 
•2984**28*01 
•29823*60*01 
•29801332*01 
•29778317*01 
•2975*6*0*01 
•29730*97*01 
•297060*8*01 
•29681*30*01 
•29656755*01 
•29632117*01 
•29607593*01 
•295832*5*01 
•29559125*01 
•29535276*01 
•29511730*01 
•29*88512*01 
•29*656*5*01 
•29**31*1*01 
•29*2101**01 
•29399270*01 

D-12 

Tmag t^ 

•*20*0130*01 
•*2156801*01 
•*2281035*01 
•*2*11766*01 
•*25*7756*01 
•*26676*0*01 
•*2830008*01 
•*2973*60*01 
•*3116672*01 
.*3258**6*01 
•*3397739*01 
•*3533688*01 
•*3665612*01 
•*3793006*01 
•*391552**01 
•**03296**01 
•**1*5237*01 
•**252352*01 
•**35*391*01 
•***51*91*01 
•**5*3829*01 
•**631606*01 
•**7150*2*01 
•**79*361*01 
•**869789*01 
•**9*15*9*01 
•*5009860*01 
•*507*927*01 
•*5136950*01 
•*5196117*01 
•*525260**01 
•*5306577*01 
•*5358189*01 
•*5*07587*01 
•*5*5*903*01 
•*550026**01 
•*55*3785*01 
•*5585576*01 
•*5625737*01 
•*566*360*01 
•*5701533*01 

) 
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Tatole D-3to 

THE ROOTS t3[Qexp(345
0)] 

Real t- Tmag t. 

I 

f 

0.00 
0.01 
0.02 
0.03 
0.0U 
o.o5 
0.06 
0.07 
0.06 
0.09 
0.10 
0.11 
0.12 
0.13 
O.U 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.2li 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.3U 
0.35 
0.36 0'3I 0.38 
0.39 
OjkO 

.27602798*01 
• 27673S1<»*01 
.277«m258*0l 
.27815057+01 
•27885938+01 
•27956927+01 
•28028046+01 
•28099317+01 
•28170760+01 
•28242391+01 
•28314223+01 
•28386266+01 
•28458522+01 
•28530989+01 
•28603658+01 
•28676511+01 
•28749515+01 
•28822631+01 
•28895798+01 
•28968938+01 
•29041951+01 
•29114708+01 
•29187044+01 
•29258759+01 
•29329602+01 
•29399269+01 
•29467390+01 
•29533520+01 
•29597130+01 
•29657604+01 
•29714220+01 
•29766163+01 
•29812519+01 
•29852298+01 
•29884454+01 
•29907931+01 
•29921714+01 
•29924902+01 
•29916766+01 
•29896840+01 
•29864950+01 

D-13 

•47809450+01 
•47738723+01 
•47667887+01 
•47596837+01 
•47525464+01 
•47453657+01 
•47381301+01 
•47308280+01 
•47234470+01 
•47159747+01 
•47083975+01 
•47007015+01 
•46928719+01 
•46848930+01 
•46767480+01 
•46684193+01 
•46598879+01 
•46511333+01 
•46421341+01 
•46328671+01 
.46233074+01 
.46134289+01 
.46032038+01 
.45926031+01 
.45815966+01 
.45701531+01 
.45582419+01 
•45458326+01 
•45328975+01 
•45194121+01 
.45053584+01 
•44907270+01 
•44755202+01 
.44597559+01 
.44434709+01 
•44267239+01 
•44095980+01 
•43922008+01 
•43746629+01 
.4357X395+01 
.43397744+01 

LOCKHEED MISSILES & SPACE COMPANY 
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Table D-ij.a 

THE ROOTS tr[Qexp(ii;50)] 

Q Roal t. Imag t. 

0.00 .30816536+01 .53375807+01 
a.o5 .3069(1908+01 .53354866+01 
0.10 .309733U2+01 .53334050+01 
0.15 .31051903+Ül .53313375+01 
0.20 .31130653+01 .53292862+01 
0.25 .31209655+01 .53272530+01 
0.30 .3128897i*+0l .53252400+01 
0.35 .3136867'*+01 .53232498+01 
o.Uo .31448821+01 .53212846+01 
o,U5 .31529482+01 .53193475+01 
o.5o .31610724+01 .53174414+01 
o.55 .31692617+01 .53155697+01 
0.60 .31775233+01 .53137362+01 
0.65 .31858644+01 .53119450+01 
0.70 .31942924+01 .53102008+01 
0.75 .32028151+01 .53085085+01 
0,80 .32114404+01 .53068741+01 
0.85 .32201762+01 .53053040+01 
0.90 .32290308+01 .53036053+01 
0.95 .32380128+01 .53023862+01 
1.00 .32471307+01 .53010557+01 
1.05 .32563933+01 .52998238+01 
1.10 .32658093+01 .52987021+01 
1.15 .32753877+01 .52977034+01 
1.20 .32651370+01 .52968420+01 
1.25 .32950658+01 .52961341+01 
1.30 .33051821+01 .52955978+01 
1.35 .33154934+01 .52952533+01 
l.iiO .33260062+01 .52951234+01 
1.U5 .33367257+01 .52952331+01 
1.50 .33476555+01 .52956106+01 
1.55 .33587968+01 .52962867+01 
1.60 .33701480+01 .52972952+01 
1.65 .33817039+01 .52966734+01 
1.70 .33934546+01 .53004606+01 
1.75 .34053849+01 .53026997+01 
1.80 .34174726+01 .53054345+01 
1.85 .34296882+01 .53067106+01 
1.90 •34419933+01 .53125732+01 
1.95 .34543399+01 .53170655+01 
2.00 .34666695+01 .53222269+01 

) 

D-ll^. 0 
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Table D-i|.a (Con^d) 

THE ROOTS t^[q,exp{ik50)} 

Real t. Imag ti 

t 

r 

C 

2.00 .31*666695+01 .53222269+01 
2.05 .3H789138+01 .53280903+01 
2.10 .3'*9099i*3'»-0l .53346793+01 
2.15 .35026243+01 .53420057+01 
2.20 .35143109+01 .53500666+01 
2.25 .35253580+01 .53588418+01 
2.30 .35356710+01 .53682936+01 
2.35 ,35457604+01 .53783657+01 
2.U0 .35549467+01 .53889853+01 
2.ii5 .35633641+01 .54000645+01 
2.50 .35709644+01 .54115051+01 
2.55 .35777178+01 .54232025+01 
2.60 .35836150+01 .54350505+01 
2.65 .35886648+01 .54469458+01 
2.70 .35928931+01 .54587923+01 
2.75 .35963402+01 .54705039+01 
2.80 .35990566+01 .54820062+01 
2.85 .36011006+01 .54932383+01 
2.90 .36025343+01 .55041519+01 
2.95 .36034214+01 .55147113+01 
3.00 .36038246+01 .55248919+01 
3.05 .36038040+01 .55346790+01 
3.10 .36034160+01 .554U0660+01 
3.15 .36027125+01 .55530529+01 
3.20 .36017404+01 .55616453+01 
3.25 .36005419+01 .55698524+01 
3.30 .35991541+01 .55776863+01 
3.35 .35976100+01 .55851613+01 
3.U0 .35959379+01 .55922930+01 
3.U5 .35941628+01 .55990975+01 
3.50 .35923060+01 .56055910+01 
3.55 .35903858+01 .56117901+01 
3.60 .35884178+01 .56177107+01 
3.65 .35864154+01 .56233682+01 
3.70 .35843900+01 .56287776+01 
3.75 .35823511+01 .56339531+01 
3.80 .35803068+01 .56389079+01 
3.85 .35782639+01 .56436550+01 
3.90 .35762281+01 .56482062+01 
3.95 ,35742041+01 .56525727+01 
li.00 .35721960+01 .56567650+01 

D-15 

LOCKHEED  MISSILES &  SPACE  COMPANY 
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Table D-i|.b 

THE ROOTS  t^ [ Qexp( 114.5° )1 

Real ti Imag ti 

0,00 .339335U0+01 .56774616+01 
0.01 .34004257+01 .5870 3683+01 
0.02 .34075008+01 .56633019+01 
0.03 .34140626+01 .58561692+01 
0.0U .34216749+01 .581S 90366+01 
0.05 .34267601+01 .5P418303+01 
0.06 .34359016+01 .58345562+01 
0.07 .34430417+01 .58271995+01 
0.08 .34502030+01 .58197446+01 
0.09 .34573672+01 .58121757+01 
0.10 .34645956+01 .58044751+01 
0.11 .34716291+01 .57966246+01 
0.12 .34790676+01 .57886046+01 
0.13 .34663701+01 .57603944+01 
O.lh .34936742+01 .57719711+01 
0.15 .35009962+01 .57633104+01 
0.16 .35063304+01 .57543660+01 
0.17 .35156667+01 .57451694+01 
0.18 .35230001+01 .57356299+01 
0.19 .35303100+01 .57257344+01 
0.20 .35375794+01 .57154474+01 
0.21 .35447636+01 .57047311+01 
0.22 .35516919+01 .56935459+01 
0.23 .35566645+01 .56816507+01 
0.2U .35656525+01 .56696036+01 
0.2? .35721957+01 .56567649+01 
0.26 .35764206+01 .56432966+01 
0.27 .35842390+01 .56291667+01 
0.28 .35695470+01 .56143606+01 
0.29 .35942251+01 .55986661+01 
0.30 .35961397+01 .55827087+01 
0.31 .36011472+01 .55659289+01 
0.32 .36031002+01 .55466096+01 
0.33 .36036566+01 .55306716+01 
0.3li .36033016+01 .55126755+01 
0.35 .36013412+01 .54946185+01 
0.36 .35979360+01 .54769249+01 
0.37 .35930993+01 .54594302+01 
0.38 .35669020+01 .54425646+01 
0.39 .35794684+01 .54265340+01 
O.I4O .35709650+01 .54115054+01 

D-16 

LOCKHEED  MISSILES  ft  SPACE COMPANY 

J 

) 

* 

■1 r iirrmimtTniiiMii iniKUKMiiJ ''MIMMiiTflMllli' 



Q 

Table D-5a 

THE ROOTS  WQexpdi^] 

Real t. Iraag tt 

/ 

c 

t 

0.00 .36860886*01 •63844927*01 
0.05 •36926405+01 •63827407*01 
0.10 .36991968*01 •63809961*01 
o.i5 .37057620*01 •63792601*01 
0,20 .3712340^*01 •63775342*01 
0.25 •37189365*01 •63758196*01 
0.30 .37255549*01 •63741177*01 
0.35 •37322000*01 •63724302*01 
0.1*0 •37388765*01 •63707587*01 
0.U5 •37455890*01 •63691048*01 
o.5o •37523423*01 •63674708*01 
o.55 •37591412*01 •63658585*01 
0.60 .37659907*01 .63642703*01 
0.65 .37728959*01 .63627087*01 
0.70 .37798618*01 .63611765*01 
0.75 •37868939*01 •63596769*01 
0.80 .37939977*01 .63582131*01 
0.85 •38011787*01 .63567889*01 
0.90 •38084427*01 •63554086*01 
0.95 •38157958*01 .63540766*01 
1.00 •38232439*01 •63527982*01 
i.o5 •38307933*01 •63515790*01 
1.10 •38384503*01 •63504255*01 
1.15 •38462215*01 •63493447*01 
1.20 •38541135*01 •63483445*01 
1.25 •38621330*01 .63474337*01 
1.30 •38702864*01 .63466223*01 
1.35 •38785806*01 •63459210*01 
l.liO •38870218*01 •63453422*01 
i.li5 •38956164*01 •63448997*01 
1.50 •39043701*01 •63446084*01 
1.55 •39132879*01 •63444854*01 
1.60 •39223745*01 •63445492*01 
1.65 •39316329*01 •63448206*01 
1.70 •39410650*01 .63453225*01 
1.75 •39506707*01 •63460796*01 
1.80 •39604478*01 •63471194*01 
1.85 •39703908*01 •63484710*01 
1.90 •39804910*01 •63501662*01 
1.95 •39907353*01 •63522380*01 
2.00 •40011056*01 •69547213*01 
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Table D-^a (Cont'd) 

THE ROOTS t^[Qexp(ii<.50)] 

Real tc Imag t^ 

J 

2.00 • «t0011056+01 •63547213+01 
2.05 .«»0115779*0X •63576511+01 
2.10 • (t022m7+01 •63610629+01 
2.15 • <t0326992*01 .63649902+01 
2.20 .itO<t3265<M-01 .63694637+01 
2.25 .«»0537669+01 .63745099+01 
2.30 .<»06*HU35-»-0l .63801480+01 
2.35 .<t07<t3282+01 .63863890+01 
2.hO • «♦08«*2«»89+0X .63932331+01 
2.U5 .40938309+01 .64006682+01 
2.50 .41029990^01 •64086688+01 
2.55 • (flll6813+01 .64171955+01 
2.60 .411981194-01 .64261959+01 
2.65 .itl2733<t3*01 .64356054+01 
2.70 • 413420<*l-»-01 .64453506+01 
2.75 .41403906+01 .64553509+01 
2.80 .4m58779+01 .64655232+01 
2.85 • <*15066<t7+01 .64757849+01 
2.90 .41547638+01 .64860566+01 
2.95 •41581993+01 •64962654+01 
3.00 •41610056+01 .65063466+01 
3.05 •41632242+01 .65162447+01 
3.10 •41649015+01 .65259142+01 
3.15 •41660864+01 .65353192+01 
3.20 •41668265+01 .65444330+01 
3.25 •41671766+01 .65532370+01 
3.30 •41671775+01 •65617201+01 
3.35 •41668751+01 •65698769+01 
3.U0 •41663099+01 .65777073+01 
3.U5 •41655190+01 •65852149+01 
3.50 •41645354+01 •65924066+01 
3.55 •41633891+01 •65992913+01 
3.6o •41621061+01 •66058796+01 
3.65 •41607098+01 •66121833+01 
3.70 •41592205+01 •66182145+01 

3.75 •41576556+01 •66239861+01 
3.80 •41560305+01 •66295104+01 
3.85 •41543564+01 •66346001+01 
3.90 •41526508+01 •66398673+01 
3.95 •41509172+01 •66447236+01 
U.00 •41491662+01 .66493606+01 
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Table D-5b 

THE ROOTS  t^[Qexp(i450)] 

Real t. Imag tj 

c 

0,00 •39720666*01 •66796215*01 
O.GL •397913e5*01 •66727*79*01 
0.02 .396621*3*01 •66656569*01 
0.03 •39932962*01 •66585369*01 
o.oU •'»0003939*01 •66513723*01 
0.05 ♦ «♦0075051*01 •66001026*01 
0.06 •*01*6352*01 •66368331*01 
0.07 • «»0217671*01 .66290260*01 
0.08 •*026963**01 .66219028*01 
0.09 • «»0361662*01 .66102037*01 
0.10 •*0*33966*01 .66060277*01 
0.11 .40506555*01 .67960322*01 
0.12 • «»0579«U7*01 .67902327*01 
0.13 .«»0652529*01 .67618027*01 
O.lU .<»0725651*01 .67731135*01 
o.i5 .«»0799316*01 .67601335*01 
0.16 .«»0672637*01 .67506286*01 
0.17 .<»09«»627i*01 .67051619*01 
0.18 .«»1019«»(»1*01 .67350923*01 
0.19 .«»1092100*01 .67205760*01 
0.20 .«»11639«»3*01 .67135672*01 
0.21 .«»123«»5«»2*01 .67020150*01 
0.22 .«»1303373*01 .66698700*01 
0.23 .01369762*01 .66770799*01 
0.2U .<»1(»32669*01 •66635972*01 
0.25 .(»1(»91656*01 .66093805*01 
0.26 .(»15(»(»660*01 .66300012*01 
0.27 .(»159106(»*01 •66166509*01 
0.28 .(»16265*0*01 •66021506*01 
0.29 •(»1655*91*01 •65609617*01 
0,30 .«♦1670065*01 •65671908*01 
0.31 .01670539*01 •650901/3*01 
0.32 .01655522*01 •65306525*01 
0.33 .0162*177*01 •65123713*01 
0.3U .01576001*01 •60900722*01 
0.35 .01512926*01 •60772501*01 
0.36 .01035266*01 •60699867*01 
0.37 .01305569*01 •60^58855*01 
0.38 .01206370*01 •60320956*01 
0.39 .01100337*01 .60196880*01 
0.1*) •01029995*01 •6008668**01 
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0*00 
0.05 
0*10 
o.i5 
0*20 
0.25 
0.30 
0.35 
O.ii.0 
0.45 
o.5o 
0*55 
0f60 
0.65 
0.70 
0.75 
0.60 
0.85 
0.90 
0.95 
i.oo 
1.05 
i.io 
1.15 
1.20 
1.25 
1.30 
1.35 
1.^0 
1.^5 
i.5o 
1.55 
1.60 
1.65 
1.70 
1.75 
i.8o 
1.85 
1.90 
1.95 
2.00 

Table D-6a 

THE ROOTS t1[Qexp(10°)] 

R«al tj 

•50939^8400 
•53512579-00 
.563^^9-00 
.59387761-00 
•627000^9-00 
■ 6626890^00 
.70099533-00 
.7m97288-Ü0 
765677^1-00 

.63216079-00 

.66150267-00 
iSnv/ftnoi-on 
.9689767^-00 
• 10<»72636^01 
.iioa6a69m 
.11733337+oi 
• I2I4.13039+01 
.13127021+01 
.138761147+01 
.li+662595+01 
.1548687k+ol 
.16350820+01 
.17256153+01 
.1820k682+0l 
.1919639^+01 
.20239391+01 
.21329851+01 
.22471991+01 
.23667974+01 
.24919823+01 
.26229306+01 
.27597834+01 
.29026376+01 
.305154^+01 
.32064956+01 
•33674616+01 
•35343704+01 
.37071357+01 
.38856643+01 
.40698658+01 
.42596573+01 
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.882300S8-0« 

.0398126^-00 

.797^1255-00 

.75516902-00 

.71323170-00 

.67163127-00 

.630^79^-00 

.56980899-00 

.54989362-00 

.5l06«+89l-00 

.U7223038-00 

.39ö2621'»-00 

.3629ö9«*7-0G 

.12677662-00 
.29596369-00 
.26456921-00 
•23469II4-OO 
.2064249I-OO 
.17986219-00 
.1550889k-00 
.I3218309-OO 
,11121146-00 
.9222614 -01 
.7526016 -01 
.603^268 -01 
.4739397 -01 
.36I12072 -01 
.2731259 -01 
.1994098 -01 
.1414122 -01 
.971085 -02 
.646011 
.414553 
.256434 
.152717 
.87475 
.48151 
.25453 
.12912 
.6282 

-02 
-02 
-02 
-02 
-03 
-03 
-03 
-03 
-04 

J 
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c 
Table D-6a (Cont'd) 

THE ROOTS  t^QexpdO0)] 

.       ( 

Q 

2,00 
2.05 
2,10 
2.15 
2.20 
2.25 
2;30 
2.35 
2.5.0 
2.1^5 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 

Real t^ 

.^2596573+01 
./^549658+Ol 
.i|.655,7305+oi 
.ii.8618991^+01 
.5073i^90+0l 
.52902835+01 
^5l2k3l6+0l 
.57396l|.93+Ol 
.59725127+01 
.621014.02^+01 
• 6i;5350l3+Ol 
.6701791^0+01 
.69552670+01 
.72139081+01 
.71+777062+01 
.77i*.665l2+Ol 
.8020731^+01 
.82999S614.+01 
.858^2806+01 
.88737298+01 
.9168287^+01 

Imag t^ 

• 6282 
.2929 
.1308 
.*590 

.89103 

.33235 
311 .118 

.1}.C0085 

.128998 
•395597 
.115280 
.318918 
•836787 
.20801+1 
,1;896299 -H 
.I0898I39-II 
• 229181^1-12 
.1+5^93291-13 
.85i5637i|.-il|. 
.15016693-11; 

-Ok 
-Ok 
-Ok 
~ok 
-05 
-06 
-06 
-06 
-07 
-07 
-08 
-08 
-09 
-10 
-10 
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1/Q 

0.01 
C.02 
0.03 
O.Olj. 
0,05 
0.06 
0,07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 

0.15 
0.16 
0.17 
0.16 
0.19 
0.20 
0.21 
0.22 
0.23 
0.2k 
0.25 
0.26 
0.27 
0.23 
0.29 
0.30 
0.31 

0.32 
0.33 
0.3k 
0.35 
0.36 
0f3T 
o;38 
0.39 
o.ko 

Real t^ 

10000.005 
2500.0100 
1111.1261 
625.02000 
liOO. 02500 
277.80778 
20U. 11661* 
356.29000 
123.50180 
100.05001 
82.6996^5 
69.50Ui71 
59.236635 
51.090157 
lil*.5l9509 
39.11^581 
3U.687180 
30.951i330 
27.795995 
25.100201 
22.780982 
20.771151* 
19.01891*6 
17.1*81533 
16.1251*97 
ll*.923l*83 
13.853102 
12.895892 
32.036519 
11.262160 
10.562027 
9.9269933 
9,31*92912 
8.8222793 
8.31*02523 
7.6982858 
7.1*92112li 
7.1180189 
6.7727626 
6.14535012 

Table D-6b 

THE ROOTS t^QexpCiO0)] 

Imag t1 R(Q) 

10 -38 

1.0000005 
1.000001*0 
1.0000131* 
1.0000320 
1.0000625 
1.0001080 
1.0001715 
1.0002560 
1.0003615 
1.0005001 
1.0006656 
I.OOO86I4I* 
1.0010990 
I.OOI3729 
1.0016889 
1.002Q500 
1.0021595 
1.0029203 
1.0031*351* 
1.001*0081 
1.001*6103 
1.0053383 
1.0061022 
1,0069363 
1.0O78U35 
1.0088275 
1.0098911 
1.0110379 
1.0122712 
1.013591*3 
1.0150106 
1,016521*1 
1.0181378 
1,0198551* 
1,0216806 
1.0236178 
1,0256701 
1.02781*19 
1,0301372 
1,0325602 

{t^QexpUO0)]  = Q^CQ) + 12Q2exp[- ^ - 1]S(Q)} 
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S(Q) 

0.9999991*2 
0.99999531* 
0,999981*26 
0.99996267 
0,99992709 
0.99987398 
0.99979986 
0.99970122 
0.99957150 
0.9991*1620 
0,99922271* 
0,99899058 
0.99871612 
0,99839571* 
0.99802580 
0.99760263 
0.997122148 
0.99656161 
0.99597621 
0.99530235 
0.991556U 
0.99373315 
0.99283023 
0.99181*221; 
0.99076511* 
0.989591*1*3 
0.98832551* 
0,98695366 
0.9851*7381* 
0.98388091 
0.98216915 
0.98033381 
0.97836800 
0.97626571 
0.971*02023 
0.971621*37 
0.9690701*6 
0.96635021 
0.963151*60 
0.96037380 
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Table D-7a 

THE ROOTS t2[Qexp(100)] 

/v 

f 

Q 

0.00 
0.05 
o.io 
0,1$ 
0.20 
0.25 
0.30 
0.35 
o.Uo 
o.W 
o.5o 
o.55 
o.6o 
0.65 
0,70 
0.75 
0.80 
0.85 
0,90 
0.95 
1.00 
i.o5 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
l.lO 
i.li5 
1.50 
1.55 
1.60 
1.65 
1,70 
1.75 
1.80 
1,85 
1.90 
1.95 
2.00 

Real t' laag t/ 

i6'+7'+oc7+Ul 

Xfeö. ax. 

.28130215+01 
.2799b875+01 
ti>7afi^a33tl.H 
.27729385+01 
.2759^8l7-»-0l 
.?7a5SUH+ril 

io7liyj.2+ul 
iD7^i^5+ül 
Xoti7ü4t/^ui 

l7u2bü';i+jl 
i7iric>hi7-Hjl 

.27322,935-»-Ul 

.27185158+01 

.2690^707+01 

.20761520+01 
■ ^iSblnOOP + m 

i.71bv-ij?.1^0j. 
l72594v5+ül 

i7HÜ7b;:;7+jl 
i7f7ö77*t + L.l 

.26467875+01 

.263lö852+0l 
Kl6i62xi!t5+ai 
.tb00»t960 + ül 
.<;5a'*^5üä+01 
.25677992+0; 

i7t.lÖJ70 + ül 
i 767bbrc.+ ü* 
i77ö^oiv0+ul 
l77b7ut.-7+Ji 
l7ööUDvS+üi 

i.7V0b3LÖ+üA 

;79ö2*J^2+ui 
i79'4 72i2+ai 
i79Düu^7+üi 
i7'-)4cü70+ül 
x7JbkLan:.b+i.n 
i7ofcbJVb+üi 
i/üi7j/.d-» ji 
i.71.7ua.. U+i>l 
177020,1+01 
I70i79b6+Ji 
17^234 9+Jl 

.*i550el5e+01 

.2533o756+01 

.*:öl 5** 5«9+öl 

.2«*97ü5l4+ül 

.247ßlt*77+0l 

.^<tis^?5un+oi 

.2«+33tj9l3+ül 
•24l8b00ü+0l 
.^39 79.435+ül 
.«:377oll9+0l 
.^3b59242+01 
tr?33tth?9ü+ni 
.23139003+01 
.2293^309+01 

.225,+ 0620 + Üi 

.22357265+01 

.22184510+01 
A74212C3+ui 
i73129j9+di 

170übo' l + Jl 
iü9o9774*+dl 
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.d:2&2w3ü'*+01 

.21874151+01 
• 21137 Lt5+0i 
.21612025+01 
.2l49b270+01 
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Table D-7a (Cont'd) 

THE ROOTS t2[fc*p(100)] 

J 

Real t, 

2.0b 
2.0$ 
2.10 
2.15 
2,20 
2.25 
2.30 
2.361 
2.10 
2$ 
2.50 
2.5* 
2.60 
2.65 
2.70 
2.7$ 
2.80 
2.85 
2.90 
2.55 
3.qo 
3.05 
3.10 
3.15 
3.20 
3.S 
3.j 
3.: 
3.1 
3.i 
3-l2 3.1$ 
3.(0 
3.1$ 
3.'0 
3.1$ 
3.t 
3. 
3.J «MH 

•■V 

MM 

1685«f026"»-0l 

16626686+01 
16516397+01 
IftttQflquQ+ni 
1630^577+01 
16203<»65+01 
16105663+01 
160112^8+01 
15920132+01 
if>aa?275+ni 
15747594+01 
15665990+01 
15587355+01 
15511573+01 
15438530+01 
15368107*01 
15300190+01 
15234666+01 
15171427+01, 
15110366+01 
15051363+01 
uq94a6atni 
14939274+01 
14885968+01 
14634382+01 
14784439+01 
14736064+01 

146437«f0+01 
14599661+01 
14556H9l+ni 
14515372+01 
14475052+01 
14435aftg+01 
14397607+01 
14360769+01 
14324763+01 
I.42697HJ+0A 

.ai49«270+0l 
21395177+01 
21301945+01 
21217728+01 
21141686+01 
21073010+01 
21010945+01 
20954796+01 
20903931+01 
20857783+01 
20815848+01 
20777673+01 
20742860+01 
20711056+01 
20681949+01 
20655261+01 
20630749+01 
20608196+01 
20587411+01 
20568223+01 
20550482+01 
20534053+01 
20516816+01 
glI504f>h4+ni 
20i»91502+0l 
20479243+01 
20467810+01 
20457134+01 
20447154+01 
pnu37Ail->-ni 

20H2V057+01 
2042U8U4+01 
2Q413131+Q1 
20U05879+Ö1 
20399055+01 
2QL9i&27+01 
203665654 01 
20360645+01 
2037b442»Ql 
20370334+01 
20365500+01 

) 
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c 

1/Q 

Table D-7b 

THE ROOTS t2[Qexp(l00)] 

Real t. Imag t. 

( 

0.00 .^u'twrnui .J5t+b2rjS0 + ül 
0,01 .^Ü55y7:.3+ul sJbi+OfcO^Ü+Üi 
0.02 ., lir.^S.i-i.fl4 01 .ib«0^77ü+01 
0.03 .i.G7wyv-.'i2+üi .J5itÖ£:999+Ui 
O.Oli • tOrf^Oir 7+ül                    « O5t+üi439+01 
o.o5 • ^UÜ!iuau3±iil . .i'nirfiitlbH + IU-  
o.o6 .tlCKleljö + Jl .obi+0o25ü+Ül 
0.07 •tiitfclj.Ö + ül .3!3t4 0ü776 + ül 
0.08 t.£X£!*&U£±ül « iäbi*0t.tt2l+ül 
0.09 .«.134^776+01 -iämi^öl+Ol 
0,10 .^A^+i+tlOul + jl .oo'4lH7a/++Ul 
0.11 .^'SKitMVJl.b+ill ^SUlHA7H+ni 
0.12 .<.i6t)loi 9+ül ib^Soaib+ül 
0.13 .t:i7J47t£+ül 3Dit2^7bl+01 
O.lli .*:U:5f>^j<i+ül                   i L^b<*3u722±ül 
0,15 • »:i9Ö£CKi7+(Jl                    < jbu4Ha71+01 
0.16 .t^0o7Jab+Jl 03i+54294+ül 
0.17 .,   ^iT^r.»   3+fll A>>ufthiift+ni 
0.18 «^^tibtrÖ+Jl ^bq77462+01 
0,19 .«.^oöityLS+ui vibit9l463+Gl 
0.20 .t:t:*T9lV^0+wl   .. 30507260+01 
0.21 .^^5^9^.1+01 Jbb2499ä+Ül 
0.22 .«:^7ü7b79+Ul JbbU4830+01 
0.23 .^PlolcG+ul jbF.6i39l7+01 
0.21* .ti^^bÜDl+Ül ^b59l425+01 
0,25 • tJü^itiJsO+ul 35ölö525+Ül 
0.26 •c'il^siift+üi  JboHoJ^+Ql 
0.27 .*:325j'+vl + 01 3br>6i206+Ül 
0.28 '4.^3bilo7+ol 35717142+01 
0,29                      ! ^j>u7^D,'7+ai -,b75ö373+Ül 
0.30 ^3&öia-l4ül 35799067+01 
0,3L *:o6699^b+dl 055^5379+01 
0,32 ^797*^5+01             -    ' 35895443+01 
0.33 tö90ä7t5+ül 359'*937«*+01 
0.3li <.40ü8bi«9+01 3b007255+01 
0.35 «.4U1H72+Ü1 36069129+01 
0.36 ^»♦Ül2i49+01 3ol34996+01 
0.37 ^HälÜle^+Ül 3b204ÖG<*+0l 
0,38 «:'+tP5177+ül 3627fc«H$+01 _ , 
0.39 t4U96720-»-ül 3o35b749+01 
o.Uo <:(*5t}(*<*b2+01 3b43648l+01 

1^.25 

LOCKHEED  MISSILES & SPACE COMPANY 



- i .'■.:.-'  MM   I 

Table D-6a 

THE ROOTS t.CQexpdO0)] 

Real t. Imag z. 

0.00 .Ü*tlÜUu96+0l .41743283+Cl 
0.05 .ümbü^tA+Ül .41653433+01 
0.10      _, tti*ki\HnU***()} .4l56.1**9l+lil 
o.i5 • Ü^böocl+ül .4li»73360+01 
0.20 .^309163+01 .41382948+01 
0.25 .il.^L.lbt54..11 .41i>9^thA+fi1 
0.30 • ^44l360l-i>01 .41200889+01 
0.35 .^^«♦659^1+01 .41109043+01 
O.kO .^US17^Q4+1I1 ,4lnlh«ii7+ni 

o.U5 .Ü45Ö9773+Ü1 .40923210+01 
o.5o .^621i:if5+01 .40329017+01 
0.« .>a^7P3-\2+fil .4n73:-.A^2+ni 
0.60 .£*+7ÜÜ949+ul .40637550+01 
o.65 ^*»7730ö0+01 .405'*0062+01 
0.70 .>ttÄ^P2.d3*(^ .4Qit«*12A2+01 
0.75 .i;'*ö7098^+ül .403^1043+01 
0.80 .<i49iab7b+01 .40239301+01 
o.S'j . iUQAC, il Kxill ^Ol^b'^il+Ol 
0.90 .^5010740+01 +0030836+01 
0.95 .ci5054ö03+01 .39923923+01 
1.00 "^6097^^8+^1 .^Qfllhiofe+ni 
1.05 .2bl3799^+01 .39704312+01 
1.10 .251766^1+ül .39591479+01 
1.15 .^^5i:<i^B+ni .^q47ms<T6+ni 
1.20 .2b247Üü7+01 .09359550+01 
1.25 .25278100+01 392^0438+01 
1.30 25306032+01 39119271+01 
1.35 •25330493+01 .36996127+01 
1.10 .25351140+01 .38671125+01 
l.li5 ,*h?,67ot**ül .^rt744444+ül 
1.50 .^5379595+01 .38616313+01 
1.55 .•^5366717+01 .3b487026+ul 
1.60 .r,538«b77+til ,3h^5by4Ü+ül 

1.65 .25305197+01 .Oä22o476+01 
1.70 .«i537605C+ül 3809üll6+01 
1.75 .253610rtl+Ül 37966395+01 
1,80 •25340210+01 .37837891+01 

1.85 •25313450+01 3771120^+01 
1.90 ^5280915+01 37566945+01 

1.95 «:52**2ül7+01 37465703+01 
2.00 25199400+01 373^6039+01 

J 

D-26 3 
LOCKHEED MISSILES A  SPAC::   COMPANY 

fagKiif ISmWiJi, t—HtWWftft« 



( 

Table D-Öa (Cont'd) 

THE ROOTS t3[Qexp(i0
O)] 

Q Real t. Imag t. 

( 

c 

2.00 .*>5199u6b+ül .37348039+01 
2.05 .«^151^:7+01 .37234149+01 
2.10 i^Sü^hbriO-Hil t37l2t)356+ül 
2.15 .^bC42:lw3+ül .3702x101+01 
2.20 .t49ö<>4i2+ül .30921926+01 
2.25 tiJtSlbü&Ü-tül . AK^PTQQl+f.l 
2.30 • k'+bObi^c + ul .36739352+01 
2.35 .«:47oo77b-t-ol .3665b996+0l 
2.U0 .«.'♦7t.iio7+üi .Jü577635+01 
2.1*5 .^465i.^-;t,-»-ol .36[>04726+ül 
2.50 • «.'Ibo^HC^+ui .3643t>'+ö2+Ul 
2.55 .^i+e.lK^.l + ;)| .^^^7>Ael+rii 
2.60 >eLW47wö+Ql .iö3lo6Sl+01 
2.65 »t^tSöUti S + 'Jl - Jü25ü629+01 
-2.70 .^MSio/^vl+^Ll                .< > zäZQlltti+ül   _ 
2.75 .«.«+2^^ i, ü + vU .-6159929+01 
2.80 .t:4lbwc.,ti + üi .^6Jlo77l+ül 
2.85 ,^tl]Altiil4lli] ..''.«074.74h+(i] 
2.90 .^HtibL.^v^+'jl jöoSoe^^+oi 
2.95 >^59V/^7c+oA iü00ll6b+01 
3.00 «w39Juo7 5*üi .ü396C225+ü1 
3.05 >tit ült., t+Ji                      i .Jb937551+öl 
3.10 • tjritJüC't + Jl                     < ib90c986+ül 
3.15 >y .-.7 7ii.- nb+il                      . ..^HfMv^^S+pl 
3.20 >t:^7lci^io-» jl                       . 05Ü57537+Ü1 
3.25 .-orOLJ;   i + ul                                 . Jt)b3H362 + 01 
3.30 t.^LX-Lt/V+J.U       _._ „...   ._.. oiEl^7l2+ül 
3.35 t/jb^-iiH+ui                       . JD79t46Ö+01 
3.ii0 töSi/trl+Oi -.b77j525+01 
3.15 ^.•Jt»7Ll-i1iL4-'.J J                             . .jri75fi7ft0 + ni 
3.50 «;itt-:>c;/t+ji Jb73,9l4b+Ui 
3.55 fc33t>io. i + Jl 03723536+01 
3.60 t.^iÖL.y_^+iil   .     . vä7aoiJ77+(LL  
3.65 ^j.« ^7 j-, u +Ji Jjt9oü9&+01 
3.70 tOc CUH.. J+ Ji obf.8^i3b+Jl 
3.75 !Cv'fcl«ii*>ttjtLi   .         .       .     — • Jb.. 69930 + 01 
3.80 *.%il7b4r ci+ül                      « J5C5O«*27+ü1 

3.85 ^ulHlUC^-t-'Jl J6O/*756C+01 
3.90 iTJlÜHjl^+ji Jbt!373Hl+0J 
3.95 ..>,i öo^.v+ui COt^Voob+ül 
luOO c^b^HJ^i+jl                        . .ö-lüb^ + uj 
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Tatle D-8TD 

THE ROOTS t.[Qexp(i00)] 

J 

I/Q 

0.00 
0.01 
0.02 
0.03 
O.OI4 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.1U 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.2li 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.31* 
0.35 
0.36 
0.37 
0.38 
0.39 
0.U0 

Real t^ 

• 27602796m 
.27702808-t>01 
.27802873+01 
.27903Ü<t8+0l 
.28003391+01 
.28103955+U1 
.28201*795+01 
.28305963+01 
.28407010+01 
.2850946^+01 
.28611930+01 
.26714890+01 
.28818399+01 
.28922468+01 
.*i9027l74+01 
.29132476+01 
.29236396+01 
•293449^2+01 
.29452030+01 
.29559677+01 
•29667800+01 
•29776310+01 
•29885095+01 
•29994009+01 
•30102872+01 
•30211471+01 
•30319548+01 
•30426807+01 
•30532909+01 
•30637477+01 
•30740093+01 
•30840313+01 
•30937674+01 
•31031700+01 
•31121927+01 
•31207911+01 
•31289253+01 
•31365609+01 
•31436708+01 
•31502359+01 
•31562462+01 

0-28 

Imag t^ 

•47809450+01 
•47609466+01 
.'♦7009578+01 
•47609882+01 
.4781U475+01 
•47811458+01 
.47812934+01 
.'♦78lb008+0l 
.47817788+01 
.47821390+01 
.47825933+01 
.47831545+01 
.47638358+01 
.47846512+01 
.47856158+01 
.47867452+01 
.47880560+01 
.47895660+01 
.4791^937+01 
.47932585+01 
.47954607+01 
•47979612+01 
•46007617+01 
•46039036+01 
•48073689+01 
•46111980+01 
•46154106+01 
•46200244+01 
•46250545+01 
•46305114+01 
•46364016+01 
•48427255+01 
•48494770+01 
• 46'>66422+01 
•46641996+01 
•48721197+01 
•48803654+01 
•48688928+01 
•48976528+01 
•49065921+01 
•49156556+01 

' 

7 
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c 

Q 

0.00 
0.05 
0.10 
o.i5 
0.20 
0.25 
0.30 
0.35 
O.ho 
o.hS 
o.5o 
o.55 
o.6o 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
i.Uo 
1.U5 
i.5o 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Table D-9a 

THE ROOTS t^QexpdO0)] 

Real t. 

.30816536+01 
.30857147+01 
.30897832+01 
.30936558+01 
.30979293+01 
.31020003+01 
.31060653+01 
.31101207+01 
.311^1628+ül 
.31181876+01 
.31221908+01 
.31261679+01 
.31301140+01 
.31340239+01 
.31378919+01 
.31417118+01 
.31454769+01 
.31491798+01 
.31528126+01 
.31563666+01 
.3159832^+01 
.31631996+01 
.31664570+01 
•31695927+01 
.31725933+01 
.31754452+01 
•31781331+01 
•31806412+01 
•31829525+01 
.3185049I*+01 
•31869137+01 
•31885267+01 
•31896693+01 
•31909228+01 
•31916669+01 
.319209Q4+01 
•31921714+01 
•31918981+01 
• 3191259'»+01 
•31902475+01 
•31888577+01 

D-29 

Imag t, 

.53375807+01 
•53305541+01 
•53235219+01 
•53164781+01 
•53094171+01 
•53023331+01 
.52952201+01 
.52880721+01 
.52608832+01 
.52736473+01 
.52663563+01 
.52590100+01 
.52515963+01 
.524^1109+01 
.52365478+01 
.52289008+01 
.52211639+01 
.52133310+01 
.52053963+01 
.51973543+01 
•51891996+01 
• 5180927**+01 
•51725331+01 
•51640130+01 
•51553639+01 
•51465837+01 
•51376711+01 
•51286265+01 
•51194513+01 
•51101491+01 
•51007251+01 
•50911868+01 
•50815443+01 
•50718102+01 
•50619999+01 
•50521316+01 
•50422266+01 
•50323094+01 
•50224061+01 
•50125460+01 
•50027600+01 
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^able I>^a  (Cont'd) 

THE ROOTS t. [QexpClC0)] 

-meur 

Q Real t. Imag tj 

2.00 .31888577+01 .50027600+01 
2.05 .31870901+01 .49930800+01 
2.10 .318'*9**e7+01 49835385+01 
2.15 .3182^22"»-01 49741680+01 
2.20 .31795037+01 .49649996+01 
2.25 .31763905+01 .49560624+01 
2.30 .317268^0+01 .49473832+01 
2.35 .3169088^+01 49389853+01 
2.1i0 .31650309+01 .49308885+01 
2.1i5 .31607402+01 .49231081+01 
2.50 .31562463+01 .49156556+01 
2.55 .31515795+01 .49085385+01 
2.60 .31467695+01 .49017597+01 
2.65 .31416452>Ü1 .48953193+01 
2.70 .31368340+01 .48892136+01 
2.75 .31317614+01 .48834363+01 
2.80 .31266510+01 .48779788+01 
2.85 .31215240+01 .48726306+01 
2.90 .31163994+01 .48679800+01 
2.95 .31112940+01 .48634139+01 
3.00 .31062222+01 .48591190+01 
3.05 .31011967+01 .48550814+01 
3.10 .30962279+01 .48512871+01 
3.15 .30913246+01 .48477224+01 
3.20 .30864942+01                   < .48443736+01 
3.25 .30817425+01                   • .48412278+01 
3.30 .30770738+01 •48382722+01 
3.35 .30724920+01 .48354948+01 
3.1*0 .30679993+01 »48328840+01 
3.U5 .30635975+01 .46304290+01 
3.50 .30592877+01 .48281197+01 
3.55 .30550703+01 •48259464+01 
3.60 .30509451+01 .48238999+01 
3.65 .30469117+01 .48219720+01 
3.70 .30429693+01 .48201548+01 
3.75 .30391166+01 .48184408+01 
3.80 .30353524+01 >48168234+01 
3.85 .30316751+01 .48152960+01 
3.90 .30280830+01 »48138530+01 
3.95 .30245743+01 »48124866+01 
li.00 .30211472+01 »48111979+01 

D-30 
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Table D-9b 

( 

c 

1/Q 

0.00 
0.01 
0.02 
0.03 
O.Oli 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
P.lU 
o.i5 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.2k 
0.25 
0,26. 
0.2? 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.3U 
0.35 
0.36 
0.37 
0.38 
0.39 
o.ho 

THE ROOTS t^[Qexp(i00)] 

Real t. 

.35443St0+0l 
.3«*03355l+01 
.3^133631+01 
.3«*2338«f7+ül 
• 3^33<f265-f01 
. 3^3^955+01 
• 34535979-fOl 
• 34637^01-t-01 
.34739277+01 
.34641663+01 
.34944607+01 
•35048151+01 
.35152327+01 
.35257157+01 
«35362649+01 
.3tJ468797+01 
.35575573+01 
.35682929+01 
.35790791+01 
.35899048+01 
.36007562+01 
.36116149+01 
•36224581+01 
.36332583+01 
.36439829+01 
.36545938+01 
.36650460+01 
.36752980+01 
.36852925+01 
.36949777+01 
.37042991+01 
.37132034+01 
.37216411+01 
.37295680+01 
.37369483+01 
.37437554+01 
.37499733+01 
.37555969+01 
.37606318+01 
.37650929+01 
.37690035+01 

D-3I 

Iraag t, 

.58774616+01 
.58774635+01 
.58774773+01 
.58775146+01 
.58775676+01 
.56777090+01 
.58778910*01 
.58761473+01 
.58764914+01 
.58789381+01 
.58795028+01 
.58802017+01 
.58610521+01 
.58820723+01 
•58832620+01 
•58647016+01 
•56863534+01 
•58682601+01 
•58904456+01 
•56929350+01 
•58957536+01 
•56989267+01 
•59024795+01 
•59064355+01 
•59108163+01 
•59156404+01 
•59209213+01 
.59266670+01 
.59326766+01 
.59395462+01 
.59466569+01 
'59541642+01 
.59620677+01 
.59703237+01 
.59788392+01 
.59675751+01 
.59964689+01 
.60054573+01 
.60144786+01 
•60234742+01 
•60323913+01 
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Table D-lOa 

THE ROOTS t^[Qexp(i0o)] 

■^^T 

Q 

0.00 
0.05 
0.10 
o.i5 
0.20 
0.25 
0.30 
0.35 
o.Uo 
o.h5 
o.5o 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
l.UO 
1.U5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real t? 

.36860886+01 
• 3689<t825+01 
.36928803+01 
•36962797+01 
.36996766+01 
.370307(^+01 
• 3706<t6<t8+01 
•37098173+01 
•37132192+01 
•37165778+01 
•37199203+01 
.37232137+01 
•37265446+01 
•37298196+01 
•37330651+01 
•37362769+01 
•37394509+01 
• 37tt25a2t+01 
•37456Ö64+01 
•37486976+01 
•37516701+01 
.37545777+01 
•37574136+01 
•37601706+01 
•37628408+01 
•37654158+01 
•37678869+01 
•37702444+01 
•37724783+01 
.37745760+01 
•37765322+01 
•37783295+01 
•37799578+01 
•37814049+01 
•37626562+01 
•37837055+01 
•37845346+01 
•37851334+01 
•37854911+01 
•37855974+01 
•37854432+01 

D-32 

Imag t^ 

•63644927+01 
•63786166+01 
•63727403+01 
•63666540+01 
•63609558+01 
•63550414+01 
•63491069+01 
•63431481+01 
•63371609+01 
•63311411+01 
•63250846+01 
•63189871+01 
•63128444+01 
•63066524+01 
•63004069+01 
•62941036+01 
•62877384+01 
•62813072+01 
•62746061+01 
•62682311+01 
•62615784+01 
•62548445+01 
•62480260+01 
•62411197+01 
•62341232+01 
•62270338+01 
•62196499+01 
•62125701+01 
•62051939+01 
•61977216+01 
•61901542+01 
•61824939+01 
•61747440+01 
•61669091+01 
•61589951+01 
•61510096+01 
•61429614+01 
•61346616+01 
•61267223+01 
•61185579+01 
•61103842+01 

1 .^^P 
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Table D-lOa (Cont'd) 

TH4 ROOTS t^[Qexp(i0o)] 

Real t. Imag t. 

^ 

2.00 
2.05 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.1i0 
2.1*5 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.U0 
3.1i5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
U.OO 

.5785^32+01 
.37850212+01 
.378*»3257+01 
.37833533+01 
.37821025+01 
•37805746+01 
.37787735+01 
.37767056+01 
.377'*3800+01 
.37718081+01 
.37690035+01 
.37659821+01 
.37627609+01 
.37593585+01 
.37557939+01 
.37520871+01 
.37^82575+01 
.37443247+01 
.37U03075+01 
.37362238+01 
•37320907+01 
.37279237+01 
•37237375+01 
.37195452+01 
.37153587+01 
•37111886+01 
.37070m*l+01 
•37029333+01 
•36986633+01 
.369H8100+01 
•36906685+01 
•36669526+01 
•36830965+01 
•36793022+01 
•36755719+01 
•36719073+Ql 
•36663095+01 
•366^7790+01 
•36613163+01 
•36579213+01 
•36545939+01 

.61103842+01 
•61022185+01 
.60940795+01 
•60859871+01 
•60779618+01 
•60700251+01 
•60621980+01 
•60545015+01 
•60469557+01 
•60395799+01 
•60323914+01 
•60254060+01 
•60186370+01 
•60120960+01 
•60057914+01 
•59997299+01 
•59939155+01 
.59883499+01 
•59830329+01 
•59779622+01 
.59731340+01 
•59665432+01 
•59641834+01 
•59600470+01 
•59561263+01 
•59524126+01 
•59488970+01 
.59455705+01 
•59424239+01 
.59394483+01 
•59366344+01 
.59339739+01 
•59314582+01 
.59290790+01 
•59268288+01 
•59246998+01 
•59226652+01 
.59207781+01 
•59189723+01 
.59172615+01 
•59156403+01 
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Table D-lOb 

THE ROOTS t^[Qexp(i00)] 

J 

1/Q Real tr Imag tt 

0.00 .39720666+01 .68798215+01 
0.01 ►39820681+01 .66796237+01 
0.02 .39920773+01 .66790396+01 
0.03 .40021025+01 .68796836+01 
O.Olj. .4012151U+01 .6879969**+01 
0.05 .40222316-1-01 .68801116+01 
0.06 ► 40323509+01 .66803255+01 
0.07 .401*25150+01 .66806268+01 
0.08 .40527331+01 .66810321+01 
0.09 .4063006^+01 .66615593+01 
0.10 .40733467+01 .66822266+01 
0.11 .40837520+01 .66630542+01 
0.12 .409^2267+01 .066*0633+01 
0.13 .410*»77l7+01 .66852763+01 
o,ih .41153859+01 .66867172+01 
0.15 .41260657+01 .6660*'117+01 
0.16 .41368047+01 .68903863+01 
0.17 .41«»75926+01 »66926690+01 
0.18 .41584157+01 .689528S*+01 
0.19 .41692553+01 .66982737+01 
0.20 .41600872+01 .69016535+01 
0.2L .41908821+01 .69054553+01 
0.22 .420160(40+01 .69097043+01 
0.23 .42122108+01 .69144218+01 
0.2h .42226545+01 .69196239+01 
0.25 .42328812+01 .69253198+01 
0.26 .42*28326+01 .69315096+01 
0.27 .42524485+01 .69381641+01 
0.28 .42616669+01 .69453217+01 
0.29 .42704288+01 .69528897+01 
0.30 .42786801+01 .69608439+01 
0.31 .42663745+01 .69691294+01 
0.32 .42934760+01 .69776835+01 
0.33 .42999607+01 .69864375+01 
0.3U •43058176+01 .69953205+01 
0.35 43llO46'*+0l 70C42621+01 
0.36 .43156666+01 .70131952+01 
0.37 .43196961+01 .70220569+01 
0.38 .43231665+01 .70307995+01 
0.39 43261217+01 .70393718+01 
o.ao .43285970+01 .70477390+01 
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Table D-Ha 

THE ROOTS t^QexpdgO0)] 

Real t-, Imag t-j^ 

( 

0,00 .509396H8-00 •88230059-00 
0.05 ,550731^-00 •90683108-00 
0.10 .58978919-00 •93131179-00 
0.15 •62665622-00 •95569418-00 
0.20 .661<tl8<»5-00 •97993130-00 
0.25 •69416117-00 •10039762+01 
0.30 • T2f969Ö2-Ör .1027792Ö+Ö1 
0.35 •75392590-00 •10513325+01 
o.Uo •78111483-00 •10745620+01 
0.15 •80661786-00 •10974459+01 
o.5o •83051591-00 •11199524+01 
o.55 .85288865-00 •11420530+01 
0.60 .87381428-00 • 11637223+01 
0.65 •89336942-00 •11849383+01 
0.70 •91162886-00 •12056822+01 
b.75 •92866546-00 •12259381+01 
0.80 •94454993-00 •12456937+01 
0.85 •95935072-00 •12649392+01 
0.90 •97313388-00 •12836681+01 
0.95 •98596291-00 •13018763+01 
1.00 •99789871-00 •13195624+01 
1.05 • 100899944-01 •13367270+01 
1.10 • 10193206^-01 •13533732+01 
1.15 .10289147+01 •13695059+01 
1.20 •10378318+01 •-I3851314+01 
1.25 .10461190+01 •14002578+01 
1.30 .10538206+01 •14148943+01 
1.35 .10609785+01 •14290514+01 
l.liO .10676316+01 .14427401+01 
i.ii5 .10738168+01 •14559724+01 
i.5o •10795682+01 •14687608+01 
1.55 •10849177+01 •14811183+01 
1,60 •10698950+01 •14930580+01 
1.65 •10945276+01 •15045933+01 
1.70 •10988413+01 •15157377+01 
1.75 •11028597+01 •15265045+01 
1.80 .11066048+01 •15369071+01 
1.85 .11100970+01 •15469586+01 
1.90 .11133550+01 •15566720+01 
1.95 •11163964+01 •15660599+01 
2.00 •11192370+01 •15751348+01 
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Table D-lla (Cont^) 

THE ROOTS t^QexpUgO0)] 

Real ti Imag t1 

2.00 •11192370+01 .15751348+01 
2.05 .11218916+01 .15839086+01 
2.10 .112<»37<»3+01 .15923932+01 
2.15 •11266972+01 .16005997+01 
2.20 •11288721+01 .16085393+01 
2.25 •11309098+01 .16162225+01 
2.30 •11328202+01 .16236594+01 
2.35 .113H6122+01 .16308599+01 
2.U0 •11362945+01 .16378335+01 
2.15 •11378746+01 .16445892+01 
2.50 •11393599+01 •16511357+01 
2.55 •11407569+01 •16574814+01 
2.60 •11420716+01 •16636341+01 
2.65 •11433099+01 •16696017+01 
2.70 •11444767+01 •16753913+01 
2.75 •11455770+01 •16810100+01 
2.60 •11466153+01 •16864645+01 
2.85 •11475956+01 .16917612+01 
2.90 •11485217+01 .16969062+01 
2.95 •11493973+01 .17019053+01 
3.00 •11502254+01 .17067642+01 
3.05 •11510093+01 .17114882+01 
3.10 •11517517+01 .17160823+01 
3.15 •11524551+01 •17205515+01 
3.20 •11531221+01 .17249004+01 
3.25 •11537549+01 .17291335+01 
3.30 •11543556+01 .17332550+01 
3.35 •11549261+01 .17372690+01 
3.1*0 •11554683+01 •17411794+01 
3.1*5 •11559837+01 •17449899+01 
3.50 •11564741+01 •17407041+01 
3.55 •11569409+01 •17523253+01 
3.60 •11573854+01 •17558569+01 
3.65 .11578089+01 •17593019+01 
3.70 .11582126+01 •17626633+01 
3.75 .11585976+01 •17659440+01 
3.80 .11589651+01 •17691468+01 
3.85 .11593158+01 •17722742+01 
3.90 .11596508+01 .17753287+01 
3.95 .11599709+01 •17783128+01 
14.00 .11602769+01 •17812288+01 
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Table D-llb 

THE ROOTS t^QexpdgO0)] 

Real t^ Imag t^ 

c 

o.oo 
0.01 
0.02 
0.03 
o.oU 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
O.lii 
o.i5 
0.16 
0.17 
0.18 
0.19 
0,20 
0.21 
0.22 
0.23 
0.2U 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.3h 
0.35 
0.36 
0.37 
0.38 
0.39 
O.ltO 

t 

.U690537*01 
•11690530+01 
• 11690<»e<l+01 
•11690357+01 
•11690112+01 
.11689712+01 
•11689119+01 
•11688297+01 
•11687213+01 
•11685834+01 
•11684127+01 
•11682063+01 
•11679614+01 
•11676751+01 
•11673449+01 
•11669686+01 
•11665440+01 
.11660689+01 
•11655417+01 
•11649606+01 
•11643243+01 
•11636315+01 
•11628812+01 
•11620723+01 
.11612044+01 
•11602769+01 
•11592893+01 
•11582417+01 
•11571340+01 
•11559664+01 
•11547391+01 
•11534528+01 
•11521081+01 
•11507056+01 
•11492462+01 
•11477311+01 
•11461612+01 
•11445378+01 
•11428622+01 
•11411357+01 
•11393599+01 

D-37 

•20248604+01 
•20148608+01 
•20048635+01 
•19948709+01 
•19848854+01 
•19749093+01 
•19649450+01 
.19549949+01 
.19450615+01 
•19351472+01 
•19252546+01 
.19153662+01 
•19D55446+01 
•18957322+01 
•18859518+01 
•18762060+01 
•18664973+01 
•18568285+01 
7I8472Ö22+ÖI 
•18376211+01 
.18280877+01 
.18186048+01 
.18091749+01 
.17998006+01 

_ a790484^+Trr_ 

•17812288+01 
•17720362+01 
•17629091+01 
•17538497+01 
•17448602+01 
T173S94jf+or_ 

•17270994+01 
•17183322+01 
•17096430+01 
.17010335+01 
•16925054+01 
•16840602+01 
•16756993+01 
•16674242+01 
•16592360+01 
•16511358+01 
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Table D-12a 

THE ROOTS t2[Qexp(i900J] 

) 

Q Real t. Imag t. 

0.00 .16240968+01 .28130215+01 
0.05 .lb373a99-»-0l .26207200+01 
0.10 .16505087+01 .26284293+01 
Q.15 .16636761+01 .26361597+01 
0.20 .16766335+01 .28439202+01 
0.25 .16894426+01 .28517189+01 
0.30 .17020858+01 .26595623+01 
0.35' .17145458+01 .28674561+01 
o.ao .17266061+01 .28754041+01 
O.li* .17386508+01 .26634087+01 
o.5o .17506648+01 .28914711+01 
o.55 .17622338+01 .26995907+01 
0.60 .17735447+01 .29077655+01 
0.65 .17845651+01 .29159922+01 
0.70 .17953442+01 .29242662+01 
0.75 .18056122+01 .29325617+01 
0.80 .16159607+01 .29409315+01 
0.85 .16256424+01 .29493079+01 
0.90 .16353920+01 .29577022+01 
0.95 .16446250+01 .29661050+01 
1.00 .16535367+01 .29745065+01 
1.05 .16621316+01 .29826966+01 
1.10 .16704041+01 .29912650+01 
1.15 .16783571+01 .29996014+01 
1.20 .16859931+01 .30078954+01 
1.25 .16933159+01 .30161373+01 
1.30 .19003303+01 .30243175+01 
1.35 .19070416+01 .30324267+01 
i.ao .19134571+01 .30404563+01 
1.1*5 .19195833+01 .30483984+01 
i.5o .19254284+01 .30562455+01 
1.55 .19310006+01 .30639908+01 
1.60 .19363093+01 .30716285+01 
1.65 .19413629+01 .30791529+01 
1.70 .19461711+01 .30665596+01 
1.75 .19507433+01 .30938444+01 
1.80 .19550891+01 .31010041+01 
1.85 .19592160+01 .31080356+01 
1.90 .19631394+01 .31149375+01 
1.95 .19666627+01 .31217076+01 
2.00 .19703971+01 .31263449+01 

) 
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c 

c 

c 

Q 

2.00 
2.05 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.1*0 
2.1i5 
2.50 
2.55 
2.60 
2.65 
2.70 
"2.75 
2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.1*0 
3.^ 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
iuOO 

Table D-12a (Cont'd) 

THE ROOTS t2[Qexp(l90O)] 

Real t2 

.19703971+01 

.197375im-01 

.197693i»5+0l 

.197995«*8+01 

.19826204-I-01 

.19855393+01 

.19881190+01 

.19905668+01 

.19928897+01 

.199509**2+01 

.19971868+01 

.19991735+01 

.20010599+01 

.20028516+01 

.20045537+01 

.20061710+01 

.20077083+01 

.20091698+01 

.20105598+01 

.20118821+01 

.20131405+01 

.20143383+01 

.20154789+01 

.20165654+01 

.20176007+01 

.20185876+01 

.20195286+01 

.20204262+01 

.20212828+01 

.20221003+01 

.20226811+01 

.20236269+01 

.20243396+01 

.20250209+01 

.20256723+01 

.20262956+01 

.20268920+01 

.20274629+01 

.20280097+01 

.20285335+01 

.20290355+01 

D-39 

Imag tg 

.31283449+01 

.31348488+01 

.31412192+01 

.31474563+01 

.31535608+01 

.31595334+01 

.31653754+01 

.31710882+01 

.31766734+01 

.31821331+01 

.3iP.74689+01 

.31926833+01 

.31977783+01 

.32027563+01 

.32076198+01 

.32123711+01 

.32170129+01 

.32215475+01 

.32259775+01 

.32303054+01 

.32345339+01 

.32386653+01 

.32427022+01 

.32466470+01 

.32505021+01 

.32542700+01 

.32579529+01 

.32615531+01 

.32650730+01 

.32685146+01 

.32718801+01 

.32751718+01 

.32783915+01 

.32615412+01 

.32846230+01 

.32876386+01 

.32905900+01 

.32934788+01 

.32963068+01 

.32990758+01 

.33017873+01 
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Table D-l2b 

THE ROOTS  t2[Qexp(i900)] 

Real t. Imag t. 

->        1 

0.00 .20<»397<*7-f0l .35402680+01 
0.01 .20U39735+01 .35302667+01 
0.02 .20<*39653-»-01 .35202735+01 
0.03 .20<f39^31-t-01 .35102864+01 
o.oU .20<*39000-»-Ol .35003117+01 
o.o5 .20«*38296+0l .34903537+01 
0.06 .204372534-01 .3^804164+01 
0.07 .20U35807+01 .3«*705043+01 
0.08 .20433900't-Ol .31606218+01 
0,09 .20**3m7'*+0l .34507734+01 
0.10 .20420476-1-01 .34409638+01 
0.11 .20424856+01 .34311976+01 
0.12 .20420567+01 .34214798+01 
0.13 .20415565+01 .34118150+01 
O.lli .20409812+01 .34022083+01 
0.15 .20403274+01 .33926647+01 
0.16 .20395921+01 .33831892+01 
0.17 .20387726+01 .33737867+01 
0.13 .20378670+01 .33644625+01 
0.19 .20368735*01 .33552213+01 
0.20 .20357911+01 .33460682+01 
0.21 .20346190+01 .33370079+01 
0.22 .20333570+01 .33280452+01 
0.23 .20320053+01 .33191847+01 
0.2h .20305644+01 .33104306+01 
0.25 .20290355+01 .33017874+01 
0.26 .20274199+01 .32932588+01 
0.27 .20257194+01 .32848466+01 
0.28 .20239362+01 .32765604+01 
0.29 .20220727+01 .32683972+01 
0.30 .20201316+01 .32603621+01 
0.31 .20181160+01 .32524576+01 
0.32 .20160286+01 .32446860+01 
0.33 .20138735+01 .32370492+01 
0.3li .20116536+01 .32295490+01 
0.35 .20093727+01 .32221867+01 
0.36 .20070346+01 .32149633+01 
0.37 .20046432+01 .32078795+01 
0.38 .20022022+01 .32009356+01 
0.39 .19997155+01 .31941324+01 
O.liO .19971868+01 .31874690+01 
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Table D-l3a 

THE ROOTS t3[Qexp(i900)] 

Q Real t. Imag t. 

( 

0.00 .24100496+01 .11713283+01 
0.05 .2419020^01 .11795158+01 
0.10 .24279597+01 .11817085+01 
0.15 .21368585+01 .11899115+01 
0.20 .2W57077+01 .11951293+01 
0.25 .2<f54<»986+01 .12003668+01 
0.30 •24632221+01 .12056277+01 
0.35 .21718698+01 •^2109157+01 
O.iiO .21801330+01 .12162312+01 
o.li5 .21889033+01 .12215855+01 
o.5o .21972726+01 .12269722+01 
0.55 .25055327+01 .12323957+01 
0.60 .25136758+01 .12378571+01 
0.65 .25216915+01 .12133567+01 
0.70 .25295811+01 .12188915+01 
0.75 .25373298+01 .12511696+01 
0.80 .25119331+01 .12600808+01 
0.85 .25523853+01 .12657263+01 
0.90 .25596808+01 .12711031+01 
0.95 .25668113+01 .12771091+01 
1.00 .25737813+01 .12828109+01 
1.05 .25805777+01 .12885939+01 
1.10 .25872001+01 .12913615+01 
1.15 .25936155+01 .13001180+01 
1.20 .25999111+01 .13059397+01 
1.25 .26059961+01 .13117315+01 
1.30 .26118991+01 .13175276+01 
1.35 .26176190+01 .13233135+01 
l.IiO .26231561+01 .13290869+01 
l.Ii5 •26285110+01 .13318127+01 
1.50 .26336818+01 .13105757+01 
1.55 •26386791+01 .13162807+01 
1.60 •26131956+01 .13519527+01 
1.65 .26181371+01 •13575872+01 
1.70 •26526069+01 .13631793+01 
1.75 •26569071+01 .13687219+01 
1.80 •26610121+01 .13712198*01 
1.85 .26650157+01 .13796605+01 
1.90 •26688313+01 •13850131+01 
1.95 •26721935+01 •13903617+01 
2.00 •26760065+01 •13956221+01 
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Table D-l3a  (Cont!d) 

THE ROOTS t,[Qexp(i900)] 

) 

Q Real t. Imag to 

2.00 •26760065*01 •*39S6221*01 
2.0^ .267937H9*01 •**008129*01 
2.10 •26626032*01 •**0593*8*01 
2.15 •26856962*01 •**109857*01 
2.20 •26886583*01 •**159638*01 
2.25 • 2691<»9<f4*01 •**208678*01 
2.33 .269(12090*01 •**256963*0l 
2.35 •26968066*01 •**30**8**01 
2.U0 •26992921*01 .**35123**01 
2.145 .27016696*01 •**397206*01 
2.50 • 27039<»38*01 •****2*01*01 
2.55 •27061187*01 •***86815*01 
2.60 .27081986*01 •**53ff**7*01 
2.65 •27101876*01 •**573302*01 
2.70 •27120896*01 •**615381*01 
2.75 .27139084*01 •**656691*01 
2.80 •27156*77*01 •**697236*01 
2.85 •27173112*01 •**737026*01 
2.90 •27189021*01  ' •**776Ö66*01 
2.95 •2720*239*01 •**81*365*01 
3.00 •27218796*01 •**851935*01 
3.05 •27232722*01 .**88878**01 
3.10 •272*6048*01 •**92*925*01 
3.15 •27258801*01 •**960366*01 
3.20 •27271008*01 •**99512I^0I 
3.25 •27282693*01 •*5029200*01 
3.30 •27293883*01 •*5062616*01 
3.35 •2730*598*01 •*50953B5*01 
3.U0 •2731*862*01 •*5127513*01 
3.^5 •2732*696*01 •*5159016*01 
3.50 •2733*12Ö*l)ni ^»*5l899Ö6*0l 
3.55 •273*3153*01 •*5220196*01 
3.60 •27351813*01 •*52*9898*01 
3.65 •27360117*01 •*5279025*Ö1 
3.70 •2736808**01 •*5307586*01 
3.75 •27375726*01 •*5335601*01 
3.80 •Z7385061*0i •*536S075*Tn 
3.85 •27390102*01 •*5390023*01 
3.90 •27396861*01 •*5*16*56*01 
3.95 •27*03353*01 •*5**2387*Ö1 
U.00 •27*09590*01 •*5*6782**01 

) 
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Table D-l3b 

THE ROOTS t3[Qexp(i900)] 

Real t. 

0.00 ,27602T98>01 
0.01 • 276027834-01 
0.02 .27602672401 
0.03 .27602372401 
o.oU .27601791401 
0.05 •27600039401 
0.06 .27599*29401 
0.07 .27597<»80401 
0,08 .2759U912401 
0.09 •27591651401 
0.10 .27587628401 
0.11 .27582781401 
0,12 .2757705*401 
0.13 .27570396401 
O.lli .2756276*401 
0.15 .2755*122401 
0.16 .275****1401 
0.17 .27533703401 
0.18 .27521891401 
0.19 •27509002401 
0.20 .27*95036401 
0,21 •27*80002401 
0,22 •27*63916401 
0.23 .27**6799401 
0.2U .27*28679401 
0.25 .27*09590401 
0.26 .27389570401 
0.27 .27368661401 
0.28 .273*6909401 
0.29 .2732*36*401 
0.30 .27301078401 
0.31 .27277102401 
0.32 •27252*95401 
0.33 •27227309401 
0.3U •27201603401 
0.35 •27175*29401 
0.36 •271*88**401 
0.37 •27121900401 
0.38 •2709*651401 
0.39 •270671*8401 
O.UO .27039*38401 

Imag to 

7*7809*50401 
•*7709*60401 
•*760952*401 
•*7S09699401 
•*7*100*2401 
•*7310609401 
•*72ll*60401 
•*7112653401 
•*701*252401 
•*69l63174öl 
•*6818916401 
.*6722112401 
;^662597640l~ 
.«»6530573401 
.*6*35975401 
.*63*2251401 
.*62*9*72401 
.*6157707401 
.*6067Ö23401 
•*5977*87401 
•*5889166401 
•*5802120401 
.*5716*10401 
.*5632090401 
.*^5*92IT»irr 
•*5*67e25401 
•*5387969401 
•*S309682401 
•*5232997401 
•*51579*1401 
• f5I)8*53*40I 
•*501279*401 
•4*9*2732401 
.**87*35*401 
•**807661401 
•**7*26*9401 
•**679311401 
•**617635401 
•**55760*401 
•***99201401 
•****2*02401 
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Table D-li^a 

THE ROOTS t. [Qexp(i900}] 

.) 

Q Real t. Imag t. 

0.00 .30816536+01 .53375807+01 
0.05 .30886730+01 .53416375+01 
0.10 .30956761+01 .53456976+01 
o.i5 .31026572+01 .53497639+01 
0.20 .31096106+01 .53538398+01 
0.25 .31165313+01 .53579280+01 
0.30 .3123*tl32+01 .53620312+01 
0.35 .31302510+01 .53661520+01 
o.ho .31370393+01 .53702927+01 
o.U5 .31437729+01 .53744553+01 
o.5o .3150^62+01 .53786417+01 
o.55 .3157Ü5U0+01 .53828534+01 
0.60 .31635914+01 .53870916+01 
0.65 .31700533+01 .53913572+01 
0.70 .317643U6+01 .53956509+01 
0.75 .31827307+01 .53999729+01 
0,80 .31889369+01 .54043232+01 
0.85 .31950489+01 .54087012+01 
0.90 .32010623+01 .54131063+01 
0.95 .32069733+01 .54175375+01 
1.00 .32127779+01 .54219936+01 
1.05 .32184727+01 .54264727+01 
1.10 .32240544+01 .54309730+01 
1.15 .32295202+01 .54354922+01 
1.20 .32348672+01 .54400281+01 
1.25 .32400932+01 .54445779+01 
1.30 .32451962+01 .54491387+01 
1.35 .32501744+01 .54537077+01 
l.liO .32550267+01 .54582618+01 
1.U5 .32597519+01 .54628575+01 
1.50 .32643494+01 .54674318+01 
1.55 .32688188+01 .54720011+01 
1.60 .32731601+01 .54765622+01 
1.65 .32773736+01 .54811117+01 
1.70 .32814599+01 .54856462+01 
1.75 .32854199+01 .54901624+01 
1.80 .32892546+01 .54946572+01 
1.85 .32929657+01 .54991274+01 
1.90 .32965545+01 .55035700+01 
1.95 .33000231+01 .55079822+01 
2.00 .33033734+01 .55123612+01 

) 
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Table D-ll^a (Cont»d) 

THE ROOTS t. [Qexp(i900)l 

Q Real t, Imag t. 

( 

2.00 .33033734+01 .55123612+01 
2.05 .33066077+01 .55167043+01 
2.10 .33097284+01 .55210094+01 
2.15 .33127379+01 .55252739+01 
2.20 .33156388+01 .55294959+01 
2.25 .33184340+01 .55336734+01 
2.30 .33211262+01 .55378047+01 
2.35 .33237182+01 .55418881+01 
2.hO .33262130+01 .55459224+01 
2.U5 .33286133+01 .55499062+01 
2.50 .33309224+01 .55538385+01 
2.55 .33331429+01 .55577182+01 
2.60 .33352780+01 .55615447+01 
2.65 .33373304+01 .55653173+01 
2.70 .33393031+01 .55690355+01 
2.75 .33411988+01 .55726989+01 
2.80 .33430205+01 .55763072+01 
2.85 .33447707+01 .55796603+01 
2.90 .33464523+01 .55833582+01 
2.95 .33480678+01 .55868008+01 
3.00 ,33496197+01 .55901684+01 
3.05 .33511106+01 .55935213+01 
3.10 .33525429+01 .55967996+01 
3.15 .33539189+01 .56000238+01 
3.20 .33552409+01 .56031942+01 
3.25 .33565110+01 .56063114+01 
3.30 .33577313+01 .56093760+01 
3.35 .33589041+01 .56123684+01 
3.1i0 .33600311+01 .56153493+01 
3.1i5 .33611143+01 .56182595+01 
3.50 .33621554+01 .56211194+01 
3.55 .33631564+01 .56239299+01 
3.60 .33641188+01 .56266917+01 
3.65 .336504421-01 .56294055+01 
3.70 .33659343+01 .56320722+01 
3.75 .33667904+01 .56346925+01 
3.80 .33676141+01 .56372671+01 
3.85 .33664066+01 .56397968+01 
3.90 .33691694+01 .56422825+01 
3.95 .33699036+01 .56447249+01 
U.00 .33706104+01 .56471249+01 
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Table D-lij-b 

THE ROOTS t. [Qexp(i90o)] 

) 

Q Real ti Iraag ti 

0,00 
0.01 
0.02 
0.03 
o.ou 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
O.lii 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.2U 
0.25 
0,26 
0.27 
0.28 
0.29 
0,30 
0,31 
0,32 
0,33 
0.3i4 
0,35 
0.36 
0.37 
0,38 
0.39 
O.liO 

.339335U0+0.1 

.33933521+01 

.3393338't+Ol 

.33933015+01 

.33932301+01 

.33931132+01 

.33929402+01 
,33927012+01 
.33923870+01 
.33919885+01 
.33911980+01 
.33909085+01 
,33902137+01 
,3389108'*+01 
,3388H88'*+01 
,33871505+01 
,33862925+01 
,33850135+01 
.33836132+01 
.33820928+01 
.338015UO+01 
.33786996+01 
,33768333+01 
,33718596+01 
,33727831+01 
,33706101+01 
.33683168+01 
,33659989+01 
,33635735+01 
,33610777+01 
,33585181+01 
.33559028+01 
.33532379+01 
.33505305+01 
,33177871+01 
,33150151+01 
.33122198+01 
.33391075+01 
.33365837+01 
,33337537+01 
.33309221+01 

D-1|J6 

.58771616+01 

.58671627+01 

.58571706+01 

.5?'471922+01 

.58375311+01 

.58276011+01 

.58177093+01 

.53076567+01 

.57980513+01 

.57683102+01 
,57786323+01 
.57690293+01 
.57595095+01 
.57500817+01 
.57107515+01 
.57315366+01 
.57221368+01 
.57131631+01 
.57016216+01 
.56959285+01 
.56873823+01 
,56789931+01 
.56707671+01 
.56627108+01 
.56518285+01 
,56171250+01 
,56396038+01 
.56322680+01 
.56251196+01 
.56181600+01 
.56113901+01 
,56018098+01 
.55981186+01 
.55922150+01 
.55861971+01 
.55603631+01 
,55717103+01 
.55692319+01 
.55639337+01 
.55588029+01 
.55538385+01 

) 
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Table D-l^a 

THE ROOTS t^[Qexp(l900)] 

Q Real tr Imag tf 

€ 

f 

0.00 •36860866401 •63844927+01 
0.05 .3691956^01 •63878842+01 
0.10 • 36978161m •63912781+01 
o.i5 .37036636*01 •63946763+01 
0.20 .3709«»910*01 •63980813+01 
0.25 .37152964+01 •64014950+01 
0.30 .37210759+Ö1 •64049195+01 
0.35 .37268256+01 •64083566+01 
o.Uo •37325416+01 •64118081+01 
o.li5 •37382205+01 •64152755+01 
o.5o .37438560+01 •64187605+01 
0.55 .37494504+01 •64222641+01 
0.60 .375499iU+0r •64257877+01 
0.65 •37604855+01 •64293320+01 
0.70 •37659209+01 •64328977+01 
0.75 •37712968+01 •64364855+01 
0.80 •37766098+01 •64400955+01 
0.85 .37818565+01 •64437261+01 
0.90 •37870337+01 •64473829+01 
0.95 •37921382+01 •64510596+01 
1.00 •37971670+01 •64547577+01 
i.o5 •38021173+01 •64584764+01 
1.10 .38069863+01 •64622149+01 
1.15 •38117716+01 •64659718+01 
1.20 •38164707+01 •6469746U+01 
1.25 •38210814+01 •64735358+01 
1.30 •38256019+01 •64773397+01 
1.35 •38300303+01 •64811558+01 
1.1*0 •38343649+01 •64849821+01 
1.U5 .38386045+01 •64888166+01 
i.5o .38427479+01 •64926571+01 
1.55 .38467941+01 •64965013+01 
1.60 •38507426+01 •65003470+01 
1.65 •38545927+01 •65041917+01 
1.70 •38583442+01 ,65080331+01 
1.75 •38619971+01 •65118687+01 
1.80 •38655514+01 •65156960+01 
1.85 •38690076+01 •65195129+01 
1.90 •38723662+01 •65233168+01 
1.95 •36756279+01 •65271054+01 
2.00 •38787936+01 •65308765+01 
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Table D-l^a  (Cont'd) 

THE ROOTS tt[Qexp(l900)] 

J « 

Q Real t. Imag tt 

2,00 .3e?e7936*01 .65308765+01 
2.05 .38ei«6<»3*01 •65346278+01 
2.10 .38848<f 134-01 .65383573+01 
2.1? .38877258+01 .65420628+01 
2.20 •38905195+01 •65457425+01 
2.25 •38932239+01 •65493946+01 
2.30 •38958406+ÖI •65530171+01 
2.35 •38983713+01 •65566087+01 
2.1i0 •39008180+01 •65601676+01 
2.U5 •39031826+01 •65636926+01 
2.50 •39054671+01 •65671824+01 
2.55 •39076734+01 •65706357+01 
2.60 •39098036+01 •65740^15+01 
2.65 •39118596+01 .65774287+01 
2.70 •39138439+01 .65807666+01 
2.75 •39157581+01 .65840645+01 
2.80 •39176047+01 .65873217+01 
2.85 .39193855+01 .65905376+01 
2.90 .39211027+01 ~.65937118+0l 
2.95 •39227584+01 .65968439+01 
3.00 • 392435if5+01 .65999337+01 
3.05 •39258929+01 .66029808+01 
3.10 •39273758+01 .66059853+01 
3.15 •39288050+01 .66089471+01 
3.20 .39301823+01 ^6118661 *D1 
3.25 .39315097+01 •66147424+01 
3.30 •39327889+01 •66175762+01 
3.35 •39340217+01 •66203676+01 
3.ii0 •39352096+01 .66231169+01 
3.U5 .39363545+01 .66258244+01 
3.5o .39374579+01 '.66284903+01 
3.55 •39385214+01 .66311151+01 
3.60 •39395465+01 •66336990+01 
3.65 •39405345+01 .66362425+01 
3.70 •39414871+01 .66387460+01 
3.75 •39424054+01 •66412100+01 
3.80 .39432908+01 •66436350+01 
3.85 .39441445+01 •66460215+01 
3.90 .39449679+01 .66483700+01 
3.95 .39457621+01 .66506810+01 
U.00 .39465282+01 .66529550+01 

' 
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Table D-l^b 

THE ROOTS t^[Qexp(i900)] 

1/Q Real tr Imag tt 

0.00 .39720668+01 •68798215+01 
0.01 .397206<*5+0l •68698228+01 
0.02 .39720U85+01 .68598321+01 
0.03 .39720053+01 .68498574+01 
O.Oli .39719217+01 .68399069+01 
o.o5 .39717851+01 .68299889+01 
o.o6 .39715831+01 .68201120+01 
0.07 .397130«M*+01 •68102854+01 
0.08 .39709383+01 •68005180+01 
0.09 .3970«»7i*9+01 •67908193+01 
0.10 .39699058+01 •67811994+01 
0.11 .39692233+01 •67716679+01 
0.12 •39684210+01 •67622352+01 
0.13 .39674938+01 •67529117+01 
O.lli .39664380+01 •67437074+01 
o.i5 .39652510+01 .67346327+01 
0.16 .39639319+01 •67256975+01 
0.17 .39624807+01 •67169115+01 
0.18 •39608990+01 •67082839+01 
0.19 .39591896+01 •66998232+01 
0.20 .39573561+01 •66915375+01 
0.21 .39554036+01 •66834339+01 
0.22 .39533377+01 •66755190+01 
0.23 •39511649+01 •66677980+01 
0.2h .39488925+01 •66602755+01 
0.25 .39465282+01 •66529551+01 
0.26 .39440800+01 •66458394+01 
0.27 .39415563+01 •66389300+01 
0.28 .39389654+01 •66322275+01 
0.29 .39363158+01 •66257318+01 
0.30 .39336158+01 •66194420+01 
0.31 .39308736+01 •66133560+01 
0.32 .39280970+01 •66074716+01 
0.33 •39252937+01 •66017656+01 
0.3h •39224707+01 •65962943+01 
0.35 •39196347+01 •65909936+01 
0.36 •39167923+01 .65856792+01 
0.37 •39139491+01 •65809460+01 
0.38 •39111106+01 •65761890+01 
0.39 •39062818+01 •65716030+01 
O.I4O •39054671+01 •65671624+01 
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Table D-16a 

THE ROOTS t^QexpdSO0)] 

-' 

3 

Q Real t-, 

0.00 .bü939648-00 
0.05 .bb2U75^7-00 
0.10 .by66«*887-00 
0.15 .bt»182816-00 
0.20 ,68792360-00 
0.25 .7348U389-00 
0.30 .782H9577-00 
0.35 .83078354-00 
o.Uo .87960867-00 
o.U5 .92886920-00 
o.5o .97646920-00 
0.55 .Iü282b81+01 
0.60 .10781797+01 
0.65 .11280719+01 
0.70 .11778149+01 
0.75 .12272703+01 
0.80 .I<i762901+01 
0.85 .13247144+01 
0.90 .13723096+01 
0.95 .14190663+01 
1.00 .1464b960+01 
1.05 .15087282+01 
1.10 .lb512062+01 
1.15 .15917425+01 
1.20 .16300139+01 
1.25 .16656562+01 
1.30 .16982596+01 
1.35 .17273668+01 
i.Uo .17524767+01 
1.U5 .17730599+01 
1.50 .17885961+01 
1.55 .17986419+01 
1.60 .16029370+01 
1.65 .18015315+01 
1.70 .17948830+01 
1.75 .17838520+01 
1.80 .17695618+01 
1.65 .17531776+01 
1.90 .17357157+01 
1.95 ,17179481+01 
2.00 .17003997+01 

Imag t^ 

.88230058-00 

.85879382-00 

.83738442-00 
,81812159-00 
.80105397-00 
.78622971-00 
.77369668-00 
.76350248-00 
.75569461-00 
.75032056-00 
.74742780-00 
.74706384-00 
.74927623-00 
.75411262-00 
.76162010-00 
.77184601-00 
.78483663-00 
.80063715-00 
.81929082-00 
.84083785-00 
.86531381-00 
.89274730-00 
.92315654-00 
.95654450-00 
,99289173-00 
,10321461+01 
,10742079+01 
,11189089+01 
,11659839+01 
,12150335+01 
,12654821+01 
,13165425+01 
,13672092+01 
,14163190+01 
,14626985+01 
,15053746+01 
,15437548+01 
,15776854+01 
,16073740+01 
.16332454+01 
,16558069+01 

) 
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Q 

Table D-I6a (Cont'd) 

THE ROOTS t1[Qexp(l300)] 

Real    ti Imag t^ 

2.00 .17003997+01 .16558069+01 
2.05 .16833934+01 .16755590+01 
2.10 .16671073+01 .16929507+01 
2.15 .16516230+01 .17083649+01 
2.20 .16369626+01 .17221196+01 
2.25 .16231125+01 .17344751+01 
2.30 .16100395+01 .17456437+01 
2.35 .15977006+01 .17557986+01 
2,U0 .15660488+01 .17650818+01 
2.U5 .15750364+01 .17736100+01 
2.50 .15646173+01 .17814799+01 
2.55 .15547478+01 .17887720+01 
2,60 .15453874+01 .17955540+01 
2.65 .15364984+01 .18018830+01 
2.70 .15280464+01 .18078078+01 
2.75 .15199997+01 .18133700+01 
2.80 .15123295+01 .18186053+01 
2.85 .15050096+01 .18235448+01 
2.90 .14980159+01 .18282156+01 
2.95 .14913265+01 .18326413+01 
3.00 .14849214+01 .18368427+01 
3.05 .14787821+01 .18408382+01 
3.10 .14728920+01 .18446441+01 
3.15 .14672356+01 .18482750+01 
3.20 .14617988+01 .18517437+01 
3.25 .14565684+01 .18550621+01 
3.30 .14515327+01 .18582406+01 
3.35 .14466804+01 .18612686+01 
3.1i0 .14420013+01 .18642148+01 
U5 .14374860+01 .18670270+01 
3.50 .14331257+01 .18697322+01 
3.55 .14289121+01 .18723371+01 
3.6o .14248379+01 .18748475+01 
3.65 .14208958+01 .18772689+01 
3.70 .14170794+01 18796063+01 
3.75 .14133824+01 .18618644+01 
3.80 .14097993+01 .18840474+01 
3.85 .14063245+01 .18861593+01 
3.90 .14029530+01 .18882037+01 
3.95 .13996803+01 .18901842+01 
li.00 .13965018+01 .18921037+01 
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Table D-16b 

THE ROOTS  t1[Qexp(i300)] 

3 

I/Q Real ti Imag t1 

0.00 .11690537+01 .20218601+01 
0.01 .117771U6+01 .20198600+01 
0.02 .11863796+01 .20116572+01 
0.03 .11950526+01 .20098197+01 
O.OU .12037377+01 .20018319+01 
0.05 .1212**389+01 .19998102+01 
0.06 .12211601+01 .19917730+01 
0.07 .12299055+01 .19897205+01 
0.08 .12386792+01 .19816500+01 
0.09 .12im853+01 .19795581+01 
0.10 .12563279+01 .19711127+01 
0.11 .12652113+01 .19692996+01 
0.12 .127m398+01 .19611258+01 
0.13 .12831180+01 .19589176+01 
o.m .12921502+01 .19536711+01 
0.15 .13012U11+01 .19183831+01 
0.16 .13103955+01 .19130185+01 
0.17 .13196183+01 .19376632+01 
0.18 .1328914U+01 .19322221+01 
0.19 .13382891+01 .19267210+01 
0.20 .13'+77U78+01 .19211536+01 
0.21 .13572960+01 .19155112+01 
0.22 .1366939'*+01 .19097967+01 
0.23 .i37668m+01 .19039911+01 
0.2l| .13865361+01 .18980991+01 
0.25 .13965019+01 .18921037+01 
0.26 .m06ö881+0l .13859993+01 
0.27 .1^166016+01 .18797762+01 
J.28 .11271195+01 .18731212+01 
0.29 .11376391+01 .18669318+01 
0.30 .11182782+01 .18602865+01 
0.31 .11590713+01 .18531715+01 
0.32 .11700356+01 .18161606+01 
0.33 .11811701+01 .18392877+01 
O.3I4 .11921859+01 .18318771+01 
0.35 .15039912+01 .18212279+01 
0.36 .15156939+01 .18163167+01 
0.37 .15276011+01 .18081171+01 
0.38 .15397208+01 .17996007+01 
0.39 .15520580+01 .17907338+01 
O.liO .15616171+01 .17811798+01 
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0 
Table D-17a 

THE ROOTS t2[Qexp(i300)] 

Real t. Imag t. 

c 

c 

0.00 .162*HJ988-«-Ül .28130215+01 
0.05 .1637«+512+ül .28053547+01 
0,10 .16508599+01 .27977401+01 
0.15 .166(t3<t5i|+0l .27901672+01 
0.20 .16779288+01 .27826262+01 
0.25 .16916322+01 .27751074+01 
0.30 .17G5^787+01 .27676020+01 
0.35 .17194929+01 .27601010+01 
O.liO .17337010+01 .27525963+01 
0.15 .17481313+01 .27450798+01 
0.50 .17628143+01 .27375440+01 
o.55 .17777832+01 .27299816+01 
o.6o .17930745+01 .27223863+01 
0.65 .18087286+01 .27147522+01 
0.70 .18247902+01 .27070741+01 
0.75 .18413094+01 .26993487+01 
0.80 .18583428+01 .26915736+01 
0.85 .18759541+01 .26837492+01 
0.90 .18942161+01 .26758788+01 
0.95 .19132123+01 .26679699+01 
1.00 .19330387+01 .26600364+01 
1.05 .19538065+01 .26521003+01 
1.10 .19756448+01 .26441956+01 
1.15 .19987042+01 .26363732+01 
1.20 .20231599+01 .26287080+01 
1.25 .20492156+01 .26213090+01 
1.30 .20771051+01 .26143342+01 
1.35 .21070924+01 .26080109+01 
1.140 .21394638+01 .26026639+01 
i.hS .21745084+01 .25987510+01 
1.50 .22124757+01 .25969035+01 
1.55 .22535001+01 .25979593+01 
1.60 .22974873+01 .26029634+01 
1.65 .23439753+01 .26131012+01 
1.70 .23920241+01 .23295376+01 
1.75 .24402045+01 .26531870+01 
1.80 .24867206+01 .26845004+01 
1.85 .25296171+01 .27233545+01 
1.90 .25669661+01 .27690477+01 
1.95 .25970156+01 .28203254+01 
2.00 .26163032+01 .26753721+01 
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Table D-17a (Cont'd) 

THE ROOTS t2[ Qexp(130°)] 

3 

Q Real t. Imag t- 

2.00 .26183032+01 .28753721+01 
2.05 .2b29909«*+01 .293180**+01 
2.10 .2631613(1+01 .29868337+01 
2.15 .26251809+01 .3037775*+01 
2.20 .26121923+01 .30827685+01 
2.25 .25953516+01 .31211826+01 
2.30 .25767729+01 .3153*132+01 
2.35 .25578839+01 .31803638+01 
2.I4O .2539H989+01 .32030272+01 
2.U5 .25220152+01 .32222806+01 
2.50 .25055866+01 .32388306+01 
2.55 .2*902362+01 .325322*9+01 
2.60 .2*759234+01 .32658826+01 
2.65 .24625793+01 .327712*5+01 
2.70 .2*501255+01 .32871978+01 
2.75 .2*38*837+01 .32962952+01 
2.80 .2*275799+01 .330*566*+01 
2.85 .2*173*62+01 .33121362+01 
2.90 .2*07721*+01 .33191023+01 
2.95 .23986506+01 .33255*01+01 
3.00 .23900852+01 .33315171+01 
3.C5 .23619812+01 .33370679+01 
3.10 .237*3003+01 .33*22980+01 
3.15 .23670077+01 .33*71862+01 
3.20 .23600727+01 .33517855+01 
3.25 .2353*675+01 .335612*2+01 
3.30 .23*7167*+01 .33602266+01 
3.35 .23*11503+01 .336*11*6+01 
3.U0 .23353959+01 .33676062+01 
3.U5 .23298860+01 .33713161+01 
3.50 .232*60*3+01 .337*66*6+01 
3.55 .23195358+01 .33778565+01 
3.60 •231*6667+01 .3380911*+01 
3.65 .230998*6+01 .33638336+01 
3.70 .2305*766+01 .336663*2+01 
3.75 .23011377+01 .33893215+01 
3.80 .22969525+01 .33919030+01 
3.85 .229291*1+01 .339*3855+01 
3.90 .228901*5+01 .33967753+01 
3.95 .22652*61+01 .33990779+01 
U.00 .22616020+01 .3*012965+01 
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Table D-17b 

THE ROOTS t2[Qexp(i300)] 

c 

0.00 
0.01 
0.02 
0.03 
O.OU 
0.0$ 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
o.iU 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.2U 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.3l4 
0.35 
0.36 
0.37 
0.38 
0.39 
O.I4O 

Real t^ 

.204397«*7+0l 

.20526361+01 

.20613046+01 

.20699873+01 

.20786912+01 

.20874236+01 

.20961917+01 

.21050031+01 

.21136652+01 

.21227861+01 

.21317738+01 

.21408367+01 

.21499836+01 

.21592237+01 

.21685667+01 

.21780229+01 

.21876028+01 

.21973182+01 

.22071813+01 

.22172052+01 

.22274040+01 

.22377930+01 

.22483885+01 

.22592087+01 

.22702727+01 

.22816020+01 

.22932199+01 

.23051517+01 

.23174255+01 

.23300723+01 

.23431260+01 

.23566242+01 

.23706077+01 

.23851214+01 

.24002136+01 

.24159356+01 

.24323398+01 

.24494/66+01 

.24673882+01 

.24860974+01 

.25055870+01 

D-55 

Imag tp 

.35402680+01 

.35352673+01 

.35302626+01 

.35252494+01 

.35202237+01 

.35151809+01 

.35101167+01 

.35050261+01 

.34999043+01 

.349«*7i+62+01 

.34895464+01 

.34842990+01 

.3'*789980+01 

.34736368+01 

.34682085+01 

.34627055+01 

.34571197+01 

.34514421401 

.34456631+01 

.34397718+01 

.34337564+01 

.34276038+01 

.34212994+01 

.34148265+01 

.34081665+01 

.34012984+01 

.33941978+01 

.33868369+01 

.33791834+01 

.33711996+01 

.33626412+01 

.33540556+01 

.33447800+01 

.33349385+01 

.33244389+01 

.33131678+01 

.33009843+01 

.32877123+01 

.32731295+01 

.32569542+01 

.32386290+01 
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Table D-l8a 

THE ROOTS t3[Qexp(i300)] 

J 

Q Real t. Imag t. 

0.00 ,2*100*96+01 .41743283+01 
0.05 . 2^190<M) 1*01 .41691505+01 
0.10 .2'*280512+01 .41639866+01 
o.i5 .2^370920-»-01 .41566320+01 
0.20 .24461722+01 .41536812+01 
0.25 .24553016+01 .41485292+01 
0.30 ,24644904+01 .41433711+01 
0.35 .24737491+01 .41382020+01 
O.itO .24630868+01 .41330166+01 
0.16 .24925210+01 .41276105+01 
o.5o .25020560+01 .41225760+01 
o.55 .25117127+01 .41173140+01 
0.60 .25214990+01 ,41120132+01 
0.65 .25314319+01 ,41066701+01 
0.70 .25415273+01 ,41012792+01 
0.75 .25516027+01 ,40956346+01 
0.80 .25622770+01 ,40903302+01 
0.85 .25729711+01 ,40647600+01 
0.90 .25639080+01 ,40791173+01 
0.95 .25951130+01 ,40733957+01 
1.00 .26066144+01 ,40675680+01 
1.05 .26184440+01 .40616674+01 
1.10 .2b306373+01 .40556667+01 
1.15 .26432350+01 .40495785+01 
1.20 .26562833+01 .40433559+01 
1.25 .26698352+01 ,40370119+01 
1.30 .26839520+01 ,40305404+01 
1.35 ,26967051+01 ,40239369+01 
l.liO .27141783+01 ,40171984+01 
1.1*5 .27304707+01 ,40103255+01 
1.50 .27477003+01 .40033245+01 
1.55 ,27660090+01 .39962097+01 
l.6o ,27655668+01 .39890088+01 
1.65 ,28065889+01 .39617704+01 
1.70 ,28293265+01 .39745761+01 
1.75 ,28540967+01 .39675600+01 
1.80 ,26612650+01 .39609402+01 

1.85 ,29113527+01 .39550694+01 
1.90 ,29446266+01 .39505135+01 

1.95 .29822454+01 .39481645+01 
2.00 .30240083+01 .39493725+01 

) 
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Table D-l8a (Cont'd) 

THE ROOTS t3[Qexp(i300)] 

Q Real t. Xmag t. 

c 

c 

2.00 .302^0063^01 .39193725+01 
2.05 .30700730+01 .39560219+01 
2.10 .31195027+01 .39703957+01 
2.15 .317009'*9+01 .39915961+01 
2,20 .3218^628+01 .10297535+01 
2.25 .32607992+01 .10751271+01 
2.30 .3293«f771+01 .11295120+01 
2.35 .33139005+01 .11885970+01 
2.1i0 .33210863+01 .12180398+01 
2.U5 .33163411+01 .13032195+01 
2.50 .33030265+01 .13509350+01 
2.55 .32850573+01 .13903110+01 
2.60 .32654501+01 .11222201+01 
2.65 .32159583+01 .11181330+01 
2.70 .32271016+01 .11691521+01 
2.75 .32100921+01 .11872850+01 
2.80 .31910723+01 .15021518+01 
2.85 .31792815+01 .15155188+01 
2.90 .31656281+01 .15270112+01 
2.95 .31529921+01 .15371602+01 
3.00 .31112712+01 .15162369+01 
3.05 .31303676+01 .15511253+01 
3.10 .31201953+01 .15618679+01 
3.15 .31106785+01 .15686768+01 
3.20 .31017511+01 .15719119+01 
3.25 .30933551+01 .15807356+01 
3.30 .30851109+01 .15861172+01 
3.35 .30779635+01 .15911361+01 
3.U0 .30708811+01 .15956332+01 
3.15 .30611691+01 .16002132+01 
3.50 .30577881+01 .16013957+01 
3.55 .30517139+01 .16083159+01 
3.60 .30159229+01 .16120257+01 
3.65 .30103937+01 .16155111+01 
3.70 .30351070+01 .15186875+01 
3.75 .30300158+01 .16220706+01 
3.80 .30251915+01 .16251060+01 
3.85 .30205390+01 .16280056+01 
3.90 .30160666+01 .16307792+01 
3.95 .30117656+01 •16331360+01 
U.00 .30076251+01 .16359811+01 
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LOCKHEED  MISSILES ft  SPACE  COMPANY 

i/Q 

Table D-l8b 

THE ROOTS t3(Qexp(l300)] 

Real t- Imag t. 

0.00 ,27602798+01 .47809450+01 
0.01 .27689m7+01 .47759441+01 
0.02 .27776131+01 .47709376+01 
0.03 .27863037+01 .47659199+01 
o.ou .27950231+01 .47608853+01 
0.0^ .26037813+01 .47558276+01 
0.06 .28125881+01 .47507410+01 
0.07 .2821^5U2+01 .47456188+01 
0.08 .28303902+01 .4740«543+01 
0.09 .2ß39H073+01 .47352404+01 
0.10 .28^85m+01 .47299696+01 
0.11 .26577327+01 .47246335+01 
0.12 .28670666+01 .47192237+01 
0.13 .26765329+01 .47137304+01 
o.iU .28861468+01 .47081433+01 
0.15 .26959244+01 .47024512+01 
0.16 .29058836+01 .46966412+01 
0.17 .29160433+01 .46906995+01 
0.18 .29264248+01 .46846104+01 
0.19 .29370511+01 .46783560+01 
0.20 .29479480+01 .46719162+01 
0.21 .29591440+01 .46652680+01 
0.22 .29706713+01 .46583846+01 
0.23 .29825658+01 .46512350+01 
0.2U .29948684+01 .46437825+01 
0.25 .30076256+01 .46359839+01 
0.26 .30208907+01 .46277869+01 
0.27 .30347248+01 .46191283+01 
0.28 .30491990+01 .46099301+01 
0.29 .30643955-» 01 .46000952+01 
0.30 .30804104+01 .45895003+01 
0.31 .30973553+01 .45779864+01 
0.32 .31153598+01 .45653447+01 
0.33 .31345718+01 .45512947+01 
0.3U .31551537+01 .45354516+01 
0.35 .31772678+01 .45172755+01 
0.36 .32010361+01 .44959942+01 
0.37 .32264362+01 .44704911+01 
0.38 .32530577+01 .44391806+01 
0.39 .32795877+01 .43999964+01 
o.Uo .33030050+01 .43509232+01 

J 

) 
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Table D-l9a 

THE ROOTS  t. [Qexp(i300)] 

Q Real ti Imag ti 

r 
y 

0,00 .30816536+01 .53375807+01 
0.05 .306866291-01 .53335285+01 
0.10 ,30957232+01 .53294823+01 
o,i5 .31027803+01 .53254390+01 
0.20 .31098599+01 .53213952+01 
0.25 ,31169681+01 .53173479+01 
0.30 .2l2«m09+01 .53132937+01 
0.35 .31312947+01 .53092296+01 
o.Uo .31385258+01 ,53051523+01 
o.U5 .31458110+01 .53010566+01 
o,5o .31531574+01 .52969449+01 
o.55 .31605723+01 .52928079+01 
o.6o .31680634+01 .52686441+01 
o,65 .31756388+01 .52844498+01 
-0.70 .31833076+01 .52802213+01 
0,75 .31910786+01 .52759547+01 
0,80 .31989620+01 .52716456+01 
0.85 .32069683+01 .52672900+01 
0.90 .32151092+01 .52626834+01 
0.95 .32233971+01 .52584210+01 
1.00 .32318456+01 .52538977+01 
1.05 .32404697+01 .52493083+01 
1.10 .32492856+01 .52446472+01 
1.15 .32583114+01 .52399084+01 
1.20 .32675672+01 .52350855+01 
1.25 .32770752+01 .52301718+01 
1.30 .32668605+01 .52251599+01 
1.35 .32969513+01 .52200425+01 
1.U0 .33073794+01 .52148110+01 
1.U5 .33181813+01 .52094571+01 
i,5o .33293987+01 .52039717+01 
1.55 .33410798+01 .51983453+01 
i,6o .33532806+01 .51925664+01 
1.65 .33660670+01 .51866313+01 
1,70 .33795167+01 .51805252+01 
1.75 .33937223+01 .51742423+01 
1,80 .34087958+01 .51677776+01 
1.85 .34246731+01 .51611308+01 
1.90 .34421217+01 .51543099+01 
1.95 .34607498+01 .51473370+01 
2.00 .34810195+01 .51402584+01 
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Table D-l9a  (Cont'd) 

THE ROOTS t.[Qexp(i30o)] 

J 

Q Real t. Imag ti 

2.00 .34610195+01 .51402584+01 
2.05 .35032633+01 .51331623+01 
2.10 .35279060+01 .51262084+01 
2.15 .3555«*887+01 .51196823+01 
2.20 .35666860+01 .51140899+01 
2.25 .36222872+01 .51103179+01 
2.30 .36630611+01 .51098797+01 
2.35 .37093508+01 .51151808+01 
2.U0 .37602566+01 .51294973+01 
2.U5 .381271U3+01 .51561013+01 
2.50 .36615120+01 .51965401+01 
2.55 .39007554+01 .52493513+01 
2.60 .39257294+01 .53100950+01 
2.65 .39344409+01 .53722596+01 
2.70 .39287383+01 .54291639+01 
2.75 .39135679+01 .54768170+01 
2.80 .38941148+01 .55147400+01 
2.85 .38737795+01 .554(*6123+01 
2.90 .38541975+01 .55664316+01 
2.95 .38359728+01 .55876211+01 
3.00 .36192324+01 .56039493+01 
3.05 .36039112+01 .56176317+01 
3.10 .37898793+01 .56294383+01 
3.15 .37769945+01 .56397747+01 
3.20 .37651225+01 .56489351+01 
3.25 .37541439+01 .56571379+01 
3.30 .37U39546+01 .56645461+01 
3.35 .37344652+01 .56712933+01 
3.U0 .37255989+01 .56774732+01 
3.U5 .37172897+01 .56631678+01 
3.50 .37094810+01 .56684414+01 
3.55 .37021235+01 .56933466+01 
3.60 .36951748+01 .56979271+01 
3.65 .36885975+01 .57022194+01 
3.70 .36823591+01 .57062541+01 
3.75 .36764310+01 .57100576+01 
3.80 .36707878+01 .57136523+01 
3.85 .36654072+01 .57170577+01 
3.50 .36602689+01 .57202904+01 
3.95 .36553551+01 .57233655+01 
U.OO .36506499+01 .57262959+01 

I 
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Table D-I9b 

THE ROOTS t. [Qexp(i300)] 

Real ti. Imag ti 

t 

t 

0.00 .339335^0+01 .58774616+01 
0.01 .34020162+01 .58724605+01 
0,02 .34106902+01 .58674525+01 
0.03 .34193878+01 .58624306+01 
o,oh .34281209+01 .58573882+01 
0.05 .34369019+01 .58523174+01 
0.06 .34457434+01 .58472107+01 
0.0? .34546584+01 .58420602+01 
0.08 .34636606+01 .58368574+01 
0.09 .34727646+01 .58315931+01 
0.10 .34819856+01 .58262579+01 
0.11 .34913401+01 .58208410+01 
0.12 .35008456+01 .58153311+01 
0.13 .35105213+01 .58097155+01 
O.lli .35203879+01 .58039602+01 
0.15 .35304687+01 .57981095+01 
0.16 .35407888+01 .57920860+01 
0.17 .35513766+01 .57856895+01 
0.18 .35622638+01 .57794970+01 
0.19 .35734862+01 .57728823+01 
0.20 .35850848+01 .57660140+01 
0.21 .35971060+01 .57568556+01 
0.22 .36096044+01 .57513639+01 
0.23 .36226428+01 .57434857+01 
0.2li .36362953+01 .57351564+01 
0.25 .36506502+01 .57262956+01 
0.26 .36656125+01 ,57168016+01 
0.27 .36619101+01 .57065429+01 
0.28 .36990982+01 .56953464+01 
0.29 .37175683+01 .56829779+01 
0.30 .37375564+01 .56691106+01 
0.31 .37593526+01 .56532750+01 
0.32 .37833036+01 .56347667+01 
0.33 .38097867+01 .56124676+01 
0.3U .38390822+01 .55846553+01 
0.35 .38709112+01 .55483254+01 
0.36 .39030024+01 .54989717+01 
0.37 .39260373+01 .54320033+01 
0.38 .39330262+01 .53497346+01 
0.39 .39094511+01 .52660362+01 
O.ljO .36616066+01 .51965476+01 
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Table D-20a 

THE ROOTS MQexp(i300)] 

Real t. 

0.00 .3b660866+0l 
0.05 ,3fi919bW*0l 
0.10 .36978'm+Ol 
o.i5 .37037mi*+0l 
0.20 .37096506+01 
0.25 .37155791+ül 
0.30 .37215311+01 
0.35 .37275109+01 
0.1*0 .37335230+01 
o.W .37395718+01 
o.50 .37^56621+01 
o.55 .37517989+01 
0.60 .37579873+01 
0.65 .376^2326+01 
0.70 .37705406+01 
0.75 .37769171+01 
0.80 .37833685+01 
0.85 .37899014+01 
0.90 .37965231+01 
0.95 .38032412+01 
1.00 .38100639+01 
1.05 .38170002+01 
1.10 .38240594+01 
1.15 .36312522+01 
1.20 .36385899+01 
1.25 .38460849+01 
1.30 .38537509+01 
1.35 .38616029+01 
l.llO .38696577+01 
I.h5 .38779338+01 
i.5o .38864522+01 
1.55 .38952363+01 
l.6o .39043125+01 
1.65 .39137109+01 
1.70 .39234661+01 
1.75 .39336176+01 
1.80 .39442117+01 
1.85 .39553019+01 
1.90 .39669520+01 
1.95 .39792371+01 
2.00 .39922481+01 

Imag tt 

.63844927+01 

.63811040+01 

.63777183+01 

.63743335+01 

.63709473+01 

.63675574+01 

.63641616+01 

.63607576+01 

.63573430+01 

.63539157+01 

.63504730+01 

.63470126+01 

.63435320+01 

.63400284+01 

.63364994+01 

.63329420+01 

.63293534+01 

.63257305+01 

.63220702+01 

.63183691+01 

.63146237+01 

.63108301+01 

.63069646+01 

.63030629+01 

.62991205+01 

.62950926+01 

.62909941+01 

.62668194+01 

.62825628+01 

.62782176+01 

.62737771+01 

.62692339+01 

.62645797+01 

.62598060+01 

.^2549033+01 

.62498615+01 

.62446697+01 

.62393163+01 

.62337892+01 

.62280761+01 

.62221646+01 

) 
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Table D-20a  (Cont'd) 

THE ROOTS t5[Qexp{l30o)J 

Real tr Iraag t. 

2.00 .39922481+01 .62221648+01 
2.05 .<t00609<t9+0l .62160441+01 
2.10 .40209129+01 .62097059+01 
2.15 .40368702+01 .62031475+01 
2.20 .40541793+01 .61963770+01 
2.25 .40731118+01 .61894222+01 
2.30 .40940199+01 .61823474+01 
2.35 .41173665+01 .61752838+01 
2.1i0 .41437627+01 .61684883+01 
2.U5 .41740085+01 .61624543+01 
2.50 .42091029+01 .61581213+01 
2.55 .42501146+01 .61572386+01 
2.60 .42976388+01 .61628367+01 
2.65 .43504927+01 .61792988+01 
2.70 .44041432+01 .62108760+01 
2.75 .44510215+01 .62586676+01 
2.80 .44835041+01 .63188283+01 
2.85 .44972403+01 .63834389+01 
2.90 .44934171+01 ,64434163+01 
2.95 .44781222+01 .64929494+01 
3.oo .44580112+01 .65314188+01 
3.05 .44371939+01 .65610217+01 
3.10 .44174349+01 .65842213+01 
3.15 .43992761+01 .66028871+01 
3.20 .43827611+01 .66182957+01 
3.25 .43677612+01 .66313031+01 
3.30 .43541038+01 .66424917+01 
3.35 .43416197+01 .66522669+01 
3.1*0 .43301578+01 .66609187+01 
3.1*5 .43195882+01 .66686599+01 
3.50 .43098007+01 .66756499+01 
3.55 .43007020+01 .66820111+01 
3.60 .42922134+01 .66878391+01 
3.65 .42842676+01 .66932096+01 
3.70 .42768078+01 .66981839+01 
3.75 .42697846+01 .67028116+01 
3.80 .42631559+01 .67071340+01 
3.85 .42568850+01 .67111856+01 
3.90 .42509397+01 .67149952+01 
3.95 .42452920+01 .67185877+01 
ii.00 .42399172+01 .67219841+01 

t 
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l/Q 

0,00 
0.01 
0.02 
0.03 
O.Oli 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.11* 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.2U 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.3U 
0.35 
0.36 
0.37 
0.38 
0.39 
O.UO 

Table D-20b 

THE ROOTS tH[Qexp(l300)] 

Real t^ 

.39720668+01 

.3960729U-t-0l 

.3989«*056+01 

.39981096+01 

.»^0068553+01 

.4Ü15657U+01 

.»+02^5306+01 

.'+033U909+01 

.40425546+01 

.40517394+01 

.40610643+01 

.40705496+01 

.40802177+01 

.40900930+01 

.41002028+01 

.41105775+01 

.41212513+01 

.41322633+01 

.41136579+01 

.41554870+01 

.41678108+01 

.41607006+01 

.41942415+01 

.42085360+01 

.4*237096+01 

.42399178+01 

.42573560+01 

.42762739+01 

.429699*45+01 

.43199405+01 

.43456624+01 

.43748431+01 

.44081480+01 

.44453201+01 

.44812629+01 

.44974878+01 

.44713742+01 

.44071042+01 

.43306223+01 

.42628334+01 

.42090850+01 

D-61j. 

Imag tj- 

.68798215+01 

.68748201+01 

.68698109+01 

.68647854+01 

.68597355+01 

.68546526+01 

.68495275+01 

.68443509+01 

.68391125+01 

.68338014+01 

.68234059+01 

.68229130+01 

.68173083+01 

.68115760+01 

.68056981+01 

.67996541+01 

.67934211+01 

.67869715+01 

.67802741+01 

.67732913+01 

.67659780+01 

.67582797+01 

.67501286+01 

.67414402+01 

.67321059+01 

.67219835+01 

.67108820+01 

.66985368+01 

.66845676+01 

.66684037+01 

.66491415+01 

.66252597+01 

.65940139+01 

.65502166+01 

.64849944+01 

.63925967+01 

.62912076+01 

.62130000+01 

.61715592+01 

.61579540+01 

.61581145+01 
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Table D-21 

THE ROOTS ^[QexpdSOO0)] 

Real t1 Imag t^ 

( 

c 

0 
0.5 
0,10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.1*0 
0.U5 
o.5o 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
l.liO 

1.U5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

0.50939649E  00 
0.48425817E-00 
0.45788710E-00 
0.43023229E-00 
0.40124264E-00 
0.37086708E-00 
0.339054836-00 
0.30575553E-00 
0.27091953E-00 
0.23449802E-00 
0.19644319E-00 
O.li670846E-00 
0.11524856E-00 
0.72019693E-01 
0.26979624E-01 

-0.19912204E-01 
-0.68694678E-01 
-0.11940488E-00 
-0.17207811E-00 
-0.22674790E-00 
-0.28344598E-00 
-0.34220229E-00 
-0.40304510E-00 
-0.46600099E-00 
-0.53109486E  00 
-0.59835024E  00 
-0.66778903E  00 
-0.73943189E  00 
-0.813298266   00 
-0.88940658E   00 
-0.96777467E   00 
-0.10484203E  01 
-0.11313625E  01 
-0.12166236E   01 
-0.13042349E  01 
-0.13942472E  01 
-0.14867578E   01 
-0.1!»819736E  01 
'0.168O3730E  01 
-0.17831670E  01 
-0.18938587E  01 

0.88230059E   00 
0.B3875976E   00 
0.79308371E   00 
0.74518418E  00 
0.69497262E   00 
0.64236061E  00 
0.58726015E  00 
0.52958407E  00 
0.46924635E-00 
0.406162A3E-00 
0.34024952E-00 
0.27142695E-00 
0.19961629E-00 
0.12474169E-00 
0.46730001E-01 

-0.34489032E-01 
-0.11898274E-00 
-0.20681539E-00 
-0.29804809E-00 
-0.39273890E-00 
-0.49094280E-00 
-0.59271164E  00 
-0.69809435E  00 
-0.80713695E  00 
-0.91988255E   00 
-0.10363717E  01 
-0.1156642SE  01 
-Ö.12807303E  01 
-0.14086686E   01 
-0.15404887E  01 
-0.16762204E   01 
-0.18158925E  01 
-0.19595339E   01 
-0.21071758t   01 
-0.22588560E  01 
-0.24146291E  01 
-0.25745891E  01 
-0.27389237E   01 
-0.29080495E  01 
-0.30829714E  01 
-0.32663264E  01 

M. 
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Table l)-22 

THE ROOTS  t1[Qexp(i3050)] 

J 

Q 

0 

0.10 
o.i5 
0,20 
0.25 
0.30 
0.35 
o.Uo 
0.U5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
i.Uo 
1.U5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real  ti 

0.50939649E   00 
0.488246716-00 
0.466262l^E-00 
0.44341645E-00 
0.41968318E-00 
0.39503582E-00 
0.36944775E-00 
0.34289240E-00 
0.31534317E-00 
0.28677358E-00 
0.25715727E-00 
0.22646802E-00 
0.19467987E-00 
0.16176715E-00 
0.12770452E-00 
0.92467077E-01 
0.56030356E-01 
0.18370441E-01 

-0.20536020E-01 
-0.60711714E-01 
-0.10217869E-00 
-0.14495825E-00 
-0.18907097E-00 
-0.23453663E-00 
-0.28137419E-00 
-0.32960181E-00 
-0.37923677E-00 
-0.43029550E-00 
-0.48279350E-00 
-0.53674508E  00 
-0.59216332E  00 
-0.64905923E   00 
•0.70744068E   00 
-0.76730975E  00 
-0.82865708E  00 
•0.89145035E   00 
•0.9S560941E   00 
-0.10209555E   01 
-0.10871132E  01 
•0.11533467E  01 
-0.12184072E   01 

Imag t^ 

0.88230059E  00 
0.83669402E  00 
0.78876795E  00 
0.73842390E  00 
0.68556309E  00 
0.63008691E  00 
0.57189726E  00 
0.51089697k  00 
0.44699021E-00 
0.38008288E-00 
0.31008293E-00 
0.23690071E-00 
0.16044921E-00 
0.80644389E-01 

-0.25946805E-02 
-0.89345606E-01 
-0.17968255E-00 
-0.27367620E-00 
-0.37139367E-00 
-0.47289844E-00 
-0.57825056E  00 
-0.68750644E  00 
-0.80071922E  00 
-0.91793869E  00 
-0.10392114E  01 
-0.11645809E  01 
-0.12940878E  01 
-0.14277703E  01 
-0.15656637E  01 
-0.17078011E  01 
-0.18542141fc  01 
•0.20049318E  01 
■0.21599827E   01 
-0.23193938E  01 
-0.24831901E  01 
-0.26513918E  01 
-0.28240015E  01 
•0.30009662E  01 
•0.31820671E  01 
-0.33666115E  01 
•0.35526696E  01 

) 
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c Table D-23 

THii) ROOTS t1[Qexp(i3100)] 

c 

Q 
0 
0.5 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.10 
0.U5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
i.Uo 
1.U5 
1.50 
i.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real tj 
0.50939649E 00 
0.49240567E-00 
0.47500439E-00 
0.45719276E-00 
0.43897082E-00 
0.42033835E-00 
0.40129482E-00 
0.38183913E-00 
0.36196961E-00 
0.34168380E-00 
0.32097848E-00 
0.29984948E-00 
0.27829172E-00 
0.25629914E-00 
0.23386472E-00 
0.21098050E-00 
0.18763766E-00 
0.16382650E-00 
0.13953663E-00 
0.11475698E-00 
0.89475925E-01 
0.63681416E-01 
0.37361048E-01 
0.10502201E-01 
-0.16907834E-01 
-0.44881810E-01 
-0.73432365E-01 
-0.10257192E-00 
-0.13231253E-00 
-0.16266576E-00 
-0.19364257E-00 
-G.22525304E-00 
-0.25750633E-00 
■0.29041118E-00 
•0.32397731E-00 
-0.35822076E-00 
-0.39317731E-00 
-0.42893478E-00 
-0.46570464E-00 
■0.50396582E   00 
•0.5447^760E   00 

Imag t1 

0.882300S9E  00 
0.83500167E  00 
0.78527314E  00 
0.73301307E  00 
0.67811918E  00 
0.62048927E  00 
0.560021S5E  00 
0.49661510E-00 
0.43017018E-00 
0.36058863E-00 
0.28777424E-00 
0.21163306E-00 
0.13207366E-00 
0.49007501E-01 

•0.37650917E-01 
-0.12798378E-00 
-0.22206990E-00 
-0.31998455E-00 
-0.42179927E-00 
-0.52758197E  00 
-0.63739695E  00 
-0.75130469E  00 
-0.86936221E  00 
-0.99162298E  00 
-0.11181369E  01 
-0.12489508E  01 
-0.13fl4l08ir:  01 
•0.15236495E  01 
-0.16676124E  01 
•0.18160316E  01 
•0.19689389E  01 
-0.21263626E   01 
-0.22883283E  01 
-0.24548545E  01 
-0.26259528E  01 
-0.28016209E  01 
•0.29818370E  01 
-0.31665549E  01 
•0.33557170E  01 
•0.35493349E  01 
■0.37477726E  01 
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Table D-2ij. 

THE ROOTS  t1[Qexp(l3l50)] 

J 

Q 
0 
0.5 
o.io 
o#i$ 
0.20 
0.25 
0.30 
0.35 
O.iiO 
0.U5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1*15 
1.20 
1.25 
1.30 
1.35 
1.U0 
1.1*5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real t^ 
0.50939649E 00 
0.496698626-00 
0.48402708E-00 
0.47U0844E-00 
0.45886923E-00 
0.44643S67E-00 
0.43413338E-00 
0.42198709E-00 
0.41002037E-00 
0.39825537E-00 
0.38671260E-00 
0.37541074E-00 
0.36436646E-00 
0.35359431E-00 
0.34310667E-00 
0.33291370E-00 
0.32302330E-00 
0.31344124E-00 
0.30417116E-00 
0.29521473E-00 
0.28657177E-00 
0.27824040E-00 
0.27021722E-00 
0.26249748E-00 
0.25507531E-00 
0.24794378E-00 
0.24109524E-00 
0.23452132E-00 
0.22821315E-00 
0.22216141E-00 
0.21635631E-00 
0.21078748E-00 
0.20544371E-00 
0.20031247E-00 
0.19537951E-00 
0.19062909E-00 
0.18604647E-00 
0.18162673E-00 
0.17739627E-00 
0.17345548E-00 
0.17003874E-00 

Imag t1 

0.88230059t   00 
0.83369682E   00 
0.78263102k   00 
0.72900476E   00 
0.672719216   00 
0.613675486   00 
0.55177484E   00 
0.486919066-00 
0.419010736-00 
0.347953496-00 
0.273652406-00 
0.196014186-00 
0.114947566-00 
0.303634806-01 

-0.578246236-01 
-0.149700526-00 
-0.245345166-00 
-0.344836286-00 
-0.44824830E-00 
-0.555652406   00 
-0.667116186   00 
-0.782703716   00 
-0.902475616   00 
-0.102648896   01 
-0.115479716   01 
-0.128745036   01 
-0.142449546   01 
-0.156597606   01 
-0.17119323E   01 
-0.186240176   01 
-0.201741866   01 
-0.217701476   01 
-0.234121936   01 
-0.251005986   01 
-0.268356376   01 
-0.286176096   01 
-0.304468936   01 
-0.323240056   01 
-0.342496346   01 
-0.36224477E   01 
-0.382484766   01 
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c Table D-25 

THE ROOTS t1[Qexp(i330O)l 

( 

(• 

Q 
0 
0.5 
o.io 
0.15 
0.20 
0.25 
0.30 
0.35 
0.1*0 
0.U5 
o.50 
o.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
l.ao 
i.li5 
1.50 
1.55 
1.60 
1.65 
1*70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real t1 

0.50939649E 00 
0.51000212E 00 
0.511877696 00 
0.51511170E 00 
0.519793066 00 
0.526010746 00 
0.533853386 00 
0.543408986 00 
0.554764436 00 
0.568005206 00 
0.583214816 00 
0.600474546 00 
0.619862916 00 
0.641455326 00 
0.665323606 00 
0.691535646 00 
0.720155046 00 
0.75124077E 00 
0.784846906 00 
0.821022416 00 
0.859811076 00 
0.901251306 00 
0.945376326 00 
0.992214156 00 
0.104178776 01 
0.109411556 01 
0.114921126 01 
0.120708476 01 
0.126774216 01 
0.133118646 01 
0.139741766 01 
0.146643356 01 
0.153822986 01 
0.161280066 01 
0.169013876 01 
0.177023586 01 
0.185308316 01 
0.193867086 01 
0.202698906 01 
0.211802806 01 
0.221177786 01 

Iraag t1 

0.882300596 00 
0.83219077E 00 
0.7 79983066 00 
0.725626806 00 
0.669070956 00 
0.610263856 00 
0.549152986 00 
0.485684816-00 
0.419804586-00 
0.351456116-00 
0.280581676-00 
0.207121936-00 
0.131015846-00 
0.522006826-01 
-0.293879046-01 
-0.113815716-00 
-0.201149936-00 
-0.291458776-00 
-0.384811116-00 
-0.481276326-00 
-0.580923706 00 
-0.683822106 00 
-0.790039516 00 
-0.899642596 00 
-0.101269616 01 
-0.112926306 01 
-0.124940356 01 
-0.137317526 01 
-0.150063276   01 
-0.163182736 01 
•0.176680736  01 
-0.190561766   01 
•0.204829996   01 
-0.219489256 01 
-0.234543086 01 
•0.249994686   01 
-0.265847036 01 
•0.282102826   01 
•0.298764486  01 
•0.315834316  01 
•0.333314316  01 
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Table D-26 

THE ROOTS tilQexp(i3^5°)] 

0 
0.5 
0.10 
o.i5 
0.20 
0.2$ 
0.30 
0.35 
0.U0 
o.U5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.U0 
1.U5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real t^ 

0.5U939649E 00 
0.52313869E 00 
0.53902606E 00 
0.55715689E 00 
0.57763024E 00 
0.60054610E 00 
0.62600543E 00 
0.65411032E 00 
0.68*96^156 00 
0.71867163E 00 
0.75533883E 00 
0.79507322E 00 
0.83798364E 00 
0.88418011E 00 
0.93377370E 00 
0.98687612E 00 
0.10435994E 01 
0.11040553E 01 
0.11683545t 01 
0.12366059E 01 
0.13089158E 01 
0.13853861E 01 
0.14661144E 01 
0.15511917E 01 
0.164070146 01 
0.17347192E 01 
0.183331086 01 
0.1936532SE 01 
0.20444301E 01 
0.21570391E 01 
0.22743854E 01 
0.23964852E 01 
0.25233468E 01 
0.26549710E 01 
0.27913523E 01 
0.29324B03E 01 
0.30783417E 01 
0.322B9194E 01 
0.33841958E 01 
0.35441513E 01 
0.37087664E  01 

Imag t^ 

0.882300596   00 
0.834308526   00 
0.785160906   00 
0.73488475E   00 
0.683507316   00 
0.631055566   00 
0.577555906   00 
0.523033696   00 
0.467512766-00 
0.411014966-00 
0.35355965E-00 
0.295163126-00 
0.235838096-00 
0.17559306t-00 
0.11443170E-00 
0.523523266-01 

-0.106528516-01 
-0.745981426-01 
-0.139504936-00 
-0.205402126-00 
-0.27232634E-0Ü 
-0.34032205E-00 
-0.40944146E-00 
■0.47974406E-00 
-0.551296096   00 
-0.624169486   00 
•0.698440896   00 
-0.77419027E   00 
-0.851499216   00 
-0.930449626   00 
-0.101112206   01 
•0.109359446   01 
•0.117794076   01 
-0.126423026   01 
-0.13525265E   01 
-0.144288766   01 
•0.15353658E   01 
•0.163000706   01 
•0.172685256   01 
•0.18259376E   01 
-0.19272934E   01 

) 
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c Table D-27 

THE ROOTS t^QexpdaSO0)] 

Real ti Imag t^ 

€ 

o 
0.5 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
o.Uo 
0.1*5 
o.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
IJiO 
1.U5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

0.5C9396U9E CO 
0.527307U1E 00 
0.5U7527«»0e GO 
0.570U437E 00 
0.5952U691E CO 
0.62292U61E 00 
0.6bi26834E 00 
0.68637057t 00 
0.72232564e CO 
0.761230 H»E 00 
0.803183116 00 
0.84828637b 00 
0.89661IU81E oc 
0. 9483661» i»E 00 
0.10035627E 01 
0.1C623U83fc 01 
0.112U8UlUt 01 
0.11911632E 01 
0.126H»375t 01 
0.13357901E 01 
0.1U1U3U80E 01 
0.1U972385E 01 
0.158US870E 01 
C.16765160E 01 
0.1773U29E 01 
0.18745777E 01 
0.19809213E 01 
0.2Ü922633E C1 
Ö.22086799E 01 
0.23302338E 01 
0.2U569722E 01 
0.25889280E 01 
0.27261198e 01 
0.28685538E 01 
0.30162253E C1 
0.31691208E 01 
0.33272206E 01 
0.3490SCO IE 01 
0.36589321E 01 
0.3832U88UE 01 
O.UOIIHIOIE 01 

0.88230059E  00 
0.83578679E  00 
0.7885153UE  00 
0.74053787E   00 
0.6919065CE   OC 
0.6U267351E   00 
0.59289110E  00 
0.5U261092E  00 
0.U9188385E-0C 
0.UU075949E-00 
0.38928573E-00 
0.33750825E-00 
0-28546997E-00 
0.23321036E-00 
0.18076U72E-00 
0.12ei63U5E-OC 
0.75»»31076fc-01 
0.22585367E-01 
-0.303636U5E-01 
-0.834U733E-01 
-0.136576U1E-00 
-0.1898678UE-00 
-0.2U331959E-0C 
-0.29697U09E-00 
-0.35088566E-00 
-0.U0512O38E-0C 
-O.U597550«fE-00 
-0.51U87599E 00 
-C.57057687E 00 
-0.62695663E 00 
-0.68U11651E 00 
-0.7U215757E 00 
-0.80117789E OC 
-0.861270U6E 00 
■0.92252108E  OC 
-0.98500760E  OC 
-C.1ÜU87990E   01 
-G.11139555E  01 
-0.118C5287E  01 
•0.12U85625t   01 
-0.131809371   01 
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Table D-27   (Cont'd) 

THE ROOTS t1[Qexp(l350OH 

:> 

Real ti Imag t^ 

2.0$ 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.1*0 
2.145 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.1i0 
3.U5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
luOO 

C.J*)9U8597t 01 
0.43836205E CI 
Q.k577i977e 01 
0.««776J680t 01 
C.U9799I031; Cl 
0.blS86CUt»L 01 
t.5i«022331t 01 
0.562G7791L Cl 
C.5bUU220l£ Cl 
C.6C72b667L 01 
C.630578I8E 01 
0.6543862UE Cl 
0.67Ö6798IE 01 
0.7G3<45793L Cl 
0.728719696 01 
ü.7J>Ui4 6i4 32E 01 
0.73C691C6fc 01 
C.8C73992eL Ci 
0.8a'45ü821t Cl 
C.86225738e :l 
&.890UC617L Cl 
0.91903^21t 01 
0.9U8lUC83t 01 
0.97772570t 01 
C. lC0770a5c C2 
Ü.lC383286t C2 
0, IC693U58E 02 
0.110C0398t 02 
0.113281031 C2 
0.n652568t 02 
0.11981792E 02 
0.12315772L 02 
0. 126S«4!>G6t C2 
C. 12997991E C2 
0.U3U6225L 02 
C.13699206L 12 
0.1UÜ56V31t C2 
c.uumcit 02 
0.1U786611L 02 
0.15138561t ^ 

•C.13891532E 
■0.U617665E 
-0.153595S1E 
-Ü.1611736I4F 
-e.l639125«»E 
-C. 176813*««*E 
■C.18U37737E 
-:.1931C521F 
-2.201I4977CC 
-0.210C555Cfc 
•C.2187791UE 
•G.2276691GE 
-0.23672579E 
-0.2U5914960C 
-Ö.2553U081E 
-0.26U89973E 
-G.27U62660L 
-C.28U52166E 
'0.29U58509E 
■C.30U81708E 
-C.31521779E 
-C.325787UCE 
-0.33652b99r 
■C.3U7U3372t 
-Ö.358S1C72L 
•0.36975702E 
-0.38117277E 
-C.39275806E 
-e.UüU5l295E 
•0.«»16U3751£ 
-O.U283318Ut 
-O.Ui*079597E 
-0.U5322997E 
•C.U658339lt 
•C.47860783E 
-C.U9155176E 
•0.50U66578E 
-0.5179U992E 
-C.531U0U17E 
-C.5M5Ö286U£ 

Cl 
Cl 
01 
01 
01 
31 
01 
Cl 
01 
01 
01 
01 
01 
01 
:i 
:i 
ci 
ci 
ci 
ci 
ci 
01 
01 
01 
CI 
01 
01 
01 
01 
01 
01 
01 
01 
01 
01 
01 
Cl 
01 
01 
CI 

) 
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c Table D-28 

THE ROOTS t1[Q©xp(i3550)l 

Real t- 

i 

0 
0.5 
0.10 
0,15 
0.20 
0.25 
0.30 
0.35 
o.ho 
0.16 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.U0 
1.U5 
1.50 
1.55 
1.60 
1.6$ 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

0.509396»»VE 00 
0.63131i61t 00 
0.55563C27E 00 
0.582Ul788e 00 
0.6n7U8U3E 00 
0.6U369U76t 00 
0.678331C8E 00 
0.7157i333E 00 
0.75597963E CO 
0.7V915C78t 00 
0.8U533C74E 00 
0.89U6071UC 00 
0.9U70718UE 00 
0.)C02821Uk 01 
0.1Ü619577E 01 
0.112HS885E Cl 
0.11908277E 01 
0.12607960E 01 
0.133U62C9E 01 
0.1U12U369E 01 
0.1U9U3855t Cl 
0.158C61U3E 01 
0.16712762E 01 
0.17665277E 01 
0.1866526BE 01 
0.l971U298t 01 
0.2C813880E 01 
0.2196543UE 01 
0.231702U5t 01 
C.2U429U15E 01 
0.257U38U1k 01 
0.271H»l73d 01 
0.285U082UE 01 
0.3C023966k Cl 
0.3156356UE 01 
0,33159Ul0e 01 
0.3i*8in68t 01 
Ü.36518U19E 01 
0.38280699E 01 
0.4C097535E 01 
0.«»1968«»66£ 01 

Imag t^ 

0.88230059E   00 
0.83762775E   00 
0.79261623E   OC 
0.7U733871E  CO 
Q.70186862E   00 
0.65628002E   CG 
0.6106U7UCE   CO 
0.5650U557E   00 
0.5195U938E   00 
0.U7U23360E-0C 
C.U2917255E-00 
0.38UU3977E-00 
C.3401C768E-00 
0.2962U70CE-OC 
0.2b292611E-0C 
0.21021041E-00 
0.16816122E-OC 
0.12683485E-0G 
0.86281236E-Ol 
0.U6542361E-01 
0.76506638t-S2 
-0.30372903E-01 
■0.67520928E-01 
-0.103801U3E-00 
•0*13923988E-00 
-0.17388061E-00 
-0.20778771 E-CO 
-0.2U10M501E-00 
-0.27375U81E-00 
•0.306035U2E-00 
-0. 33801 726E-0C 
-0. 3698378«» E-00 
-O.»»0163629t-00 
•0.U335U771E-0O 
-0.U6 569832 t-00 
-O.U98201?«»t-00 
-0.53115678E 00 
-0.56U6U661E 00 
-0.598739i»2E 00 
-0.633U8979E 00 
-0.6689U0556 00 
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Table D-28 (Cont'd) 

THE ROOTS  t1[Qexp(i3550)l 

J 

Real t* 

2.05 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.1(0 
2.1*5 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.b0 
3.15 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
U.oo 

c < ,«4i893G55E Cl 
0 ,i*b370909F Cl 
c .U7VG1667E 01 
0. ,49V8bLCflt 01 
0. ,521206U2L Cl 
0. .5U30Ril9L Gl 
c. .565«*781?E 01 
c. .b8838V23£ C 1 
0. ,611flH»nE 01 
0. 635753C1I: 01 
w a 6602C2631: 01 
0. 665162321: 01 
0. 71063:9*t Cl 
0. 7366C733C C'l 
c. 763C90,60t 01 
0. 790C7Vn5t Cl 
0, U17b7»i26L 01 
0. 8U557310C 01 
c. 87UC757UE 01 
c. 903G81U7b Cl 
0. 9325n969E 01 
c» 96260C01E Cl 
c. 993111781 Cl 
c. 1C2412M5E C2 
Ü. 10556330L 02 
0. 10876bl6£ f'2 
0. 11201651t 02 
0. 11531781L 02 
0. 118669C2E 02 
0. 122C7CnE 02 
0. 12552K6L 02 
0. 129C2185c 02 
0. 132572U3E 02 
0. 1361T279fc 02 
0. 13982291t 02 
0. 1U352276E 02 
0. 1U727233E 02 
0. 151CM60t C2 
0. 15iiV2C5U£ 02 
0. 158RlVl5t- n? 

Iraag t^ 

-0.7C512<»90t 00 
-0.7U206850F CC 
-C.77979091E 00 
-C.8lfl3C736t 00 
-0.357629UOE 00 
-G.897766U3E ÖC 
-0.93872569t 00 
-0.98051 303t" 0C 
-0.10231332t 01 
-C.10665905E 01 
-0.111C8878E 01 
-C.115602828 01 
-0.120201UOE 01 
-0.12i*88U73e Cl 
-C. 12965298t Cl 
-0.15i»5063Ut 01 
-0.139UUU90E 01 
-0.UUU6882E 01 
-0.lU9b7820E 01 
-C.15U77312t 01 
-C.16005369C 01 
-C.165Ul998t 01 
-0.17C87206E 01 
-C.176U100CE 01 
-0.18203385E 01 
-C.1877U368E 01 
-0.19353952E 01 
-0.199U21UUC 01 
-C.205389«i5f:- 01 
■0.211UU361E 01 
-C.21758395E 01 
-0.2238105Ct 01 
-C.23012330E 01 
■0.23652238E 01 
■C.2U30C7 75E :i 
•0.2U9579U5E 01 
•0.25623750E 01 
-0.26298191E 01 
-0.2698127U 01 
■0.27672993E 01 

) 
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Table D-29 

THE ROOTS t-JQexpUl6)] 

( 

0 
0.5 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.10 
0.1*5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
i.Uo 
1.U5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.8o 
1.85 
1.90 
1.95 
2.00 

Real t^ 

0.509396149E 
0.S5586233E 
0.56U736U3E 
0.596C6UnE 
0.629890B8E 
0.66626280E 
0.7Ö522692E 
0.7U683178E 
0.79n273U£ 
0.8381680SE 
0.8880C8U2E 
0.9»4070870t 
C.9963331fE 
C.105U9512E 
0.ni66366E 
0.n8l4782E 
C.12U95613E 
0.U209886E 
0.13958719t 
0.1U7U33!>2E 
0.15565167E 
0.16U2S69UE 
Ö.17326630E 
0.182ö98Ui4E 
0.19257376E 
0.20291U22E 
0.21374312E 
0.22508«4 50E 
0.23696236E 
0.2i«9399b7E 
0.262U1653E 
0.2760299««t 
C.290251U6t 
0.3C50871Ut 
Ö.32053736E 
0.33659758E 
0.35325966t 
0.i705l331t 
0.3883<*761E 
C.MC67520Ut 
0.U25717I5E 

OC 
CO 
00 
OC 
00 
CO 
00 
OC 
OC 
CO 
OC 
00 
CO 
01 
01 
01 
Cl 
01 
Cl 
01 
01 
01 
01 
01 
01 
01 
01 
01 
01 
Cl 
01 
01 
Cl 
01 
Cl 
01 
01 
Cl 
01 
01 
01 

Imag t^ 

0.88230059E 00 
0.84028906E 00 
0.79845038E OC 
0.75687576E OC 
0.715657U1E 00 
0.67488857E 00 
0.63U66366E OC 
0.59507831E OC 
0.556229U2t 00 
0.51821530E 00 
0.U811356UE-00 
0.UU509157E-0C 
0.Ul018563fc-00 
0.37652l68t-00 
0.3UU20U69E-00 
0.3133U051E-0C 
0.28UÖ3536E-0C 
0.25639518E-00 
0.23052U6UE-OC 
Ö.20652590E-00 
0.18UU9675E-00 
0.l6i*52830E-00 
0.1U670191L-GC 
0.13100536E-0C 
0.11772807E-00 
0.10665561E-00 
C.97863609E-01 
0.913115501-01 
0.86917552E-01 
0.8U555227E-01 
0.8»*05U3U9E-C1 
0.85206583E-01 
0.87776831E-Cl 
0.915J9276E-01 
0.96195U56E-C1 
0.10159C86C-0C 
0.1075266CC-OC 
0.11386UU7E-CC 
0.12050562E-00 
0.12738U7CE-0C 
0.13U46207E-00 
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Table D-29  (Cont d) 

I'HE ROOTS ti  Qexp(ll0) 

3 

Q 

2.05 
2.10 
2.15 
2.20 
2.2$ 
2.30 
2.35 
2,110 
2.U5 
2.50 
2.55 
2.60 
2.65 
2,70 
2.75 
2,80 
2,85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.U0 
3.U5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
U.00 

Real t: Imag t^ 

O.U<*52 3U 
0.465298 
0.1I859C2 
0.5C70U2 
C.52871U 
O.SbC916 
&.5736U3 
0.5V689S 
0.620670 
Ü.6UU965 
0.669779 
0.695111 
0.72C959 
C.7U7322 
0.77*1201 
0.801592 
C.329U96 
0.857912 
0.866839 
0.916277 
0.9U622J 

C.976682 
0. 10076»* 
0. 10 39 12 
0.107110 
0.110359 
0.113659 
0.1 170C9 
0.120U1C 
0.123862 
0. 12736U 
0.130917 
0.13U520 
0. 15317U 
0. U1878 
0. 1**5633 
C. U*9U39 
C. 15329U 
0.15720C 
C.1611S7 

86t 
50t 
56£ 
52E 
72 h 
OIL 
SIE 
90E 
296 
28E 
32t 
10L 
3UL 
96E 
00L 
USE 
57£ 
61b 
76E 
U8£ 
lUt 
22L 
81L 
25E 
U9L 
•*8t 
18E 
58 c 
62t 
28t 
53E 
35L 
70h 
56E 
91E 
73E 
OCt 
7CC 
POE 

01 
01 
01 
01 
01 
01 
01 
01 
01 
01 
01 
I'l 
01 
Cl 
01 
vl 
01 
01 
01 
01 
01 
:i 
02 
.2 
02 
C2 
C2 
:2 
C2 
02 
C2 
02 
C2 
':2 
02 
C2 
C2 
02 
02 
0? 

G. li*in59lE-n0 
C. 1i*91557C£-:C 
0.156717UU-00 
0.I6UU60U2G-0C 
:. 172.-565551-00 
J. 18CU3«*13E-C0 
0.18866756E-ÖC 
C.197:6707b-0C 
J.2C563369E-ÜC 
Ü.21i*3683lL-ar 
0.22327162E-00 
0.2323UU27E-0C 
C.2U158671b-0C 
0.25C999U2L-CC 
0.260,)8277E-0C 
:.270337C7E-.3C 
C.28026263t-:0 
C.29035969t-00 
C.30G628U6E-Cr 
0.31106917E-:C 
0.32168198E-JG 
C.332U6706t-CO 
0.343U2U5UC-0C 
C.35U55U58E-CC 
C.36535729e-0C 
0.37733276E-0C 
0.388981 lOE-O: 
Ü.UOC802U3E-CC 
O.U1279680t-OC 
C.i*2U96U30E-CiC 
:.i*3730500t-OC 
O.Ui*98189e£-00 
0.U625C629E-0C 
O.U7536698b-OC 
O.U88U011IC-00 
C5016C875E  OC 
C.51U98991E 
G.5285UU65E 
0.5U22730I* E 
0.556I7508E 

) 

OC 
00 
00 
ou 
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c Table D-29  (Cont:d) 

THE ROOTS t^Qexpdl0)] 

Q Real ti Imag t^ 

( 

2.0 0.42570173E 01 
2.1 0.465292l8fc 01 
2.2 Ü.50703993E 0) 
2.3 0.550914904: 01 
2.U 0.59689538E 01 
2.5 0.64496504E 01 
2.6 Ü.695n098E 01 
2.7 Ü.74732292E 01 
2.8 0.80159244E 01 
2.9 0.85791258E 01 
3.0 0.91627748E 01 
3.1 0.97668220E 01 
3.2 0.10391225E 02 
3.3 0.n03594bE 02 
3.«* 0.n700958E 02 
3.5 0.12386228t 02 
3.6 0.I3091735E 02 
3.7 0.I3817456E 02 
3.8 0.14563373E 02 
3.9 0.I5329470E 02 
U.O 0.I6n5730E 02 
U.I 0.1692214CE 02 
«♦.2 0.I7748690E 02 
U.3 0.18595367E 02 
U.U 0.I9462162E 02 
U.5 0.20349065E 02 
U.6 0.21256070E 02 
4.7 0.22I83166E 02 
4.8 0.23I30351E 02 
4.9 0.24097616E 02 
5.0 0.25084955E 02 

0.13450941E-C0 
C.149157l7fc-00 
C. I6446946E-00 
0.I8043794E-C0 
0.I9706874E-00 
C.21436910E-00 
0.23234465t-C0 
0.25099963E-C0 
0.27033719E-00 
C.290359746-00 
C.31I0692OE-C0 
0.332467C8E-CC 
0.35455460E-00 
C.37723278E-C0 
0.40080244E-00 
0.424964316-00 
0.44981899E-00 
C.47536699t-0C 
C.50160876E CO 
0.528544686 CO 
0.556175096 00 
0.584500286 00 
0.61352053E 00 
0.64323607E 00 
0.6736471IE 00 
C.70475381E 00 
C.736S5640E 00 
C.76905494E 00 
0.80224965E 00 
0.83614061E 00 
0.870727936 00 

t 
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Table Ü-30 

THE ROOTS t^QexpUS0)] 

J 

Q 

0 
0.5 
o.io 
0.15 
0.20 
0.25 
0.30 
0.35 
0,U0 
0.115 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.140 
1.1*5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.60 
1.85 
1.90 
1.95 
2.00 

Real t-L 

O.SC9396«Wi: 
Ü.5i871U7il: 
C.57C3369iL 
C.60UU38.58L 
C.6UC8VU2Cc 
C.67977976c 
0.72n2C97L 
C.76U9i4U7J*t 
C.311279UCt 
C.860I55)Pt 
C.9n6CU72t 
0.96b66J69E 
C.1C'223715L 
C.IG8177236 
C.nu391rjUE 
0.12088571L 
0.12766615t 
C.13U7»«C23b 
C.1U2116U6E 
Ü.1U980I470C 
C.157816U5L 
C.)66t6i>lUC 
C. 17U866U5t 
C. 18393870E 
0.193UC325t 
0.2C328U85E 
0.21361182E 
0.22UU1611L 
C/.235732 32fc 
0.2U759898t 
C.26005156t 
0.27312»*3bE 
0.2868UU20E 
C.3C1227»»9E 
0.3162779IE 
0.33198686E 
C.3U833638k 
0.3653036«*t 
0.382865M1E 
O.UCIOOlWt 
C.«il969*»65L 

Imag t^ 

CO 
oc 
CO 
:c 
CG 
CO 
CO 
"»C 
cc 
oc 
CO 
01 
01 
01 
01 
01 
CI 
Cl 
01 
01 
01 
:i 
01 
ci 
Cl 
01 
01 
ul 
01 
Cl 
01 
Cl 
wl 
01 
:i 
01 
01 
01 
Cl 
01 

0.8923DC59C CC 
0.3U2320C2t OC 
0.8028i»781£ CO 
0.7639S256C 00 
0.7258239»4E OC 
C.688U7287t 00 
Ü.652C3176C OC 
ü.61660U75r 00 
C.58229791b CC 
C.5U921965t CC 
0.5174*808It OC 
C.U87I951UE-0C 
0.«»58«»79U6t-00 
0.U3145397E-CC 
O.U062U256E-no 
C.38297296E-0C 
Ü.36177697E-0C 
0.3U279038E-0C 
0.32615291t-0C 
0.3120C776E-0C 
C.3005C079E-0( 
C.29177903t-OC 
0.2859e859h-0C 
0.28327I03E-00 
C.283758U1E-Cr 
0.287566C9E-0C 
0.29Ur8282t-uC 
0.305U5802E-OC 
0.319586O5t-0C 
0.337Cn92UE-0C 
0.35780281P-CC 
0.381U67C1E-00 
0.UC773373t-0C 
0.«*3619268t-OC 
0.U66U1569S-0C 
Ü.U9eö092UE-0C 
0.53C65798fc 00 
G.56Uli»60i«E OC 
0.59B35336E OC 
0. 633231*21 E OC 
C.66878983E 00 

) 
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c Table D-30  (Cont«d) 

THE ROOTS t![ Qexp(15°)] 

Q 

2.05 
2*10 
2.1S 
2.20 
2.25 
2.30 
2.35 
2.U0 
2.U5 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.U0 
3.U5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
U.00 

Real  t-, Imag t^ 

0. ,l»3893366e 01 
0. ,Ub87C96UE 01 
0, .«♦79G16U8L 01 
0. .U993U981fc 01 
0. ,52120622E Cl 
0, .5«»308i09t 01 
0, 565U78C7L 01 
0. 58838919t Cl 
c. 61t81U69E 01 
0, 6357b3CCE 01 
0. 6602C259E Cl 
c, 68516230E 01 
0. 71C63G89t 01 
0. 73660729b Cl 
G. 763C9057t 01 
0, 79CL7982E Cl 
c. 817574221 Cl 
0, 8U5S7308E 01 
G. 87407570E 01 
0. 9C308lU2t 01 
c. 93258966t Cl 
0. 96259999t Cl 
G, 9931117Ut Cl 
C. lC2«*12U5t 02 
0. 10556i80£ 02 
0. 108765166 02 
G. 112Cl6Slt C2 
0. n5317S0t 02 
U. 11866901C 32 
0. 122ö7U0t C2 
0. 125521C6t 02 
0. 1290218UE 02 
0. 132572U2t 02 
c. 13617278E 02 
0. 13982290t ■'2 
0. lU352275c 02 
0. 1U727233E 02 
0. 151ü7159h :2 
G. 15U92l53t C2 
Ü. 158819114E 02 

0, ,7050UU72E OC 
0, .7U2030C2E 00 
0. (77977U56E 00 
0. ,81830158E oc 
c. 85762823E 00 
0. 89776705E 00 
Ü. 93872695E 00 
0. 98051U53E OC 
0, 102313»»8t 01 
0. 10665921F Cl 
c. niC8895E 01 
0. 1156030Ct 01 
0. 12020159E 01 
0. 12U88U92E 01 
c. 12965319E Cl 
0. 13U5G65«»t 01 
0. 139UU511E 01 
0. 1UUU6905E Cl 
0. ll»9578U2t Cl 
0. 15U77335t 01 
0. 160ü5393F 01 
0. 165U2&23E 01 
c. 17C87232t 01 
0. 176U1G27E Cl 
Ü. 182C3U1UE 01 
0, 1877U396E Cl 
Ü. 19353982t Cl 
c. 199»4?17»»E 01 
0. 20538977t 01 
Ü, 21UU393t Cl 
c. 2175RU28E 01 
c. 22331C35t 01 
c. 23012366F 01 
0. 23632274t 01 
* • 2U3GC813E 01 
0. 24957983E 01 
0. 25623789E Cl 
0. 26298232E 01 
c. 26981312t Cl 
0. 27673C35E 01 
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Table D-30  (Cont'd) 

THE ROOTS t^QexpUS0)] 

3 

Q Real ti Imag t1 

2.0 0.<ll969U08E 01 C.66898195E 00 
2.1 0.45871055E 01 0.7U21O17OE CO 
2.2 0.U99b502Ofe 01 C.81832830E CO 
2.3 0.bU308318E 01 0.897778C8E CO 
2.U 0.588389206 01 C.98051957E 00 
2.5 0.6357529dE 01 0.106659U5E C1 
2.6 0k6e51623OE 01 0.115603I2E 01 
2.7 0.73660731E 01 O.I2«4fl8U99E 01 
2.8 0.790079Ö3E 01 C. l3i4S0658E 01 
2.9 0.8U5573I0E 01 C.1U4U6906t 01 
3.0 0.90308142E 01 0.I5U77336E 01 
3.1 0.96259997E 01 C.165U20^3E 01 
3.2 0.102U12U5E 02 C.176U1027E 01 
3.3 Ü.108?6516E 02 C.1877»4397£ 01 
3.4 0.II53I78IE 02 0.199U217UE 01 
3.S 0.1220 70116 02 0.21I14U393E 01 
3.6 0.12902185E 02 C.2238108UE 01 
i.T 0.13617279E 02 C.2365227UE 01 
3.8 0.1U352276E 02 0.2»49579fcUE Cl 
3.9 0.15107I60E 02 0.26298232E 01 
U.O 0.15e819IUE 02 C.2767303UE 01 
it.l 0.16676527E 02 C.29082UÜ8E Cl 
U.2 ü. I7U90985E 02 Ü.30 526365E 01 
U.3 0. 18325279t 02 0.3200U9I7E 01 
U.U 0.I9179398E 02 C.335I807UE 01 
«♦.5 0.2005333UE 02 C.35065846E 01 
«♦.6 Ü.209ii7Ü7faE 02 C.366i»82t(1E 01 
U.7 0.2I860623E 02 0.38265266E 01 
U.8 0.22 79396UE 02 C.39916929t 01 
»».9 0.237U709IE 02 0.U160323U6 01 
5.0 U.2U72000IE 02 O.U332Uie9E Cl 

) 
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c 
Table ü-31 

THE ROOTS tjJQexpdlO0)] 

< 

0 
0.5 
oao 
0,15 
0,20 
0.25 
0.30 
0,35 
0.U0 
0.U5 
0.50 
0.55 
0.60 
0.65 
0,70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.1*0 
1.U5 
1.50 
1,55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.55 
2.00 

Real  ti 

ö.50V396U9t 
0.5U205377E 
Ü.S7693215L 

C.6533>46<S6t 
C.6*i*3789i>t 
ü.73n625C6E 
C.76Ub82 9nb 
C.83?75n0£: 
0.883128S'>E 
L.V3571553E 
C.99051370E 
C. lCU75266t 
0. n06 760UE 
0. l16822i4Ub 
0.12319318t 
C. 12979C10E 
0.1S66rJ71ü 
C.1U367330L 
0.1509672Ut 
Ü. 1505G321F 
0.16628863E 
0.17U333llu 
C.1826U917E 
C.19125301t 
0.2C3l6b82F 
G.2C9U1512E 
0.2190366BE 
0.229076736 
0.23959U03t 
0.25C661C8E 
ü.2623622Gt 
0.27U7eb62E 
0.288C>0628t 
0.3C2C6237E 
C.3169378ie 
C.3325667St 
Ü.3U886098E 
0.3657UCU7E 
0.38315Ü36E 
0.U0106160E 

Imag .t- 

CC 
oc 
GO 
'.C 
cc 
CO 
oc 

DO 
CO 
r ". 

OC 
01 
01 
:i 
01 
01 
ci 
:i 
n 
01 
01 
ci 
01 
01 
01 
C/l 
01 
01 
01 
01 
01 
01 
01 
CI 
01 
01 
01 
01 
01 
01 

0. .88230059E OC 
0, .8U512601F OC 
c. .8Ö886113C oc 
c. .773607661: cc 

.739i«6831t oc 
c. .7065U710E oc 
w t .67U9U97UE OG 
c. ,6UU78U02t oc 
c. ,61616C2?E oc 
c. .b3919l62t OG 
0. .56399U97E 00 
0. .bU069lll£ 00 
c. .51940558t oc 
0. ,50026932E 00 
r. «»83419U9E- -cc 
c. .U690CC29t- -oc 
c. ,U5716«l06E- -oc 
0. .«»U807230E- •OG 
0. «♦«♦189689E-0C 
0, ,4 38821U3E- •oc 
c. «*39CU270t- •00 
0. UU277193E- -oc 
0. »»5023623t- •oc 
c. «♦6167929E- -oc 
0. U77361U3E- •00 
0, U9755768E- -oc 
c. 5225526Ct oc 
0. 55262919t oc 
0. 5880U732E 00 
0, 629C06C7E GO 
c. 675582U1E 00 
0. 7276U2U5t 00 
0. 78U739U1F CO 
0, 9«*6üU859E oc 
c. 910U2999E 00 
c. 976675«l9£ cc 
c. 10U3flU7CF 01 
0, 1111U877E 01 
0. 1179587Ct 01 
0. 12U83915E 01 
0. 131821U1E 01 
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Table D-3I (Cont'd) 

THE ROOTS t^QexpUlO0)] 

3 

Q 

2.05 
2,10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.U0 
2.U5 
2,50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
1.95 
3.X 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.U0 
3.U5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
U.00 

Heal t« Imag t^ 

0.UWU6356E 01 
O.Ui03555»*t 01 
Ü.U5773VU3t Cl 
O.U77618CiE 01 
C.UV799r09t 01 
(..51806G96L Cl 
C.5J4022.5U3E Cl 
C.56207707t ?1 
ü.58UU2272t Cl 
0.6C72b658E 01 
C.63057306fc Cl 
C.6bU3861Sc Cl 
0.67367V71t .1 
0.7t3»«5782E 01 
0.728719b8fc 01 
C'.7bUi4 6«4 22L 01 
0.r8C69Ö95e Cl 
t.307399 HL Cl 
C.83U580J0t 01 
0.86225725E r>i 
C.890U06C6t 01 
C.9190 3t«OUt 01 
C.9U814C69L Cl 
C.9777256ÖE ^1 
C.1C077883L 02 
0.1038328Ut 02 
0.10693t«bAt 02 
C. nC08AV7t 02 
C.1132810rt 02 
C.n652566E 02 
0.n901791E 02 
0.12315771t 02 
C.1265U5CUC 02 
0.12997989E u2 
0.133U622UE 02 
Ü.136992GUE C2 
0.1U05693Ct 02 
O.H»U19398E 02 
0.1U786609E J2 
0.15158559t t'2 

0.138932C6E Cl 
0.1«*618903£ Cl 
0.15360238E 01 
0.1611766«»^ 01 
J.16891357C 01 
C.17681371t 01 
0.18U877U9E 01 
0.1931O535E 01 
0.201»»9790E 01 
0.210C557Ut 01 
0.2187793Rt 01 
C.22766937C Cl 
C.23672608E 01 
C.2U59U988t 01 
0.2553U111E 01 
C.26U9000«»t Cl 
C.27U6269?t Cl 
0.28«*52199t 01 
0.29U585UUE 01 
0.30U817UUE 01 
0.31521817t 01 
0.325787781 01 
0.33652639C 01 
C.3U7i*3U15E 01 
C.35S51111E 01 
P.369757U5E 01 
0.38117322H 01 
0.39275852t 01 
Ö.UCU513U3E Cl 
3.U16U3800E 01 
0.U2853235E 01 
O.UU0796M9E 01 
0.U5323050E 01 
0.U6583UU5E 01 
0.U786083RE Cl 
0.4915523UE 01 
C.5CU66637t 01 
0.51795051E 01 
0.S31UCU81E 31 
0.5U5C2928E 01 

:) 
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f o Table D-3I  (Cont'd) 

THE ROOTS ^[QeapdlO0)] 

Q Real ti Imag t1 

( 

2.0 0.U0I09725E 01 0.I3I81297E 01 
2.1 0.U3836296E 01 0.1ii6l8231E 01 
2.2 0.U7761938E 01 0.1611751i»E 01 
2.3 0.518861618 01 0.17681370t 01 
2.U 0.56207831E 01 0.193105U3E 01 
2.5 0.60725679E 01 0.210055766 C1 
2.6 0.65U38627e 01 0.22766938E 01 
2.7 0.703U5789E 01 C.21I59I4989E 01 
2.8 Q.75UU6U27E 01 C.26U9000UE 01 
2.9 0.807399I5E 01 0.28li52198E 01 
3.0 0.86225725E 01 0.30U8I7UUE 01 
3.1 0.9I903U0UE 01 C.32578778E 01 
3.2 0.97772562E 01 0.3471*31» 1UE 01 
3.3 Ü.1038328UE 02 0.369757U5E 01 
3.»» 0.I1008397E 02 0.39275853E 01 
3.5 0.11652566E 02 C.U16«4 3800E 01 
3;6 0.12315771E 02 O.Uii0796U9E 01 
3.7 0.12997989E 02 0.U6583UM5E 01 
3.8 0.1369920UE 02 O.U9l5523i(E 01 
3.9 0.1UUI9399E 02 C.51795051t 01 
U.O 0.15158559E 02 0.5U502928E 01 
U.I 0.I59I6672E 02 0.57278895E C1 
U.2 0.I6693725E 02 0.60122977E 01 
«♦.3 0.17U89709E 02 C.63035199E 01 
U.U Ü.1830U615E 02 0.66015578E 01 
U.5 0,I9I38U32E 02 0.69064133E 01 
U.6 0.19991153E 02 0.72 180882t 01 
U.7 0.20862772E 02 C.75365836E 01 
U.8 0.2175328IE 02 0.78619015E 01 
»♦.9 Ü.22662675E 02 0.819U0U22E 01 
5.0 0.235909U8E 02 C.85330077E 01 

c 
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Table D-32 

THE ROOTS  t1[Qexp(il^0)] 

0 

0 
0.5 
0,10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.U0 
o.U5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
i.05 
1.10 
1.15 
1.20 
1.25 

i.35 
1.U0 
1.U5 
1.50 
1.55 
1.60 
i.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real t^ 

0.509396U9E 
0.5U5nö97£ 
C.562862201: 
0.622b9359k 
0.66U29963E 
C.7C793b9UL 
0.753U7735e 
0.3C0892 8Se 
ü.f.Sjl5CB2E 
C.9C12ie83t 
0.95UC6388E 
0.10086b22E 
0. )06U9U99L 
G.n229222k 
C.n0253U2E 
0.12U37S10E 
C.13065375C 
O.H7COl>V7t 
C.1U3668U1E 
C.lb039796c 
C. 15 7271 77L 
C. l6U287i<9t 
0.171UU350L 
C.1787ä929C 
0.1S617öCi4k 
C.19375756G 
C.2CH*9175fc 
C.2C9393nL 
C.217U8681E 
0.225ai613t 
0.23«»U5,>67L 
0.2U3535rj9t 
G.253283C3E 
0.26»»C7i89t 
0.27639673E 
Ü.2VCJi87nL 
C.30589iC9L 
0.32IR9775t 
0.3381 1'J7|£ 
0.3t>UU8J6?£ 
C;371063«4Ct 

00 
ct 
•:c 
?c 
cc 
c: 
DG 
00 
cc 
cc 
00 
01 
01 
Cl 
11 
01 
Cl 
Cl 
D1 
Cl 
01 
31 
C I 
01 
01 
01 
01 
01 
01 
01 
Cl 
01 
Cl 
Cl 
01 
01 
01 

01 
01 
Cl 

Imag t^ 

0.88230059E 
C.8U820U69b 
0.31538835t 
0.7839M9UCE 
0.75398639E 
C.72559905E 
0.69a8807CE 
0.6739586««C 
0.6509U78E 
0.629866C9L 
0.61C92525E 
D.59U209»»rF 
0.5798«IC87E 
0.5679Ufi18t 
0.55866706t 
0.5521U176F 
0.5«*852656t 
0.5«»798758t 
C.55C7rtbO«4E 
C. 5563759»«E 
Ü.56671755L 
G.580»i7155E 
0.S78««0963t 
0.62CnuO26E 
0.6Uei1797t 
C.68C65530t 
C.71893819E 
0.7635«470CE 
0.8 151822?t 
C.87u69U3Ct 
&.9U310667E 
0. IC215885E 
C.111I23U0E 
D. 12122399t 
0.1321896UE 
0.1U330178E 
0.15385686t 
0.16378651E 
0.173U21C3E 
0.18307966k 
0.19295880E 

OC 
oc 
cc 
Ol- 
CC 
OC 
CC 
cc 

0«. 
CC 
oc 
CO 
OC 
00 
OC 
rr 

00 

OC 
cc 
cc 
CO 
cc 
OC 
OC 
OC 
cc 
cc 
3C 
00 
01 
01 
Cl 
01 
01 
01 
01 
Cl 
01 
Cl 

J 
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c Table D-32  (Cont'd) 

THE ROOTS t^CQexpdl^0)] 

Real % Imag tjL 

c 

2.Q5 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 

2.U5 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.UO 
3.U5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
U.oo 

0.i8796823t Cl 
0.U0529535E 01 
0.U2 307C68E 01 
o.uuiiitsum. 0\ 
0.»»60097V6t 01 
0.U7932C09E 01 
G.U93998U2L Cl 
Ü»51912750t Cl 
0.53970608E 01 
0.56073W25t 01 
0.58221170E 01 
0.6CU13779E Cl 
0.6265n53E 01 
0.6U933200E 01 
C.672598Ult 01 
0.69631CC7E 01 
0.720U6ft23L 01 
C.7»4 5066«*2E 01 
0.77C1C99UE 01 
0.79559629fc 01 
0.821S2U97fc 01 
0.8U789559E 01 
0.87U70762E 01 
0.90196C65t 01 
0.92965U37E 01 
0.9577fl836C 01 
0.98636232E 01 
0. 10153759t 02 
0.10UU8288E 02 
0.1C7U720a£ 02 
0.1105C516E 02 
0.11358210t 02 
0.11670288E 02 
0.119867U6E 02 
0. 12307583t 02 
0.12632797t 02 
0.12962386E 02 
0.132963U9E 02 
0.1363U682t G2 
0.13977388t 02 

0.2031U78UE 01 
3.21366268E 01 
0.22UU7891E 01 
0.235561U1E 01 
0.2U688U67E 01 
0.258U3885E 01 
D.27022515t 01 
0.2822ii352E 01 
0.29U51295E 01 
0.307':2033E 01 
0.31977122E 01 
C.3327659UE 01 
0.3U600U8CE 01 
0.35948820E 01 
0.37321661t 01 
0.387190U1E 01 
0.U01U0989E 01 
C.U1587542E 01 
0.43O58719E 01 
0.UU55U551E 01 
0.U6075056E 01 
0.U7620259E 01 
0.U919C171E 01 
0.5078U815t 01 
0.52UOU206E 01 
0.5UOU8353E 01 
0.55717278E 01 
0.57U10986E 01 
0.59129U89E 01 
0.60B72801E 01 
0.626U0929E 01 
0.6UU3S88l»E 01 
0.66251673E 01 
0.6809U303E 01 
0.69961782E 01 
0.7185U1I9E 01 
0.7377M20E 01 
G.75713386E 01 
0.77680326E 01 
0.79672150E 01 
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Table D-32  (Cont'd) 

THE ROOTS t^QexpCUS0)] 

3 

Real ti Imag tj^ 

2.0 Ü.3709d836e 01 0.192e37e3E Cl 
2. 1 ü.«405237ä2E 01 C.21367379E 01 
2.2 ü.i*UI3i(U22k 01 C.23S574m 01 
2.3 0.U7932U13E 01 C.258U3836E 01 
2.U Ü.5I9I2767E 01 0.282247226 01 
2.5 0.56ü73*»IOt 01 0.3C7020nE 0» 
2.6 ü.60U137ä2fc 01 C.322765ä6£ Cl 
2.7 0.6U933203E 01 C.359U881Ut 01 
2.8 Ü.69631007E 01 0.3e719036E 01 
2.9 0.7U5066»«2t 01 0.41587537E 01 
3.0 0.79559632t 01 0.UU55U5U9E 01 
3.1 0.8U789559E 01 0.U7620255E 01 
3.2 0.90I96066E 01 0.507eU8IUE 01 
3.3 0.95778836t Cl 0.5iiOU83S3E 01 
3.U 0.10153759t 02 C.57U1098Ut 01 
3.5 0.107U7208f 02 0.60872801t 01 
3.6 0.n3582IOt 02 0.6UU33882E 01 
3.7 J.119»67U6E 02 0.6e09U302E 01 
3.6 0.12632797t 02 C.T185UlI9t 01 
3.9 0.132963U9E 02 C.757I33d6t 01 
U.O 0.13977388E 02 0.79672150E 01 
U.l 0.1U6759C0E 02 0.83730U50t 01 
U.2 0.15391877E 02 C.878a8329E 01 
U.3 Ü.16125306E 02 C.92lU58l8t 01 
U.U 0.16876180E 02 0.965029U6E 01 
U.5 0.176UttU89E 02 C.I0095973E 02 
U.6 Ü.18U30226E 02 C.10551621t 02 
U.? 0.1923338Ut 02 C.n0172ü0t 02 
u.d 0.2005395eE 02 0.IIU92832E 02 
»♦.9 0.20e919U0E 02 C.1I978399E 02 
5.0 Ü.217U7325E 02 C.I2U739«»2t 02 

■ 

■ I 

) 

D-66 
1 

LOCKHEED  MISSILES  &   SPACE  COMPANY 

m iiHilMHMfililiUii 11 lawsaawfea »«»*j«»Ä>Ja*Kliv-«(i(ja!fcjiHb;:.   - (1 - 



: 

c Table D-33 

THE ROOTS t^ [Qexp(i 20°)] 

( 

0 
o,5 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
o,Uo 
0.U5 
0.50 
ü.S5 
0,60 
0.6$ 
0.70 
0.75 
0.60 
0.85 
0*90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
I.I1O 
1.U5 
1.50 
1.55 
1.60 
i.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2*00 

Real t^ 

0.509i96U9E 
).54788925t 
).588U208E 
D.6301C296E 
0.67371870L 
0.71893«*78fc 
0.76569525t 
0.8139U25UE 
0.86361726t 
0.91U65793E 
0.96700C83t 
C.lC205795t 
ü.107532U6t 
0.n3n63UC 
c.n88ci9ie 
0.12U58103L 
0. 1304U5C6c 
Ü. 136381472t 
C.1U239CC2E 
0.lU3«4SCC9t 
Ü. 154553CUL 
O.l6060573n 
0.166833U3L 
0.17297951E 
C.1791CU8UL 
0.1351fl7:6t 
0.19119938L 
C.1971Ca98t 
C.2C2674C9t 
0.2G8»«3913L 
0.213725536 
Ü.2136116nt 
0.22238193h 
0.226C5315L 
C.22633530t 
C.21735803t 
0.2:310266t 
0. 1959R9t«2t 
C. 19Ö61«477L 
0.1862937ie 
0.ie268173t 

Imag t^ 

CO 
00 
00 
cc 
00 
00 
00 
00 
00 
00 
00 
Gl 
Cl 
01 
Cl 
n 
LI 
Cl 
Cl 
01 
'• 1 
Gl 
Cl 
"1 
Cl 
;i 
Ll 
Cl 
Cl 
?1 
Cl 
Cl 

1 
01 
01 
:i 
0« 
01 

1 
:i 
01 

0.88230059E 
0.851528i»2C 
0.82236311t 
0.79U8918SE 
..7692C222E 
0.7U538255r 
0.72352232E 
0.70371262t 
G.686CU656E 
0.6706l978e 
0.65753107E 
0.ü»»68829Ut 
0.6337823iiE 
0.6333U156L 
0.63C67911E 
C.63C92C95F 
0.63U2C185E 
0.6UC667C9E 
C'.65CU745I«E 
0.66379725E 
0.680S2676E 
0.70177733E 
C.72689169E 
C.756i*U836t 
0.79077213E 
0.3302U863E 
C.075iU557t 
0.9266Uit95t 
0.9aU89'4036 
0.10510906E 
0.1 1266363t 
0.12136395t 
0. I3155930E 
C.U3718U2E 
C.15999239t 
0.1713:55Ct 
0.173U92?aE 
G.175i46788i; 
C.17673UVlt 
0.17769817t 
0.178U9336U 

or 
oc 
cc 
^ 
cc 
cc 
00 
00 
oc 
•J *. 

00 
oc 
oc 
00 
oc 
cc 
00 
oc 
CO 
cc 
00 

r.n. 

OC 

cc 
cc 
00 
j\ 

01 
01 
Cl 
01 
Cl 
01 
Cl 
Dl 
Cl 
01 
01 
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Table JL)-33  (Cont'd) 

THü ROOTS  ^ [ Qexp (120°)] 

•^^F 

Q 

2.05 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.U0 
2.U5 
2.50 
2.55 
2.60 
2,65 
2.70 
2.75 
2,80 
2.Ö5 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.140 
3.15 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.Ö5 
3.90 
3.95 
1.00 

Real t. Imag t^ 

0. 1795ß2Q5t Cl 
0. 17637G99t 01 
0. 17UU6566t 01 
0. 1723C7Slt 01 
L, 17035351t :i 
0. 163571C7E Cl 
Ü. 16693UVCL 01 
0. lö542U88F 01 
j. 16«402M81i. 01 
c. l62721U3t Cl 
0, 16150365«E Cl 
0. 16U36223L 01 
0. 16920932Ü 01 
G. 15R27P18E Cl 
0. 157323C3E Cl 
0. 156U1880L Cl 
0. 13556112t Cl 
0. lbi47U6C9e 01 
0. 15397t.3lE 01 
0. lb323.7Ut 01 
0. lü252«4 66t Cl 
0. 15184V65L Cl 
D. l'>12C3Slt 01 
0. lb05fl»i3UL 01 
0. 1U999C27L 01 
c. lU9UlV72t 01 
0. 1U887121L 01 
0. lUfl3«*3UCt : 1 
c • 114 7835CAL ^i 
G. H*73U5C2L Cl 
0. 1U687229E 01 
c. li<6U1589£ 01 
0. lUb97M93L 01 
Ü. lU55UG63t Cl 
c. 1U513617E 01 
v; • I»*i(73687e Gl 
0. 1U435CC9L 01 
c. 1»4397521L 01 
0. U361165E r\ 
c. I14 325E89L v\ 

C.179I8021E 
0.17V7899RE 
0. 1RC3U106E 
0.1808U536L 
Ü.18131100E 
fJ.1817U39UL 
0.1821U867E 
0.182b286UE 
C.18288672C 
0.18322517t 
0.1835Ub92t 
C.18385C62E 
C.18U1UC6UE 
0.18UI41720E 
C.18U63135C 
0. 18U93UG3E 
0. 1851760»» t? 
0.185«40817t 
0.18S6310UE 
G. 185814 526E 
Ö.186u5138E 
C.1862U987E 
0»186«(U119E 
0.18662579E 
G.18630399E 
Cl 8697616L 
0.1871U263F 
0.18730369L 
C.187U5963L" 
0.13761C65E 
0.187757C6C 
J.1878990UE 
0.18803681L 
0.l8ei70S6fc 
C.188i00i»7F 
t.l8RU2670E 
C.1835»4 9»4 3t 
C.18e66882E 
0.18B7nU96C 
C.188898056 

Cl 
Cl 
Cl 
01 
01 
01 
Cl 
01 
01 
01 
01 
■n 
01 
01 
Cl 
01 
Cl 
01 
01 
01 
Cl 
01 
31 
01 
Cl 
Cl 
01 
Cl 
Cl 
Cl 
^1 
01 
^1 
Cl 
01 
Cl 
01 
:i 
01 
01 

) 
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o Table D-33 (Cont'd) 

THE ROOTS ti[Qexp(120°)] 

Q        Real t1 

2.0 0.i3iÜU712E   01 
2.1 Ü.3599C21UE   01 
2.2 0.39190886E   01 
2.3 O.U2b77693E 01 
2.U Ü.U6087H1E   01 
2.5 O.U9759050E   01 
2.6 0.5359U987E   01 
2.7 0.b7b875fa6£   01 
2.8 0.61738U24fe   01 
2.9 Ü.660U679ftE   01 
3.0 0.705I2225E   01 
3.1 0.75I3U376E   Cl 
3.2 0.79912909E   01 
3.3 0.8U8i*7539E   01 
3.4 0.89938012E 01 
3.f> Ü.951fl»»10IE   01 
3.6 0. IO05e56IE   02 
3.7 ü. I061U236E   02 
3.8 0. 11185U18E   02 
3.9 0.I1772093E 02 
«♦.0 0. 1237U2U9E 02 
U.I 0. 1299I873E 02 
U.2 0. 136214956E 02 
U.3 0. 1U273U86E 02 
k.k 0. H4937U57E 02 
«*.5 0.15616859E 02 
U.6 0.163II585E 02 
U.7 0. 170219296 02 
U.8 0.l77U75e5E 02 
4.9 0.18U886U9E 02 
5.0 0.192451I2E   02 

Imag t1 

C.2U69U440E 01 
C.27407619E 01 
0.30292844E 01 
0.33221941E 01 
C.36269369E 01 
C.39457256E 01 
C.42766944t Gl 
0.4620I694E 01 
C.49763100E 01 
C.53450790E 01 
0.572652I5E 01 
0.61206563E 01 
C.6527502IE 01 
C.69470746E 01 
0.73793877E 01 
C.78244522E 01 
0.82ä2278l£ 01 
C.87528755E 01 
Ü.92362508E 01 
0.973241 10E 01 
C.10241361t 02 
C.10763108E 02 
0.I1297656E 02 
0.118450C8E 02 
0.12405170E 02 
C.1297ÖI43E 02 
0.13563931E 02 
0.14162537E 02 
C.14773965E 02 
C.15398215E 02 
0.160352e9E  02 

I 
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Table D~3k 

THE ROOTS ^[Qexpdliii-0)] 

3 

Q 
0 
0.5 
0,10 
0,1$ 
0.20 
0.25 
0.30 
0.35 
O.liO 
0.1*5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
l.li0 
1.U5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real tj^ 

&.5G9396U9E CO 
0.55659781L 00 
G.6037832UE GO 
0.65085i*55E CO 
0.6977l3U5t 00 
C.74U26U2E CO 
0.790399C6E 00 
C,836C2680E CO 
0.80101437BE 00 
0.9253U316E CO 
0.96883687E 00 
0.10mC55E 01 
0.10b29U87E 01 
0.10933592E 01 
0.1132b293E 01 
0.n7C3501E 01 
0.12067122E 01 
0.12U15066E 01 
0.127U6254E 01 
0.13059630h Cl 
•0.1335*4l73C 01 
0.1362B925E 01 
0.13883007E Cl 
C.lUnS6SlE 01 
0.U326237t 01 
0.1U51U323E 01 
0.1U679686E 01 
C.1U822359E 01 
0.1U9U2658k 01 
0. IS0U1198E 01 
0.15H8899E 01 
G.15176971E Cl 
O.15216870E 01 
0.1S2U0251E Cl 
0.152U8899C 01 
0.1S2UU661E 01 
0. 1522936i»£ 01 
0.1520U77UE 01 
0.15172531E 01 
0. tS13U12i»E 01 
0.15090879E 01 

Imag t1 

0. .08230059E oc 
0. 8699S077E 00 
0. .a599U21?E 00 
0. .85225192L oc 
0. ÖU685599t oc 
0. a437283«iE 00 
0. 8U28U09UE 00 
0, 84U16331C CO 
c. 84766213t 00 
0, 8533008CE oc 
0, .861Ü3895C 00 
0. 87083185E 00 
0, 88262985E oc 
0. ,89637755E oc 
0. 912013C6E CO 
c. 929U6712E OC 
0, 94866216E 00 
0. 969t>1113E 00 
0. 9919165UE oc 
0. 10157692E 01 
0. 10«l09»«7«»E 01 
0, 10673155E 01 
0, 109U7239E Cl 
0. n230082E 01 
0. 11519897E 01 
0. 1I81«4768E 01 
0. 12n2668E 01 
0. 12U11U96E 01 
0. 127Ö9122E 01 
0. 130034U3E 01 
0. 13292U50E 01 
0. 1357«i295E 01 
0. 138473U7E 01 
0. I41102S2E Cl 
0. 1U361960E 01 
0. 1U601739E 01 
c. 1U829162E 01 
c. l!>0l»iiO86E 01 
0. 152U6608C 01 
0. 15U37026E 01 
0. 15615778E 01 

) 
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Table l)~3k (Cont'd) 

THE ROOTS ti [ Qexp (ll^0) ] 

Real ti 

( 

2.0$ 
2,10 
2.15 
2.20 
2.25 
2.30 
2.36 
2.U0 
2M 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2,80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
2.30 
3.35 
3.1(0 
3.U5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
luOO 

0. 1S0%39ii2E 01 
0, U99U296E 01 
0. 1H9i»276%E 01 
0. 1U890031E 01 
0. UI836653E 01 
0. U783081E 01 
0. 1U729675E 01 
0. 1U676718E 01 
0. 1U62UU30E 01 
0. 1U572979E 01 
0. 1U522U89E 01 
0. 1UU73052E 01 
0. 1UU2U732E 01 
0. 1U377566E 01 
0. 1U331582E 01 
0. 1U286789E 01 
0. 1U2U3182E 01 
0. 1U2007S5E 01 
0. U159U89E 01 
0. 1U11936SE 01 
0. 1U080359E 01 
0. 1UOU2UU0E 01 
0. 1U005581E 01 
0. 13969750E 01 
0. 13934916E 01 
0. 139010SOE 01 
0. 13868n9E 01 
0. 13836090E 01 
0. 1380U937E 01 
0. 1377U627E 01 
0. 137U5131E 01 
0. 13716U22E 01 
0. 13688U70E 01 
0. 13661250E 01 
0. 1363U738E 01 
0. 13608906E 01 
0. 13583730E 01 
0. 13559192E 01 
0. 13535266E 01 
0. 135n929E 01 

Ixnag t^ 

O.IS783*16E 01 
0.159%055%E 01 
0.160878WE 01 
0.1622593SE 01 
0.163S5Ü83E 01 
0.16i»77112E 01 
0.t6591U17E 01 
0.1669895IIE 01 
0.16800247E 01 
0.16895778E 01 
0.16985987E 01 
0.17071286E 01 
0.171520U3E 01 
0.1722860UE 01 
0.17301275E 01 
0.173703UOE 01 
0.17i>36059E 01 
0.17U98668E 01 
0.1755838i»E 01 
0.17615U00E 01 
0.17669903E 01 
0.17722052E 01 
0.17772002E 01 
0.17819890E 01 
0.178658U6E 01 
0.17909983E 01 
0.17952U12E 01 
0.1799323UE 01 
0.180325U1E 01 
0.18070U16E 01 
0.181069U1E 01 
0.181U2187E 01 
0.18176223E 01 
0.1820911UE 01 
0. 18240912E 01 
0.18271Ö81E 01 
0.18301U68E 01 
0.18330323E 01 
0.18358283E 01 
0.18385402E 01 

t 
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Table D-35 

THE ROOTS tjjQexpUiiÄ0)] 

0 

Q 

o 
0.5 
o.io 
o.i5 
0.20 
0.25 
0.30 
0.35 
o.Uo 
o.U5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
i.Uo 
1.U5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real t1 

0.509396t»9E CO 
0.5b69591ii: CO 
0.6CU3U368t 00 
0.65IU5tl90E OC 
0.698I9770E OC 
0.7«*«»u7697e 00 
0.790197ii5E GC 
0.8352635i»E OC 
0.87957921E 00 
0.9230U796E CO 
Ü.96557277L 00 
G.1C070561E 01 
0. 10U7UC02E 01 
0.1G865069E 01 
0.112U278ifc 01 
0. n606l71t Cl 
0.1195U270E 01 
C.12286IU0E 01 
0.1260C867E 01 
C.12897i8S£ 01 
C. lil75U84»E 01 
C.13U33333C 01 
0. 13672003t Cl 
0.13889U92E 01 
0.lU0859blE 01 
G.1142612C8E 01 
0. lU4l5iGöh 01 
0. lU5U8U87fc 01 
0.1«4661273C 01 
0. lU75«»399t 01 
0. lt»8288Ul£ 01 
0.1U885785E 01 
0.1U926589h 01 
0.IU952738t 01 
0.1U965792E 01 
0.1U96733ME 01 
Ü.1U958920L Cl 
0.IU9U2037E 01 
0.1U9I8C70E Cl 
0.1U88828SE 01 
Ü.1U853809C   Cl 

Imag tjL 

0.88230059E 00 
0.8716C375E OC 
0.86323792E OC 
0.85717026E OC 
0.353366«iir: OG 
0.8517902UL OC 
0.852UC3UIJE 00 
0.855165176 OC 
0.860Ü5161E 00 
C.866V5559E 00 
0.0758859AF OG 
0.38676716E 00 
0,89953852C 00 
0.91»»1337?t OG 
0.93CU7989K OG 
0.9U8U9707E OG 
0.968G9721C OG 
0.989ia35«iL OC 
0. 10n6U96t 01 
0.10353787E 01 
0.106G2U3UH Cl 
0.10861CU7L 01 
0.111281256 Cl 
0.11U02062E 01 
0. 1168 mOE 01 
0.1196 3599t Cl 
0.122U757«ifc 01 
0.12531213E 01 
0,12812677t 01 
0.13090196E 01 
0.1336212CE 01 
Ü.13626959E 01 
D.13883U3UE 01 
0. m30«*96C 01 
0.1U367350E 01 
0.1U5934U9E 01 
C. 1i»8C8U89E 01 
0.15C12382E 01 
0.152Ö5223E 01 
0.1538726UE 01 
0.1555886i(k  01 

) 
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( Table D-35 (Cont'd) 

THE ROOTS t^CQpxpdliÄ0)] 

c 

2.05 
2.10 
2.15 
2.20 
2.7$ 
2.30 
2.35 
2.14 
2.U5 
2.50 
2.55 
2.60 
3.65 
2.70 
2.75 
2.60 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.10 
3.1(5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.05 
3.90 
3.95 
luOO 

Real t^ 

0.1U815657E 01 
0.1477U625E 01 
0.1U731507E 01 
0.1U686901E 01 
0.1U6U1321E 01 
0.1US95193E 01 
0.1tiSi»8863E 01 
0.1U502615E 01 
G.1U456673E 01 
0.1UU1121UE 01 
0.1U366380E 01 
0.1U322276E 01 
0.14278982E 01 
0.1U236559E 01 
0.1»1950U7E 01 
0.1U15K472E 01 
0.1U114852E 01 
0.1U076189E 01 
0. 1i»038i»85E 01 
0.1U001732E 01 
0.13965916E 01 
0.1393102ifE 01 
0.13897038E 01 
0.13863936E 01 
0.13831699E 01 
0.13800301E 01 
0.13769723E 01 
0.13739940E 01 
0.13710928E 01 
0.13682663E 01 
0.1365512i»E 01 
0.13628287E 01 
0.13602129E 01 
0.13576629E 01 
0.13551766E 01 
0.13527516E 01 
0.13503865E 01 
0.13U80789E 01 
0.13H58268E 01 
0.I3II36288E 01 

Imag tjL 

0.15720%75E 01 
0.15872605E 01 
0.16015783E 01 
0.16150559E 01 
0.16277U79E 01 
0.16397069E 01 
0.165098U1E 01 
0«16616277E 01 
0.16716832E 01 
0.168I193CE 01 
0.16901962E 01 
0.16987297E 01 
0.17068268E 01 
0.171U5185E 01 
0.17218333E 01 
0.17287977E 01 
0.1735i»3t»8E 01 
0.mi7680E 01 
0.17478166E 01 
0.17535996E 01 
0.17591333E 01 
0.1764i»347E 01 
0.17695175E 01 
0.177U3950E 01 
0.17790797E 01 
0.17835831E 01 
0.17879153E 01 
0.17920867E 01 
0.17961055E 01 
0.17999807E 01 
0.18037197E 01 
0.18073298E 01 
0.18108178E 01 
0.18141899E 01 
0.1817U518E 01 
0.18206090E 01 
0.18236671E 01 
0.1826630IIE 01 
0.18295027E 01 
0.1832289iiE 01 
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Table D-36 

THE ROOTS ^[QexpdöO0)] 

2 

Q 

0 
0.5 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
o.Uo 
o.U5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.U0 
1.1*5 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.60 
1.85 
1.90 
1.95 
2.00 

Real t1 

0,lK9i9th<it. 
0.S5 78714 75». 
0.6C5l212Ct 
C.651Ca7r3L 
0.6V572i>9lL 
0.73R9V173E 
ü.7nORUIiUL 
C.821233S9t 
C.86012V89fc 
O.B97U9U5it 
O.V332Vt>I!>L 
O.V675C3C7t 
0.1C00C937L 
0. 1C310U7UE 
0. lC603U93t 
C.108799C5L 
CM 1396 75t 
0.1I382«U5C 
0.n6C9519t 
0.n8I9877b 
0.1201U173h 
Ö. 12192739E 
C.12355982L 
0.1250U301t 
C.12638«487E 
0.12758910t 
G.128663171: 
0.12961M22E 
0. 130Ui4969E 
0.131177306 
O.UiaGuBBt 
0.1323UC2UL 
0.132791I5t 
0.1331651UE 
0.133U69i«8E 
0.1337iniE 
0.13389657E 
Ü.13«*03198t 
C.134123C1E 
G.13«»17U90t 
0.1iU192UlE 

Imag tj. 

CO 
C 0 

cc 
CO 
CO 
-   y 

i-'L 

CO 
r r 
■-  \J 

:c 
oc 
01 
Cl 

1 
01 
Cl 
Cl 
:i 
ci 
01 
c 1 
Cl 
Cl 
Cl 
Cl 
in 
01 
Cl 
01 
Cl 
Cl 
:i 
01 
•ji 
ci 
01 
01 
Cl 
01 
Cl 

0.88230059t OC 
Ü.8833097iiE CC 
C.88627898C CC 
0.89112C59L OC 
0.8977U631E OC 
0.9060669Rr CC 
0.915992356 OC 
C.927i4308CL 00 
0.9U02P92UE OC 
C.9S»«i«729CF GC 
0.9698852UE OC 
0.986M278et OC 
C.10CU0007E Cl 
C.10225C17E 01 
0.10U1827Bt 01 
0.106187UOt Cl 
C.10825350E Cl 
0,110370«*6F Cl 
0.11252772E 01 
C.11U71U78E 01 
0. 11692132E Cl 
0.11913729F 01 
C. 12135297E Cl 
0. 123559 HE Cl 
0.1257U701E 01 
0.12790859t 01 
0. 130036«»9L Cl 
0.13212U1UE Cl 
0.13UI6579E 01 
0. U615653E 01 
0.13809235E Cl 
0.13997006E Cl 
0.1U178729E 01 
C.1U35U2M3E 01 
0.lU523U58t Cl 
0. H*6863U5t 01 
0.1U8U293UE Cl 
0.1U99330CE 01 
0.15137556E 01 
0.15275852E 01 
0.15M08358F  Cl 

) 
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Table D-36  (Cont'd) 

THE ROOTS t^QexpdöO0)] 

( 

2.05 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.U0 
2.U5 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.35 
3.20 
3.25 
3.30 
3.35 
3.140 
3.U5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
U.00 

Real ti 

O.Ui»17988E 01 
C.13i*lt»12Ufc C1 
C.liU07996E 01 
0.135999236 01 
Ü.13390183fc 01 
0.13379G26t Cl 
0.13366670E 01 
0.1335i3lUE 01 
0.13339123E 01 
0.133214250E 01 
0.133a8825E Cl 
0.13292961E 01 
C.13276760E 01 
0.13260309E Cl 
0.132U3Ö8IE 01 
0.132269U3E 01 
0.1321C151E 01 
C.131933S2t 01 
0.13176589t 01 
0.131S9896E 01 
0.131U3306t 01 
0. 131268U3E 01 
0.13110b28b 01 
0.l309U380k 01 
0.t3078Ul3E 01 
C.13C626U1E 01 
0. 130U707«»fc Cl 
Ü.13031720L 01 
0.130l6i)8»»t 01 
0.130G1673E 01 
0. 12986987t 01 
0. 12972533E 01 
ö.l29583C7t Cl 
Ü.129UU315E Cl 
0.12930553E 01 
0.12917L22t Cl 
0. 12903719t 01 
0.128906143E 01 
0.l287779i4E 01 
Ü.12865165E   01 

Imag t^ 

0. 1553526UE 01 
0. 156567786 01 
0. 1577311UE 01 
0. 15881» ii90E 01 
0. 15991122E 01 
0. 16093231E Cl 
0. 16191033E 01 
0. 1628U736E 01 
0. 1637«i5U6E 01 
0. 16U60656E 01 
0. 165U3256E Cl 
0. 1662252ßC 01 
0. 166986U1E 01 
0. 16771757E 01 
0. I68t»2032k 01 
0. 16909612E Cl 
0. 1697U635fc 01 
0. 1703723UE 01 
0. 17097531E 01 
0. 171556U1E 01 
0. 172116731 01 
0. 17265733E 01 
c. 17317916E 01 
0. 17368315E 01 
0. 17U17016E 01 
0. 17U6U1CCE 01 
0. I75096U1E 01 
c. 17553715E Cl 
0. 17596387E 01 
0. 17637721E Cl 
0. 1767778CE 01 
0. 17716620E 01 
0. I775*»293t 01 
0. 177908511E 01 
0. 178263U6E 01 
G. 17860816E 01 
0. 1789U312E 01 
0. I7926870E 01 
0. 1795R525E 01 
0. I7989323E 01 

c 
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Table D-37 

THE ROOTS tiCQexpdöS0)] 

J 

Q 

§.5 
0.10 
0,15 
0.20 
0.25 
0.30 
0.35 
o.Uo 
o.ii5 
0.5Ö 
o.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
i.Uo 
1J*5 
i.5o 
1.55 
1.60 
1.65 
1.70 
1.75 
1.8o 
1.85 
1.90 
1.95 
2.00 

Real t1 

0.50939649E 00 
0.552723710 00 
0.59379.-J85E 00 
0.63267811E 00 
0.669UU77UL 00 
0.70U17U16E 00 
0.7369290UE 00 
0.76778U25fc 00 
0.79681196E 00 
0.82U08451E 00 
0.8U967U38E 00 
0.87365U02E OC 
0.89609571E 00 
0.917071U5E 00 
0.93665271L 00 
0.95U91019E 00 
0.,9719136UE 00 
0.9e773161E 00 
0.1002U311C 01 
0.10160779E 01 
0.102H7553E 01 
0. l0U0U652t 01 
0.10513267E 01 
0.10613769E 01 
0.10706703E 01 
0.10792591t 01 
0.10871927L 01 
0.109U5178E 01 
0.11012786e 01 
0,110751696 01 
0,11 132713L 01 
0.11185788E 01 
0,1123U73lL 01 
0, n279ü62E 01 
0,1H21U77L" 01 
0, 113598U9t 01 
0,11395232E 01 
0.11U2786UE 01 
0.11U57959E 01 
0.11U85717E 01 
0.11511327E   01 

Iraag t^ 
0.8Ö230059E 00 
0.90323513t 00 
0.92i45096äE 00 
0.9U605U81E 00 
0.967Ö0308E 00 
0.98968890E 00 
0.10116J*89C 01 
Ü.10336226E 01 
0.10555521L 01 
0,10773b26E 01 
0. 10990626t 01 
0.112C5I»U3E 01 
0.nui7833e 01 
0. 11627391t 01 
0. 118337500 01 
0.12036581E 01 
0.12235598E 01 
0.12U3O5U7E 01 
0,12621218t 01 
0,12807U35E 01 
0, 12989057t 01 
0. 13165977E 01 
0. 133ä8120E 01 
0,13505U39£ 01 
C,1366791U£ 01 
0,13825552t 01 
0, 13978378t 01 
0,1U126UU0E 01 
0.1U269800E 01 
0,1UU08536£ 01 
C,1U5U2738E 01 
0, l»4672507t 01 
0, li4797952t 01 
0,l«*91O189t 01 
0,15036336E 01 
C,151U9520t 01 
0,15258866E 01 
0,1536U501t 01 
0,15466552£ 01 
0,155651U8£ 01 
0.15660M13L   01 

) 
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c Table D-37  (Cont'd) 

THE ROOTS t^QexpCiO^0)] 

c 

2.05 
2.10 
2.15 
2.20 
2.25 
2.30 
2.35 
2.U0 
2.1*5 
2.50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.U0 
3.1*5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.80 
3.85 
3.90 
3.95 
luOO 

Real t^ 

0.1I53U956E 01 
0.115567626 01 
0.n5768ö8E 01 
0.n595U68E 01 
0. M612622E 01 
0.1162846Ut 01 
0.116»43097E 01 
0.1 t65661U£ 01 
0.11669100E 01 
0.116806406 01 
0.1169130UE 01 
0.11701158E 01 
0,11710268E 01 
0.1171868UE 01 
0.11726U61IE 01 
0.11733655E 01 
0.117U0302E 01 
0, 117J*6i4U3E 01 
0.1175211UE 01 
0.11757355E 01 
0.1176219UE 01 
0.11766662E 01 
0,11770783E 01 
0.n77U585£ 01 
0.11778086E 01 
0.11781315E 01 
0.1178U288E 01 
0.11787021E 01 
0.11789533E 01 
0.11791839E 01 
0.11793955E 01 
0.11795888E 01 
0.11797659E 01 
0.1179927UE 01 
0.11800rU7E 01 
0.1180208UE 01 
0.118O3295E 01 
0.1I80U390E 01 
0.118O5380E 01 
0.11806262E   01 

Imag t^ 

0. , 15752470E 01 
0, 158U1U41E 01 
0, , 15927U4UE 01 
0. , 1601059UE 01 
0. 1609100UC 01 
0, , 16168781E 01 
0. 1621U030E 01 
0. 16316851E 01 
0. 163873UUE 01 
0. , 16U55600E 01 
c. ,16521710E 01 
c. 16585760E 01 
0. 166i47833fc 01 
0. 16708008E 01 
0. 16766361E 01 
0. 16822965E 01 
0. 16877888E 01 
0. 16931199E 01 
0. 16982958E 01 
0. 17033230C 01 
0. 17082068E 01 
0. 17129532E 01 
0. 17175671E 01 
0. 17220537E 01 
0. 1726M80E 01 
0. 173066U3E 01 
0. 173i*7971E 01 
0. 17388207E 01 
0. 17U27392E 01 
0. 17U65561E 01 
0. 17502753t 01 
0. 17539003E 01 
0. 1T57U3U5t 01 
0. 17608808E 01 
0. 176U2U26t 01 
0. 17675228E 01 
0. 177072U2E 01 
0. 17738U9UE 01 
0. 17769009E 01 
0. 1779881UE 01 

c 
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Table D-37 (Cont'd) 

THE ROOTS  tifQexpUe^0)] 

Q 

U.05 
U.io 
1*.15 
U.20 
li.25 
1*.30 
li.35 
h.kO 
h.UB 
U.50 
h.SS 
U.60 
li.65 
i*.70 
h.7$ 
U.80 
U.85 
1*.90 

5.00 

Real t1 

0.Ild07057C 01 
0.1 1B07755E 01 
0.1 180ä37«»E 01 
0.1 1808920E 01 
0.1 1809392E 01 
0.1 1809799E 01 
0.1181CU9E 01 
0. i 1810U2UL 01 
0.1 1810ö56E 01 
0.1 1610828E 01 
0.11810960E 01 
0. 1 18110U6E 01 
0.1 1811090E 01 
0.11811099E 01 
0.1 1811069E 01 
0.11811005E 01 
0.11810905E 01 
0.1 läl0781E 01 
0.11810635E 01 
0.1 1810U52E 01 

Tmag  t^ 

0. , 17b27930E 01 
0. 178563821 01 
0. 1788U190E 01 
0. 179n376E 01 
0. 17937960E 01 
0. 17963959e 01 
0. 1798939UE 01 
0, 1801U282E 01 
0. 180386UOE 01 
0. 18062UÖ5E 01 
0. 18005830E 01 
0. 18108693t 01 
0. 18131086E 01 
0. 18153025E 01 
0. 1817U522E 01 
0. 18195591E 01 
0. 182162UUE 01 
c. 18236U92E 01 
0. 162563U6E 01 
0. 18275822t 01 > 
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o Table D-38 

THE ROOTS t^QexpUiaO0)] 

( 

Q 

0 
0.5 
0.10 
0.15 
0*20 
0.25 
0.30 
0.35 
0.1*0 
0.U5 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0,85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.1*0 
1.1*5 
1.50 
1.55 
1.60 
1.« 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 

Real t?! 

0.509396l»9E 00 
0.53355264E 00 
0.55617675E CO 
0.57791819E 00 
0.5986254UE 00 
0.61834597E 00 
0.63712Ö09E 00 
0.65501083E CO 
0.672CU385E 00 
0.68826737E CO 
0.70372204E 00 
0.718Ut*70UE 00 
0.732U7990E 00 
0.7US85659E 00 
0.7S8611U6E 00 
0.77077727E 00 
0.78238522E CO 
0.793«»6«»99E 00 
0.B0UCUU71E OC 
0.8U15n2E OC 
0.8238C9U7E 00 
0.8330U375E 00 
0.8U187656k 00 
0.85032927E 00 
G.858U2206E 00 
0.86ö17i*C2E 00 
0.87360308E 00 
0.88072622E CO 
0.887S5V32E GO 
0.89«»n753E 00 
0.900it1t*9i»E 00 
0.906U6U99E 00 
0.91228019E 00 
0.917872U6E 
0.92 325296E 
0.928432I3E 00 
0.933U2005E 00 
0.93822S98E 00 
0.94285875E 00 
G.9U732666E CC 
0.9S163757E   00 

30 
00 

Imag tj 

0.882300S9E 00 
0.92379388E 00 
0.96332640E 00 
0.10009836E 01 
0.10368U96E 01 
0.10710067E 01 
0.110353U8E 01 
0.113U5121E 01 
0.116i*01U1k 01 
0.11921141E 01 
0.1218882UE 01 
0.12i*U3868E 01 
0.12636925E 01 
0.1291861SE 01 
0.13139536E 01 
0.133502SUE 01 
0.13551310E 01 
0.137U3217E 01 
0.13926U63E 01 
0.U101511E 01 
0.14268798E 01 
0.1U«»287*»1E 01 
0.1U581729E 01 
0.1H72813UE 01 
0.1U868306E 01 
0.15002573E 01 
0.151i12U9E 01 
0.1525U62UE 01 
0.15372977E 01 
0.15U86568E 01 
0.155956U2E 01 
0.15700i*33E 01 
0.1ä80115UE 01 
0.15898015E 01 
0.15991207E 01 
0.160809HIE 01 
0.16167306E 01 
0.162505U7E 01 
0.16330789E 01 
0.1640817UE 01 
0.16M828U2E  01 

c 
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Table D-38  (Cont'd) 

THE ROOTS t^QexpUiao)] 

3 

2.05 
2.10 
2.15 
2.20 
2,25 
2.30 
2.35 
2.1i0 
2.1*5 
2,50 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 
2.Ö5 
2.90 
2.95 
3.00 
3.05 
3.10 
3.15 
3.20 
3.25 
3.30 
3.35 
3.U0 
3.U5 
3.50 
3.55 
3.60 
3.65 
3.70 
3.75 
3.Ö0 
3.85 
3.90 
3.95 
U.00 

Real t^ 

0.95379V0ie 
Ü.95981773t 
C.9637CCU5t 
C.96 7U534 71: 
C.971Cfl258t 
C.97U593361; 
0.97799nit 
0.9ei2S0O0C 
i;.9SUU6722t 
C.9075b<*7lt 
Ü.9905»«762C 
G.99 34U9771: 
0.9962651UL 
C.998997 32t 
0. I0016I4 9UE 
0.1COU22 52L 
0. IC06727J»t 
O.K091i)92C 
0.icn5231t 
o.icuaaiot 
0.1Ü16C580E 
0. 10I32339L 
0.102035196 
0.1C22Uli«üE 
0. 1C2UU226C 
0.U26379UL 
&.lC282fl65L 
Ü.103CU5UC 
0.K3195 79C 
C. 10337257t 
0. 1035U506t 
0.1C371333E 
0.1C597769E 
0.1uU03S10E 
0. 1CUI9U78E 
0.rjU3U782c 
Ö.1C»«U9735L 
0.1CU6U3U7E 
0.10U786 56E 
C. lC««926C3t 

Imag tj 

oc 
oc 
cc- 

oc 
cc 
:ö 
:G 
cc 
oc 
00 
CO 
CG 
01 
01 
01 
01 
Gl 
}1 
01 
':i 
01 
';! 
Cl 
Cl 
m 
■-■ * 

.1 
:i 
ci 
ci 
ci 
ci 
01 
•^ 
ci 
ci 
ci 
ci 

c. 1655U920t Cl 
c. 1662U625E 01 
c. 16691776E Cl 
0. I6756780C Cl 

16819637F Cl 
c. 16R3PUU5E Cl 
0. 16939297E 01 
0. 16996276C at 
c. 17C5U65E Cl 
r. 1710U9M1E 01 
u • 17136778t 01 
0. 172v70U7E 01 
0« 17255810C Cl 
0. 17303131L Cl 
0. 173U906et Cl 
0. 1739368in 01 
0. I7«*37021t Cl 
0. 17«479U»0t 01 
0. 1752C082E 01 
0. 17559898C Cl 
0. 1759863CE 01 
0. 17636319E Cl 
0. 17673001E 01 
0. 177G8720L 01 
0. 177U3508t Cl 
r 
w • 17777U0rE 01 
G. 178lOU3ir 01 
0. 17eu2627E 01 
0. 1787U02It Cl 
3. 1790U643E ai 

1793U5ier 01 
G. 17963672E 01 
0. 17992I29E 01 
0, 180199I5E 01 

180U7052C Cl 
a. 18C73560E 01 
0. 18099U59E 01 
0. 1812U771E Cl 
Q. 181U9519t 01 
Ü. 18173711E 01 

) 
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Appendix E 

THE HEIGHT GAIN FUNCTIONS PORq = OANDq = oo 

1 

t 

In this appendix we will discuss a set of FORTRAN programs which 

can "be employed to obtain values for the height gain functions 

for the two limiting cases of q - 0 and q = «, The case q = 0 

is iir ortant "because it occurs in the theory of the propagation 

of vertically polarized waves around a convex surface which is 

perfectly conducting. The case q = oo is encountered in the theory 

of the propagation of horizontally polarized waves around a per- 

fectly conducting surface« However, these limiting cases are also 

important in certain other problems in which the convex surface is 

the interface between a dielectric with the propagation constant 

*? = r < a 

and "free space" with the propagation constant 

2        2 r > a 

(E-l) 

(E-2) 

Let q    and q^ denote the impedance parameters for vertical and 
horizontal polarisation,  respectively* 
paranwrters  are given by 

For ka -+ oo,  the Impedance 

qv = i(ka/2)*(kAi)>/l -   OcAi)2 (B-3) 

qh = i(ka/2)*(k1A)Vfl -  (kAi)2 ■ ^A)\ (B-W 

These are actually very complex relationships since the parameters 
e^, n^ and o^ are functions of frequency u«    However, If  (kj/k)-^«» 
we observe that qv •* 0 and q^ -♦ oo.    Therefore, If the frequency 
tt Is held fixed and the conductivity a^ •* «» we have qv -*• 0 and 

%. "* O0*    However* 1* the conductivity a^ Is held "fixed" and we 

E-l 
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permit  the frequency w to vary,  it Is possible for co to 'become so 

large  that q„ -*■ <o even though a-   may be large numerically.    There- 

fore,   the case q = co plays a very important role in problems in- 

volving the convex interface between a dielectric body and free 

space.     This  case  is also an interesting one because of the  fact 

that the expansion given in Eq»   (2-22)  for the roots t_(q), name- 

ly 

(E-5) V^) = ^s 
t00 

co 1 tS 
+    -~    + A     +      • • » 

q       3q^ 

can be,  for very largo values of q,   adequately represented by 
<♦ 

*s(i) = *:+i (E-6) 

We must be careful to observe that Eq« (£-6) holds for only a 

finite number of the roots tfq) because eventually the modulus 

of the root t" will become so large that the neglected terms will 
00 

have to be considered. If one examines the highest powers of t_ 

in the coefficients B(t"') in Eq# (2-22) one will recognize that 

these are  the  coefficients in the well known expansion 

tanh" x = l+i- + i^ + i:- + 
x^      x 

i x 3 

and therefore we x^ill have to replace Eq» (E-6) by the result 

^W   *  t" + 7« tanh  (V^/q) 

in which the modulus of q is very large, and 30° < arg(q) < 210 , 

On« will always find that as s is increased that one will reach 

the situation in which Eq. (2-22) is no longer a convergent series« 

However, if £ in the diffraction functions V0(^,q), V1(^,q; and 

V11(^,q) is positive, we can generally observe that the number of 

terms In the residue series which must be used is finite and hence 

we can determine how to treat the computation of the root ts(q) 

for large values of q. 

S-2 

J 

) 
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c 

c 

The approximation in Eq«   (E-6) reveals that we can sometimes use 
the approximation 

expU^t  )  « exp(i4t*)exp(i^/q) (E-7) s* 

which permits us to extend the usefulness of the functions Vo(^,») 

V1(^*aB) and V11(^,oo) by using the approximations 

V0U,q) « exp(ic/q)V0(^oo) 

ViC^q) « exp(i^/q)V1(4,«,) 

V^^q) « expd^A)^.^,«) 

(E-8a) 

(E-Öh) 

(E-8c) 

In each of these expressions we must have 4 > 0 and q must have 

its argument in the range 30° < arg(q) < 210° and the modulus of 

q must he "very large". More precise descriptions of the applica- 

bility of ttxe approximations in Bq« (B-8) have not yet been estab- 

lished. This is really a very complex problem since Eq, (E-8) can 

be used only if £ > 0, but it is clear from considering the form 

ua>2 1 t"   1   t~ 
exp[i^(t - tJ - i)] = exp[i4( -5» + —j. + -2. +...)] 

3qJ k<r    Bv 
(E-9) 

that one must be certain that the expression in parenthesis must 

have a positive real part if Eq« (E-6) is to be used when % -*■ <*>, 

The situation is somewhat different when we consider the case in 

which q -* 0, Prom Eq. (2-21) we find that in this case VJC have 

the approximation 

1 
MO « < + s (E-10) 

and therefore the  "correction term" is dependent upon s and hence 
we do not find that the functions V (5,0), \{^$0) and V11($,0) 
suffice to describe the behavior when q is very small«    We find 

f ••1 \ that we have to define three additional functions V_    ' (€#0), 

E-3 

TB 

'O 
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V^.q)   = -iV3S?   T    .6XP(1Ct< (E-Ua) 5 s=i        s'   s 

oo 

*%-' 

exp(i^t0) 

s: 

CO 

s(ts  - q^w^t^ 

exp(i?tc) 
ViV '(C.q) «= i2v^H    >       jr-2 ? (E-Uc) 

We can employ these functions when q Is in the vicinity of 0 so 
as  to obtain the approximations 

V^*  * Vo(^0)  " ^"^(^O) (B-12a) 

(-1) 
^(^q)   « VjC^O)   -  t-qVi       U,0) (E-I2b) 

Vn^q)  « Vlxiz,0)   - CqV^^O) (E-I2c) 

As in the case of the approximations given in Eq. (E-6) and Eq« 
■ft 

(E-6), the exact conditions under which the approximations in 

Eq, (E-lO) and Eq, (E-12) can be used cannot be stated explicitly 

and we leave undefined what we mean by "small values of q." Since 

- 

For s -> oof the approximation in Eq. (E-lO) will apparently be 

valid provided the modulus of q is such that the modulus of the 

combination (q/vt°) Is less than unity« This seems to be the case s 
since the dominant terms as s -♦• c« are 2 

t8 tS 

and thez^efore v;e see that the series converges like tanh" z 

and that t (q) « t° + (l/\/rö)tanh" (q/VTo ) and we must require 
S S o TJ 

that (q/vCo) be less than unity In absolute value, 
s 
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^J the form of the coefficients B(t ) in Eq«   (2-21) reveals that t° 
us ö 

occurs only in inverse powers, we can "be assured that as s in- 
creases that the approximations given in Eq»   (E-lO) and Eq«   (E-12) 
become increasingly accurate representations provided the modulus 
of q is  "small" and 30° < arg(q)   < 210°* 

The above discussion has emphasized the importance of the diffrac- 
tion functions Vo(^,0), V1(?,0)  and V11(§,0) for q = 0 and V0(^,oo), 

* ^l^»00)   and Vn^*00)  for q = «•  These functions are dependent only 
upon the distance parameter 5 and the impedance parameter q.    We 

t want now to bring \n the dependance of the diffraction phenomenon 
upon height» In Section 1 we have defined the functions 

.    ^/^-^exp(lxt3)wi^s- y)wi<V ygj     (E-1^ 
V(x,y,y0,q)  = 2\/I5ix > ■ —        lE-iB) 

tar     ^[wj^)]2- [^'itjf 

s r-xA      exp(ixta)w1(t - y) 
( E(x,y,q)  = i2^ V 1-^-2 2 te-W 

Ve can make use of the equation defining ts to write 

w^Ctg) =qw1(ts) (E-15) 

to express the functions V(x,y,y0,q)  and E(x,y,q)  in the forms 

exp(lxt_) 

c 

^r^expyxxx; ; 
V(x,y,y0,q) = Zfinx^    72    ^»^a^o9^ 

B3L      s  " ^ 

(E-16) 

*       exp(lxta) 
lC3t:9y8al = i2^ V^- r-2 **&•*) (W) 

) 
!(x,y,q) = 12^^- r-2  

where t%i7,q) Is the height gain function 
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f (y.,) = wi'vy) = An-v y°*p'-**«" (E.16) 
s Wl(t5) Al(-a8) 

and 

00 

       oX-^s expdxt ) 
V(x,y,yo,q)  = -2v^x q      >      h 6s(y.q)6a^o'q,   C(E-19) 

a=»l 
t q 

Sal SH 

«2 V^ exp(ixts) 
00 

E(x,y,q)   = -i2VE q"2 J^ ^l^Sl^  g0 (y,q) (E-20) 

where ga(y#q)  is  the height gain function s 

6 (y,q) = 
wi(Vy) = Ait-Vyexp("1»t)3 (E-a) 

s wi'(ts) exp(i^)Ai(-o8) 

The relationship "between the t3 and the aa is 

ts = asexp(i#ii) 

and the form taken "by Eq» (E-15) when expressed in terms of the 

functions Ai(z) and Ai'Cz) is 

Ai'(-a8) + qexp(i^)Ai(-aa) = 0 

Since the Ai»y functions are solution of the differential equation 

d w(z)/dz - zw(z), we observe that the height gain functions 

fo(y#<l) aaö g0(y,q) are solutions of the differential equation S 3 

d &M  =  (t    - y)h(y) (E-22) 
dy^ 8 

which satisfy the boundary conditions 

dfa(0,q) 
f8(0,q)   - 1 , —2  = .q (E-23) 

8 dy 

B-6 
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c 
ga(0,q) =- 

dgslO,q) 
—2  s -1 

dy 
(E-2i|.) 

The functions V(x,y,y ,q) and E(x,y,q) can be referred to as the 

diffraction functions for vertical polarization because they often 

occur in situations in which the electric vector the wave is per- 

pendicular to the surface over which the wave is being propagated. 

In the description of the propagation of horizontally polarized 

waves in which the electric vector is parallel to the surface, 

we usually encounter the diffraction functions 
CO 

W(x,y,y0,q) = w^nr x 3/2 
8= 

exp(lxt_) 
— ^ g;(y.q)g;(y0,q)  (B-25) 

€ 

CO 

expUxtJ V^    expux* j 
PU,y,q) = -12^ >  IT-

2
— 

-W ^ - tsq-
2)w1' 

— 6;(y,q) 

where 

ags(y,q) 
gQ(y»q) 

a 
'S ay 

(E-26) 

If we compare Eqs, (B-25) and (£-26) with Eqs. (E-19) and (E-20), 

respectively, we see that 

ö^U#y*yrt»<i) 
W(x,y,yft,q) = i2xq' 

ay ayf 

(B-2Y) 

P(x,y,q) = q 
2 8E^»y»q) 

ay 
(E-28) 

The functions V0(^,q) and V1(g,q) have been defined so that 

t 

V(x,0,0,q) = 2V0(x,q) 

B(x,0,q) = V1(x,q) 

(E-29) 

(E-30) 

E-7 
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By analogy with these results, we define the functions U0(4,q) 

and U^l^q) by means of the relations 

W(x,0,0,q) = 2Uo(x,q) (E-3I) 

P(x,0,q) = ^(Xjq) (E-32) 

where 

U0(5,q) =2,^x3/2 Vr— !2 (E-34) 
t q sH 

CO 
exp{i^tq) 

U^^q) = i2Vi > ., 3 ;  (E-35) 
s^^ - V2K  (t8) s' 

We also observe that 

[-2i^q2V0(C,q)] -^-*U0(^q) (E-36) 

[-qV^^q)] -^-^-U^^q) (E-37) 

Let us now return to a consideration of the height gain functions 

and  dosignate by f0(y)   and g_ (y)   the special cases which arise s s 
when q = 0 and q = «,  respectively«    We then have 

w-U® - y)        Ai[-ß + yexp(-i|iO] 
fq(y) =       s n—  = 5——:  (E-38) 

«i(t°) Ai(-ps) 

where 

and 

V^s*  ss Ait-ßs) = 0 

,  , wl(t8 " y> Ai(-a + yexp(-i|n)] 
g vy) = "* 1 = ^—^^ - - 

Vi'it") exp(-l|K)Ai'(-os) 

E-8 
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f 

where 

WiCtp  = Al(-as)  = 0 

We observe that these functions satisfy the differential equations 

d2i' (y) 
—|— = (t£- y)fs(y) (E-i|.0) 

dy 

d2K  (y) 
-%-^= (*:-y)g,(y) (K-iti) 

dy 

with the "boundary conditions 
df (0) 

f,, (0)  = 1 ,      —2  = 0 (E-42) 
dy s 

dg  (0) 
go(0)  = 0 ,      —2  = 1 (E-lj.3) 

dy 
's 

We have chosen to define f_(y,0) = fa(y) and g.Cy,«) - - g0(y) in 

order that the functions f„ (y) and gB(y) agree with the defini- s s 
tions in the tables published hy Azriliant and Belkina (Hef. 1). 

For moderately small values of we can evaluate the height gain 
functions by means of a Taylor series«    Let us develop the theory 
of the Taylor series hy considering solutions of the differential 
equation 

^5l - ZY{z) (E-l|4) 
dz2 

which are expressed in the form 

y(t + x) = y(t)u(x,t)  + Y'(t)v(x,t) (E-lj.5a) 

Y'it + x) = y(t)u'(x,t) +Y'(t)v'(x,t) (E-^5b) 

I 
£-9 
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The functions u(x,t) and vCx,t) are solutions of the differential 

equation 

d2y(x) 
= (x + t)y(x) (E-^6) 

We will let a prime denote differentiation with respect to x,  ite,. 

The "bovmdary conditions on u(x, t)   and v(x, t)  are 

u(0,t)   = 1    , u'(0,t)  = 0    ,     v(0,t)  = 0    ,  v'(Oft)  = 1 

We can express the solution for  these functions in the form of 
Taylor series which involve a set of coefficients  an(t)   and "bnlt) 
in the following manner: 

u(x,t) = ! +  2j V^nT (E-l+7a) 

v(x,t)  = x + 2 ^n^^ (E-kTb) 
n=2 

(E-klc) 
oo _n-l 

u'(x,t)  = "^nanCt)^" 

v'(x,t)  a 1 +   y]nbn(t)2  (E-m) 

When the  expansions in Eq«   (E-ij.7)   are Inserted in Eq«   (E-I4.6),   the 
a  (t)   and t)  (t)  are found to satisfy the recursion relations 

c2(t) - tc0(t) = 0 

c^Ct)  - lc0(t)  - tc1(t) = 0 

c^(t)  - Zo^t)  - tc2(t) = 0 

c5(t)  - 3o2(t)  - tc3(t) = 0 

E-10 
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and.  In general, 

cn(t) = (n - 2)cn.3(t)  + tcn-2(t)    , n > 3 (E-l^ö) 

where cn(t)  denotes either ^(t)  or ton(t)«    The first few terms 
are 

a0(t) = 1 h0(t) = 0 

a1(t) =0 ^(t) = 1 

a2(t) = t b2(t) = o 

a3(t) = 1 h3(t) - t 

*k{t) = t2 h^(t)  « 2 

lAt) = k-t b^Ct)  « t2 

In Program E-l we have presented an algorithm for determining the 
numerical values of the a^Xjt)  and b  (x,t).    The subroutine is 
Identified as SUBROUTINE STOKES(N,A,B,C,D,U,V). The Integer N is 
the largest value of n for which a coefficient is desired«    We 
have used the FORTRAN variables In the following manner: 

ajU.t)  s A(I) + iC(I) 

bjU.t) = B(I) * iD(I) 

t = Ü + IV 

In Program E-2 we employ the coefficients obtained from this sub- 

routine to compute y(t+x). We have restricted this program to real 

values of t and x, which we denote in FORTRAN by T and X, respec- 

tively. The reader will observe that we let y(t) » WT, Y' (t) = 

WTP, and y(t+x) a WTPX# The integer N is the number of terms 

which wo ask SUBROUTINE TAySUM(T,X,WT,WPT,WTPX,N) to employ. We 

wrote a main program In which N = 25 and 

X = 1.000 
T s 0.000 
MT = 0.35502805388781700 
MPT =-0.2588m03792807D0 

E-ll 
I 
i 

LOCKHEED MISSILES ft SPACE COMPANY 

• ' - 



tUmuilMnMJiiHiiMa'mtr^'! .^'^.■r-v.-T, '■ ■••'■i\-rf&'VHi€'}r»\'äS*n'>i*"*-w*'-f**»* 

) 
Program E-l 

SUBROUTINE 3T0KES(N,A,B,C,D,U,Vj 
C- THIS SUBROUTINE EVALUATES THE cOEFPiCIENTS IN THE TAYLOR 
C——SERIES OP THE AIRY FUNCTION 

DOUBLE PRECISION AIN),B(H),C(N),D(N),U,V,ZER0,0NE,TW0,DBIM2 
DATA ZER0»0NE,TWO/ 0.0D0,1,0D0,2,0D0/ 
DBIM2(K) = DBLS(PL0AT(K-2)) 
IP(N,LT,5) GO TJJ 20 
A(l) = ZERO 
0(1) = ZERO » 
B(i) = ONE 
D(l) = ZERO 
A(2) = U 
0(2) = ZERO > 
B(2J = ZERO 
D(2) = ZERO 
A(3) = ONE 
0(3) = ZERO 
B(3) = U ^ 
D(3) = ZERO 
A(ii) = U»U 
C(li) = ZERO 
B(li) = TWp 
D(4) = ZERO ^1 
IP(DABS(V).GT,l,OD-37) GO TO 10 

 TRANSFER TO 10 IP T = OMPLX(U,V) IS NOT REAL 
DO 2 I = 5,N 
A(I) = DBIM2(I)*A(I-3) + U»*A(I-2) 
0(1) = ZERO 
B(I) = DBIM2(I)^B(I-3) + U»B(I-2) 
D(I) = ZERO 

2 OONTINUE 
RETURN 

10 0(2) = V 
D(ß) = V 
Aik) .4) = A(k) - VttV 
odi.) = TWO»U»V 
00 1 1 = 5,N 
A(l) = DBIM2(I)#A(I-3) + ü»A(I-2) - V»C(I-2) 
0(1) = DBIM2(I)«C(I-3) + U»C(I-2) + V»A(I-2) 
B(I) a DBIM2(I)<»B(I-3) + U»B(I-2) - V^D(I-2) 
D(I) « DBIM2(I)*D(I-3) + ü»D(I-2) + V^B(I-2) 

1 CONTINUE 
RETURN • 

20 WRITE(6,110) N 
110 FORMAT (i|.3HlSUBR0UTINE STAKES IS BEING ASKED TO USE N -,1$, 

A      3iiHPR0GRAM EXITS UNDER THIS CONDITION) 
CALL EXIT 
END m 

B-12 * 
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Program E-2 

SUBROUTINE TAYSUMCT^WTJWPTJWTPXJN) 
C——-THIS SUBROUTINE COMPUTES THE AIRY PUN8TI0N W(T+X)   w WT» 
C U(X,T)   + WTP»V(X,T) 

I^UBLE PRECISION T,X,WT,WPT,WTPX,WPTPX,SÜM,XTN0NP(lOO) 
DJZfUBLE PRECISION A(100),B(lOO),C(lOO),D(100),   DPL^AT 
DPL^AT (K)  = DBLE (PI^AT (K)) 
IP(N,GT.l00) Qj TO 20 
CALL STAKES (N,A,B,C,D,T,0.0:DO) 

, XTNONP(I) « X 
DO 1  I = 2,N 
XTN^NPd) = X*XTNONP(I-I)/DPI^AT(I) 

1 CONTINUE 
* SUM a l.ODO 

DO 2 I - 1,N 
SUM        - SUM + XTNONP(I)*A(I) 

2 CONTINUE 
WTPX       a WT»SUM 
SUM        = X 
PÖ 3 I s 1,N 
SUM = SUM + XTNONP(I)*B(I) 

3 CONTINUE 
WTPX      = WTPX + WPT»SUM 

ä RETURN 
I 20 WRITE(6.120) H 

120 P0RMAT(43HlSUBR0UTINE TAYiSUM IS  BEING ASKED TO  USE N =,15, 
A 3iiiIPR0GRAM EXITS UNDER THIS CONDITION) 

CALL EXIT 
END 

Since this means that we have taken WT » Ai(0)  and WTP - Ai#(0), 
the result obtained, namely 

WPPX a    .i35292<»163126806^00 

represents the value of the Airy function 

Ai(l) « ©•13529214.163128814155 

In Table E-l we give the values of the coefficients which were 
generated during the course of this calculation« 

* 

The method employed in Program B-2 to compute Y(t+x) does not re- 
present an application of good progranoing technique if    the de- 
aired end product is a set of numerical values for the funotiona 

S-13 
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Table E-l 

TABLüi OP COEPFICMITS 8^(0)  AND bn(0)  FOR u(x,0)  AND v(x,0) 

n 

3 

5 

6 

V» 
.lOUUOOOOOOOOOOOO+Ol 

•OUÜOO0000000Ü0O0 

.0000000000000000 

. 3999999999999999-»-01 

7 »OOOOOOOOOOOOUOOO 

8 .OOOOOOOOOOOÜOOOO 

9 .2799999999999999+02 

10 .0000000000000000 

11 .0000000000000000 

12 .2799999999999999+03 

13 .0000000000000000 

If .ooooooooonoooooo 

15 ,3639999999999999+0'* 

16 .0000000000000000 

17 .0000000000000000 

18 .5823999999999999+05 

19 .0000000000000000 

20 .0000000000000000 

21 .1106559999999999+07 

22 .0000000000000000 

23 .0000000000000000 

2«» •2434431999999999+06 

25 .0000000000000000 

.0000000000000000 

.1999999999999999+01 

•0000000000000000 

.0000000000000000 

.1000000000000000+02 

•0000000000000000 

.0000000000000000 

.7999999999999999+02 

.0000000000000000 

.0000000000000000 

.8799999999999999+03 

.0000000000000000 

.0000000000000000 

•1231999999999999+05 

.0000000000000000 

•oooooooooooooooo 

• 209«*399999999999+06 

•OOOOOOOOOOOOOOOO 

•oooooooooooooooo 

.«♦188799999999999+07 

•oooooooooooooooo 

•oooooooooooooooo 

•9631239999999998+08 

,) 

1 
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u(x,t)  and v(x,t).    It is more convaniont to compute the terms in 
the series directly rather than to evaluate the »„(t)  and "bn(t) 
and then sum the polynomial which results when the series is trun- 
cated.  This is also desirable "because the an(t)  and *)n(t) may 
"overflow" on the computer  (i.e.,  become so large that they ex- 
ceed the raaximum magnitude of 1(K    which most FORTRAN compilers 
permit)  and yet the product of the coefficients a^t)   and xn/ni 
may still be significant« 

Let us introduce the notation 

An(x,t)  = an(t)xn/nj (E-itfa) 

Bn(x,t)  = bn(t)xn/nl (E-itfb) 

The An(x,t)  and B  (x,t) can be shown to satisfy the recursion for- 

mula 

n(n - l)Cn(x,t) = x3Cn_3(x,t)  + tx2Cn<B2(x,t) (E-^O) 

with the initial values 

A0(x »t) = 1 

AiU, t) = 0 

A2(x1 »t) .tx2 

2 

A3(xJ t) -x3 
-T 

V*' t) 
24 

B0(x,t) = 0 

Bj^Cx.t) B   X 

B2(x,t) = 0 

p3(x,t) _tx3 
6 

B^U,t) .x^ 
~ 12 

The factor x /n\ may also "underflow." For example,   since 80| 
0.7156914.57E+119,  we would have 108o/8oi  « I.I4. K 10"39 md this 

—18 '-ft 
is outside the range lo"-5    to lO''    permitted by most compilers« 

E-15 
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The coefficients An(x,t)  and Bn(x,t)  can be evaluated with the 

SUBROUTINE TEia4S(lI,AR,AI,BR,BI,XR,XI,TR,TI)   which is given in 

Program E-3«  The reader vdll ohserve that we have used  the follow- 

ing FORTRAN representations for the values of x,  t, A    and  Bn: 

x = XR + iXI 

t  = TR + iTI » 

AI(x,t)  = AR(I)  + iAl(I) 
BjlXjt)  = BR(I)  + IBI(I) 

Program E-3 

SUBROUTINE TERMS(N»AR»Al»BR 
-COMPUTE  TERMS   IN TAYLOR  SER 

DOUBLE PRECISION AR(N)»AI(N 
A ARl'AIIrBR 

DFLOAT(K)=  DOLE<FLOAT(K)) 
XSQR   =  XR*XR  -   X1*XI 

»BI»XR»Xl»TR»Tn 
IES EXPANSION OF AIRY FUNCTION 
)»BR(N)»BI(N)'XR»XI»TR»TI»DFLOAT» 
IrBlI'XSQR'XSQI 

XSQI = Ü.ODO*XR*XI 
AR(1)= 0.ÜD0 
AI(1>= 0.OD0 
AR(2)= (TR*XSQR - TI*XSQI)/ 
Al(2)= (TR*XSQI + TI*XSQR)/ 
AR(3)= (XR»XbQR - XI*XSQI)/ 
AI(3)= (XR*XSQI ♦ Xl*XSQR)/ 
AR(^)= (AR(2)*AR(2) - Al(2) 
AI(<»>= (AR(2)*All2))/(3.0D0 
BR(1>= XR 
bi(i)= XI 
BR(2)= Ü.OL0 
BI(2)= O.ODO 
BR(3)= TR*AR(3) - Tl*Al(3) 
BI(3)= TR»Al(3) + TI*AR(3) 
BRC*)  = (XSQR*XSQR - XSQI* 
bl(«*)  = {XSQR*XSQI)/6.0D0 

P—. 
DO 1 I=5»N 

.—..—THT? WTWP ^TFP rrTCMRRATES AN 

•---GAN THEN BE CONSTRUCTED 
ARI  = XR*AR(I-3) - XI*AI(I 
All  = XR*Al(I-3) + XI*AR(I 
BRI  = XR*bR(I-3) - XI*BI(I 
BII  = XR*Bl(I-3) + XI*BR(I 
AR(I)= (XSQR*ARI - XSQI*AII 
AI{I>= (XS(iR*AII + XSQI*ARI 
BR(I)= CXSQR*BRI - XSQI*BII 
BI(I)= (XSüR*BII + XSQI*BRI 

1 CONTINUE 
RETURN 
END 

(2.0O0) 
(2.0DO) 
(6.0DO) 
(6.0DO) 
*AI(2))/(6.0DO) 
) 

) 

XSQI)/I;2.ODO 

EXPRESSION FR0M WHICH AH (I), ETC. 

-3)   +   TR*AR(I-2)   " 
-3)   +   TR*AI(I-2)   + 
-3)   ♦   TR*BR(I-2)   - 
-3)   +   TR*BIlI-2)   + 
)/DFLOAT(I*(I-l)) 
)/DFLOAT(I*(I-l)) 
)/DFLOAT(I*(I-l)) 
)/DFLOAT(I*(I-l)) 

Tl*AI(I-2) 
Tl*AR<I-2) 
Tl*BI(I-2) 
Tl*BR(I-2) 

E-16 
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L In Program E-i^. we present a main program which we used to sum the 

series of terms obtained from Program E-3» The series is of the 

form 

u(x,t) = 1 + A2(x,t) + A.Ujt) + A. (x,t) + 

v(x,t) = x + B2(x,t) + B3(x,t) + B. (x,t) + (E-^lh) 

[  ( 

Program E-ij. 

 THIS IS A TEST OP SUBROUTINE TERMS (N,AR.AI,BR,BI,XR,XI,TR,TI) 
DOUBLE PRECISION AR(l00),AI(lO0),BR(l00),BI(l00),XR,XI,TR,TI, 

A      DPL^AT.WTR,WTI.WPTR.WPTI.UR,TTI,VR,VI,WTPXR,WTPXI 
WTR   =-0.72587<:7«»D0 
WTI    = 3.^19277000 
WPTR   =-3.7668668500 
WPTI   =♦*♦,8506065800 
CALL TERMS(H0»AR'AI»BR>BIr l.ODO» 1*000» 2.500» 2.500) 
WRITE (6» 110) (I'ARmrAltD'BRmrBKD'I^^O) 

HO FORMAT (iHOr I'M (f023.16) 
XR = 1.000 
XI = 1.0D0 
UR = 
UI = 
DO 10 1= 
UR    = 
UI    = 

10 CONTINUE 
WRITE(6'500) 

500 FORMAT (1H0» 

1.0D0 
0.000 
2»'*ü 
UR+ ARC!) 
UI+ Aid) 

UR»UI 
5HUH»uI' 2025.16) 

VR 
VI 

XR 
XI 

00 20 1= 2*41) 
VR    = VR ♦ BRU) 
VI    = VI + BlU) 

20 CONTINUE 
WRITE(6»'*00) VR»VI 

400 FORMAT (1H0' 5HVR»Vl' 2025.16) 
WTPXR  = WTR*UR-K«TI*UI ♦ WpTR*VR-WPTl*Vl 
WTPXI  = WTR*Ul-»-WTl*UR + WPTR*VI+WPTI*VR 
WRITE(6»111) WTPXR» WTpXI 

111 F0RMAT(1H1»2X»2D25.16) 
CALL EXIT 
END 

c E-l? 
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The test that we have conducted in Prog ram E-lj. was based upon 

entries in Harvard Computation Laboratory (Ref. 2) tables of the 

functions 1^(2) and h2(z) which satisfy the differential equation 

A Azt 
-fi-~ + zhiJ2

(zi) = 0 
dz       ' 

(E-52) 

If we compare Eq« (E-52) with Eq, (E-lUl-)# w© SQQ that ue  can take 

Y(t+x) = h^-t-x) 

Y(t) = ^(-t) 

Y'(t) = -hj(-t) 

In the test we took 

j 

t = TR + iTI = 2.5 + i2.5 

x = XR + iXI = 1.0 + il.O 

with the Initial conditions 

Y(t) = t^H;) = WTR + IWTI = -o«7258727ij. + 13.1I4
1
9277O 

Y'(t)  =-h{(-t)  = WPTR+iWPTI =    3.766Ö6685 - ii;.ö506065ö 

The computer output 

-.Ü157289088982663+01 -.93i2479583220205*0l 

is in agreement with the entry from the tables, namely 

Y(t+x) = h^-t-x)  = WTPXR + IWTPXI = -2.15720909 - i9.312ij.7959 

The SUBROUTINE TERMS(N,AR,AI,BR,BI,XR,XI,TR,TI)   can be used as  a 

Building block for  the  development of a step-by-step method of 

integrating the differential equation In Eq.   (B-22)  to obtain 

the height gain functions f_(y,q)  and gö(y,q). s s 

Since we have shown that the limiting cases q = 0 and q = c» play 

such important roles, we want now to present programs which per- 

mit one to evaluate the Taylor series for the height gain functions 

f„(y) a^d 60(y)« These functions are readily expressed in terms s       s 
of the functions u(x,t) and v(x,t). 

E-16 
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Let us express  the four height gain functions In the form 

fs(y) « 1 + ^(t^-y) + A2(t°,-y) + A3(t°,-y) +... (£-53) 

f;(y)  = B^t^-y) + B2(t°,-y) + B3(t°,-y) +... (E-^) 

gs(y) = y + Ci(ts'-y) + c2(tr'"y) + c3(tr'-y) +,•• (E"55) 

gj(y)  = i + DiCt^-y) + D2(t",-y) f D3(t^-y) +... (E-56) 

where the ^(t,^), 3n(t,-y), Cn(t,-y) and Dn(t,-y) satisfy the 
recursion relation 

nCn-l^Ct^y) = y2[-yKh,3(t,-y) + tK^^-y)}     (E-57) 

with the initial terms 

Y2 t2V3 tV^ 

ci=y ^a880 »S38^       tGks~il 

D   = 0 .  DP « ^ ,  D, = - ^       , D.   = 4^ 1 *    2       2 *    3 3 '    4-        2i|. 

Program E-5 contains SUBROUTINE HGPy(N,Y,PyH,m) which will com- 
pute 

fjtt)  = FYR(I)  + IPn(I)     , I = 1,2,3,«-,N (E-58) 

The SUBROUTINE HGPiY(N,Y,PPYR,PPyi) In Program E-6 will generate 

•      values for 

fJ(Y) = - [PPYR(I) + iPP3n(I)] , I = 1,2,...,N      (B-59) 

Each of these program require the roots ßs of the Airy function 

i 
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which are tabulated in Tahle 2-1.    These values  are transferred 
to the subroutine by means of a labeled C^MM^N/DABETA/BETA(50), 
AIRIP(50).   Output from these programs is presented in Tables   B-Jj. 
and B-5« The results are consistent with the tables prepared by 
Azriliant and Belklna  (Ref. !)•    A sample of the tables of Ref.  1 
is presented in Tables S-2 and E-3. 

3 

Table £-2 

SAMPLES OP xABliES OP f0 (y) and f' ly) PUBLISH^ BY SOVIET AUTHORS s s 

» »•/.'*l lm/,W —/,m im Am 
*»A'{y) l»/,'W «t/.' w ImA'ilfl 

ftO I 0 i 0 0 .    0! 0 0 

0.1 1.0024 00044 13079 0.0141 0.045& 0,0854 0.15(5 0.2828 
0.2 1.0048 0.0177 1.0308 0.05Ö8 0.0611 0.1774 0.2973 0,5740 
0* j.0l»2 0,0399 I.0K66 0.1294 0.1.48 O^^ 0.4157 0.0811 
0.4 13AM 03712 1.1129 03338 0.1163 0.587 0.5041 I,/102 
0.S 1,04 H« 0.1117 1.1661 037i4 0.1144 0.45'5 0.5534 l,S65fi 
0.« 1,6618   . 0.1613 l.-'2I9 0.5480 0.ÜM82 0.5422 0.5530 1.9506 
0.7 136)2 05201 1.2747 0.7638 0,.6«6 0,6327 0,4911 2.jftÄ3 
0.8 l.064o 03878 13177 1.0230 0.'I67 0.7203 0.3514 2.807« 
0.9 l.(N>33 03640 1.3426 13289 -0.0463 0.fc031 0,1283 ;<.2?28 
1.0 1.0547 0.4482 1.3396 1.6770 -0.1267 0.8787 -0.2024 3.7515 

I.I 1.0370 03394 1,2981 2.0762 -02288 0.9443 -0.6532 4,2308 
1.2 1.0084 0.666 1.2017 2322« -0.34 2 0.9969 -l,2.»4 4.b926 
U 0.9672 017362 1.0453 33134 -0.48 0 1.0331 -1.9746 5.1138 
1.4 0.9'19 0.8436 03044 3.5431 -0.62^8 1.0496 -2,h703 5.4653 
14 0,8410 0.9474 014656 4.1030 -0.7903 1.0428 -3.9337 5.7124 
1.6 0.7338 Mi502 0.*t|20 43807 -0,9615 1.0092 -5,ln67 5.8144 
1.7 0.6485 1.1482 - 03732 5,2595 -1.1385 0.9456 -6.5639 5,253 
13 03257 1.2382 - 1.3058 53177 -I3l»i8 0.84M4 -8.1105 5.3943 
13 03853 131'9 - 2.1905 63285 -1.49 >7 017182 -O.W.J 4,7b74 
2.0 0.2/79 1.3W - 3.2647 6.7595 -1.6541 0.5506 -11334 3.789 

U ftWI 1,4350 — 43073 7.0728 -1.7999 0.3469 -13.317 2.405 
12 -A1312 1.4489 - 6,9967 73352 -l,»2<i6 0,1075 -15.057 0.5ti4 
23 —03280 1.4463 - 73144 7.1« 90 -2.0ÜIW -O.lhSI -16.666 -1,774 
2,4 -03416 1,4149 -9.28» 63538 -2,1*558 -0.4667 -18.036 -4.640 
23 -617876 13521 -11.109 6323 -2.''548 -0,7916 -19.1141 -8.043 
2.« -«9407 13560 -131043 5327 -1.9986 -I.i323 -IV^I -11.971 
X7 -I.I858 1.1355 -14.996 3.813 -1.8813 -1.4793 -19.383 -16. 82 
23 -13148 0.9603 -16362 1.937 -13M6 -1.8217 -18,405 -21.196 
23 -M727 OJ6I7 -1^344 -0,436 -1.4480 -2.1469 -16.446 -26.2«4 
3,0 -13081 03320 -20.144 -3326 -1.1293 -2.4410 -13.353 -31310 

•'«.1 -13663 03750 -21372 -6.735 -0,7452 -2.6895 -8.990 -36,631 
sa -1.7491 —03039 -21306 -10340 -O30I4 -2.8779 -3,256 -4139« 
33 -1.7849 -03981 -21376 -14.991 0.1931 -2.9415 3.908 -45.485 
3.4 -1.7062 -0301» -21.067 -19.708 0.7250 -3.017 J 12.498 -48.'5I 
33 -I309O —0,8062 -19,331 -24364 1.2811 -2.9432 22.135 -50.205 
3.6 -1,4689 -1,1843 -16341 -29.f63 13*99 -2.7614 33348 -5-m 
317 -1J416 -1,4467 -12391 -34366 33MIS -8.4665 45.561 -47.646 
33 -03788 -13738 - 7.411 -361135 23793 -2.0679 58.1181 -42.« 40 
39 -«3660 -1.8546 -0.974 -48317 33112 -13399 70,607 -34.680 
43 -031« -13785 6369 -4S.H6ti 3.6512 -03224 82.198 -23342 

) 
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The subroutines in Programs E-7 and E-8 evaluate  the functions 

gjCY)  = -  [GYR(I)  +iGyi(I)] ,  I = 1,2,3,.«-,N (E-60) 

gJ(Y)  = GFYR(I)  + iGPYKl) ,1 = 1,2,3,»-«,N        (E-61) 

These programs have been compared with the Soviet tables by means 

of the sample output given in Tables E-6 and E-7» 

Table E-3 

SAMPI£S OP TABLES OP gs(y) AND gJCy)   PUBLISHED BY SOVIET AUTHORS 

RtfiW      ■««•o» «t#^)        Imtto) **tM «tf/W I» g,' W «tft'W 

'O.O 
0.1 
0.2 
O.S 
1.4 

■*! 
).7 
».8 

l:J 
:i 

i:ä 
1.5 
1.6 l'l 1.8 

A'9 
b.o 

I 
I:: 

0 
0.10019 
0.20141 
0.30488 
0,41006 
0.51828 
0.62906 
0.74186 
0,85665 
0.00880 
1.07942 

1.18444 
1.28051 
1,36344 
1.42817 
1.40080 
1.48163 
1.48727 
I.38086 
1.27243 
l.OBUS 

0.86104 
0.55689 
0.17798 

-0.87377 

c 

4,1 

ß 

«.0 

3 
8 
8 

-1. 
-2.06440 
-2.76647 
-8,51828 
-4.28408 

-5,04864 

=?:» 
-7.83002 
-7.642» 
-7,39748 

0.00034 
0.00271 
0,00020 
0.02198 
0.04315 
0.07SI6 
0.19088 
0.18100 
0.25984 
0.35888 

0.48087 
0.63614 
0.70780 
0.90655 
1.22005 
1.47017 
1.74385 
2.08764 
2.34668 
2.06398 

2.90189 
3,28818 
3,57234 
3.81937 
4.01383 
4; 13881 
4, «7891 
4.10778 
8.91686 
8« 

3.lft48l 
9.40117 
1.65||ft 
0.67M 

-0.46483 
-1.72846 
-3.10488 

-7. 
.04002 

0,10033 
0,20857 
0,30834 
0.41887 
0.5S4«6 
0.65630 
0.78234 
0.9I1U3 
1.03013 
1.16184 

1.27354 
1.36298 
1,43006 
1,43430 
1.30551 
I.25001 
1,031174 
0.67883 
0.17708 

-0.40732 

- 1.8710 
-2,406ft 
-3.8006 
- 5,3917 
-7.3373 
-9.3806 
-ir.o«« 
-14.1445 
-16.781» 
-10,3037 

-21. 
-24.2870 
-18.1184 

-37.088 
-26.030 
-21.874 
-18.888 
-8.87i 

0 0 
0.00060 0,1004 
(».«0476 U,9036 
0.01630 0,3114 
0.03887 0.4250 
0.07705 0.5477 
0.13638 0.0766 
0.81893 0,8114 
0.33315 0.9479 
0.48378 1,0004 
0.07074 1.1908 

0,91785 1.3989 
1,21262 1,3457 
1,56576 1.3337 
1,98070 1.2810 
2.468W 1.0048 
2,00937 0.6160 
3,fl073l 0.00)4 
4,34366 -0.832« 
4,W884 -1.0068 
s.oien -8.3806 

6.2938 -5.478 
6.9191 -7.088 
7.4486 -10.838 
7.6144 -14.277 
7.9608 -18.380 
Z'fiü -39.090 
7.3002 -27.881 
6.8817 -03.801 
4.8088 -87.098 
8.0488 -42.498 

-0.320» -48.48» 
-3.8838 -40.081 
- 8.8147 -0O.08I 
-18.0887 -48.87» 
-'0.6884 -44.0(8 
-96.878 
-83.890 
-!!'2£ =*l88 
-40.890 20.88 
-81.171 88.0» 

1 
1.0r550 
l.u2.>5l 
1.04254 
l.(W867 
1.09.S52 
1.11915 
1.135(18 
1.13822 
1,122-2 
1^8299 

1.01181 
0.90248 
0.74800 
CM 56 
0.27688 

-0,05140 
-0.44724 
-0.9l2o6 
-1.44717 
-V.04720 

-Z70641 
-3.41034 
-4,14530 
-4.»8»10 
-5.61480 
-6.2IM28 
-6.87844 
-7.33787 
-7.63433 
-7.6913 

-7.4ii8l 
-6,9865 
-CI338 
-4.9863 
-3J872 
-13783 

1.1114 
38330 
6J35! 
9.QII78 

0.01014 
0.01078 
0X0347 
O.r 599 
0.26319 
0.38189 
0.52553 
0.09367 
0.885V3 
1.09033 

1,3^353 
1.58430 
l,84i.25 
2.11290 
2.37552 
2.62 J52 
2.84430 
30233« 
3.14412 
3.18046 

3,13997 
2,97070 
2,68003 
3.38537 
1.62545 
0.84Ü62 

-0.13463 
- 1^6817 
-3A799 
-4.0395 

- 5.6158 
-7.3854 
- 8,0335 
105490 

•1313097 
-14,25V) 
-14.7930 
•14.9193 
•14J433 

1 
1.00985 
1.03762 
l.0798ä 
1,13193 
1.18777 
1,231165 
1,27788 
1.29057 
1.26847 
1,17974 

1.02T01, 
0k7 3M 
0.^12 
0,14343 
OMm 
1.74187 
2,86^8 
4^2339 
&83i35 
7.70298 

- 93110 
-12,1*9 
-14,6115 
-17,1766 
-19,7202 
-22,1052 
-34.1996 
-26.6772 
-96.4193 
-26,1188 

-34.4800 
-21J304 
-16.05S8 
-KTOIO 

1J0400 
13^176 
28J343 
45.3716 
64.7967 

«■»•'W 

ftOI776 
0,07171 
0,16376 
0.29680 
0,4744:1 
0.70866 
0,97951 
U1448 
1.70802 
2,16078 

367000 
3.'>3357 
3,83602 
4.465'» 
6;09787 
5.70293 
6.24482 
6.66901 
690064 
6.90453 

6^706 
5,8626 
4.6818 
37/n 
01708 

-3.1481 
- 74157 
-12^6-4 
-18^707 
—95JÖM 

-33,4675 
40.4389 

-48.6981 
-86*98« 
-64. »97 
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fs(y#q)  * cosh(yVTJ)  - — sinMyv'tp   , 
2V^ 

« 1 (E-62) 
s 

When one attempts to find an asymptotic series which has these 
terms as the leading termsf the second term (which vanishes when 
q =» 0) is apparently cancelled out by the higher order terms« 
Therefore» until further work has been done and comparisons made 
with other methods of approximation, the second term in Eq. (E-62) 
is of questionable value* 

B-22 

LOCKHEED MISSILES A SPACE COMPANY 

■mctS The roots a_ which are required in Programs E-7 and E-8 have been 
transmitted to the program by means of a labeled block of COMMON 
which is obtained by means  of the non-executable statement    which 
reads  C^MM^N/DALPHA/ALPHA (50),AIHYD (50). 

For q ?£ 0 and q j^ oo, one may find it convenient to use Program 
E-9  to compute the Airy functions.    This program is  similar to 
Program B-lj   the difference eblng that this program returns the 
complex numbers which represent the Airy functions v(z) and w^fz) 
which are employed in the papers by Pock and other Soviet writers« 
The program is called SUBROUTINE VTWTZ(Z,VT,WT,VTP,WTP) and the « 
relation of the FORTRAN variables to the mathematical quantities 
are 

z = Z , v(z)  = VT ,  w1(z)  = WT ,  v'(z)  = VTP , Wj/U) = WTP 

The program should only be used when the modulus of z Is less  than 
6.1« 

The author has done extensive work on the case of obtaining the 
height gain functions when the roots have a large modulus. However, 
this study is incomplete and no attempt will be made  to discuss the 
methods and the results which have been obtained.    This work will 
be carried to completion and reported in a later publication«  The 
author would like to make one observation regarding this work« In 
the book by Azrillant and Belklna (Ref. 1) use is made of an 
approximation which is due  to Pock, namely 

„2 
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i o Program E-5 

( 

<        o z «^ «« o 
» u.    i- z H M 

l-l o    zo Z l 1- 
< «. M        V UJ M VUJ < * *« WJN. XH xx -1 
X »-•   »l/»^- 3 UJ *D -1 
< •   «O •-« O -1 •-•O UJ * • _i »ae a. »K u 
l-l II   •           < XX < z 
IO >-u. II     o v II < 
< Z  • O      l/)ü l/I u % z    x »-• X« 
X W^UiUJIltJU)liiX UJ 
(O W >-»/» Ql- l^UJ QH > 
< DltD-J      3i-» J M 
% < 0<      O <K o -»-. W) 

►H U IO       Z O UJ z KHU/» 
(M Ul      UJ I ♦-« UJ l/> I »-< * 4- U 
< m u. CD o^ J oo cr j <<u » O       • O      Ü. • o o <-— X 
r H      l-^-ZKO^Z in l/»W>UI 
(Si M ^ M M < »H I-I< CDCD 
< X 1- X  » X X Ul » X & <<tK » u »-> u        U' e c OCC 
l-< U       II U.       Z II u. UJ u 
«-•  M ? < X      O X Ul o UJ •»■ + 
<  * < 0L <X       <0 X u H 
*   < a; < tr IU uj ct or UJ ui X «««(/) 
K  * OU OO-J OUJ O_J UJ qcMUi 
«H QC O      OiC OD O > ^ 03 fOK)»- 
< * irua:x<irzx'x z << 
• < axü-r^ao-or^a. o           .- w © 

l-l   » H      • <     o » < z o           »/)ini- 
•^ H I-I xu xo UJ ac         o     ct »i coco 
O  • t- x to x o     x o o X o: CM               •       * 4- <<l/) 
mo: u) h>»-«(M^»-eO-I^H 3 »- <            vO       < < OOUi 
— H  • Ovl      vO V O CO aJ o » #                   X                                         »H 

^ u. » or * X  • V z  * ►-• z H o O              —        +  +  + + 1- 
►-» >- U. H 00 U GO z       CO >• IH o Q            >-*                           >-* 
>- a: >- tyj • »-i   • O i/)   • t/1^ X 1^ r»         CM     n: »H ^«i- 
U. »H u£   - O X 0 «H »-• vX) o l-l « UJ h- i^-         <     m JO a: •-• 2 
•• < »1 C\J -^ ■« «-• H       ^ K -) CO O CO              »0<<CVJ(M< 

a: • < x »^ UJ      IJJ < -» UJ ** •** -1 COQC0            i-»Q            <0 
>•   ^o     »     *. 7* » o » _j • * a • K- -1 ««vOOvO            CMO"f+*»»*3 
IL 0< X «^ l/)       _l    •        uJ • < < ^ sn • in o     <  •        i/i j) 
• IOK   • IH II        II UJ   • II -1 • O 0» u *-r> <M r-c        K) a i-i cc OQ »- 

>- — UJ M >• (/)     u *     »-« »JO* < o >s o o       l x CM ryj < < in 
*<(t:i/ili.>-0>-Z>->-< V u UJ h- CO ^^ CO»             ^<<QDUJ 
^ >- * UJ      «t  •      U. » *>-» OJ) uiorvioso     a:i-i                h- 
— UJ .'-' X -^ T iu or <J 12 T: r J i- ^ — ^2 m * in 's     oü tvi +     + 
>- ia o tn .z O '-) o      «- O 7) «- j < >- « o * O «        «4 4                         .AJ 
U. N"-!   • U. X »i O >• U.  2 >- T3 OU «- OCMXM-OO»#O     o    a: 

D < J) t- r j    v- a.     o u. o D       Ld O K) w m * "s x x i     n    < 
X ►-•-• <>• O      i-i o _l -J  < if; r- * r^ # o (\j CM o     o 

UU OU. •H      •-• U X ^ K r ii -^ J to » ■» •     • Q: • x   • < <   •        •      i— 
IU m tu . J r x x o x x -^ O-^ O X » >£   O ^ »- ^wO«»^*-!          ^         H 
z < X J. 2 ~t -* -* s * -* X ?« •r» « H 1                                                            /) 

»H ca. c o ^ m in    JI-< ixt »n -> •     II n 11 II II II II II    II    II    II    II    II    II    II   II 
t- x 1-4 «-«    ^^ ^ ^ ^« ^>* * •«-» »- X "^ a 
o ;riü 7) >-       h- O X H ►■« X H o< 2 
o o J 2 ^      < < o < o < • ae O < 
's: "E "i U •r       T ci »H ?" O -^ O zo t-l X 
C   ?■ 3 5" ir     a: D     or in -1 -o IU c •■*Qri-iQ.'>-i          a.** x 
D  O O >-4 o     o u     o u. •x. K      «XI O '1 X >-> rvf ^i «o -o ^ ^ a: H^ K H i- 
.o o a 0 It.      It o      x u. o »-• a. «< x 3 -^ ►- ►- <<<<  X 4.J) St M J) J) 

H JD U 
\ 
1 
1 
1 

c 
u 
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LOCKHEED  MISSILES 8k SPACE COMPANY 

'    ' — 



Bwwmt^x—wr^T'^wPT'wt. ?*. 

Program E-5 (Cont'd) 

.n 
•  _ 

.n 
ii n 
J 

rvi < 
U' 

.1 J 

-J -I 

» « 

< < 
o o 
-J -I 

a o 

i-i cr 
rO K) 
«X  < 
* « 

I + 

< <t 
♦ # 

*• ♦ 

l   l 
■-'--+ + 
♦ # 
(\l M 
.<   < 

< 
er 
D 
U 
u 
< 

o 
CO 
(J> I/) 

in 
o o 
i- J 

o UJ 
o > 

I-I 

— i/» i 

o x 
O UJ I 
• 

•H I/) 
• H 

ID UJ 
• e> 

-* o 
-^ ro 
»-• en 

— 2: 
in o 
.n »-• 
^t »- 
o «sc 

z 
< 
I 

v/» 
in 
UJ 

i/i 

< 
a. 

_i 
< 
u 
(T 

U 
O 

K vn  • 
z >- 

o a 1- 
0 Ul »i 

I- 3 

(C U 
1 uj in 
o a «? 
O Z. 3t 
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'„W 

Table E-lj. 

GAIN PUNC 

w1{tg - y)  Ai[-ß + yexp(-ifrc)] 

THE HEIGHT GAIN FUNCTION f (y) 

^itl) Al(-ßJ 
= PYR(J) + iBYI{J) 

f (0) = 1 , s = J = 1,2,3,... 

TEST OF SUDROUTINL H6FY(N»Y»FYR»FYI) FOR N«EQ«5 AND Y =0.2 

( 

J = 
d = 
J = 
J = 
J = 

1 
2 
3 

5 

FYK(J) 
FYK(J) 
FYR(J) 
FYR(J) 
FYK(J) 

.10088148+01 

.10307771+01 

.10460562+01 

.10589606+01 

.10705028+01 

FYKJ) 
FYKJ) 
FYI(d) 
FYKJ) 
FYKJ) 

.17696507-01 

.56839366-01 

.84782937-01 

.10888700+00 

.13075837-00 

TEST OF SUtlKOUTlNE HüFY(N» Y»FYK»FYi) FOR N.EQ.5 AND Y = 0.i|. 
J 
J 
J 
J 
J 

1 
2 
3 
4 
5 

FYK(J) 
FYR(J) 
FYR(J) 
FYK(J) 
FYH(J) 

.1U293761+01 

.11129232+01 

.11683412+01 

.12132952+01 

.12517816+01 

FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 

.71239454-01 

.23380095-00 

.35391892-00 

.46016063-00 

.55860890-00 

TEST  OF   SUüROUTltiE   HGFY (N» Y»FYR»FY1)   FOR  N.EQ.S  AND  Y  =0.6 
J  = 1     FYK(J)   = 
J  = 2"  FYK(J)   = 
J  = 3     FYK(J)   = 
J   = 4     FYK(J?   =■ 
J  = 5     FYK(J)   = 

TEST OF  SUbKOUTir^E 
J  = 1     FYrttJ)   = 
J  = 2     FYK(J)   = 
j  = 3     FYK{J)   = 
J  = 4     FYK(J)   = 
J  = 5     FY^CJ)   = 

.10517905+01 

.12219528+01 

.13223805+01 

.li9H02eö+01 

.144ü4756+01 

FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 

(1öFY(N»Y»FYK»FYi) FOR M..EQ.5 
.10645694+01 
.13177004+01 
.14201565+01 
.i^oölböO+Ol 
.14526966+01 

FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 

.16134623-00 

.54793072-00 

.84805959-00 

.11224667+01 

.13834634+01 

AND Y =0.8 
.28780445-00 
.10219096+01 
.16246052+01 
.21942076+01 
.27487827+01 

TEST OF SUcKOUTlNE HGFY (N» Y»FYR»FYI) FOR N.EQ.5 AND Y =1.0 
o — 
J = 
w — 
J = 
J = 

1 
2 
"i 

4 
5 

FYK(ü) 
FYK(J) 
FYK(J) 
FYK(J) 
FYK(J) 

.105^7342+01 

.13399069+01 

.13'+47475+Ül 

.1189941,9+01 

.905^5649-00 

FYI'.J) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 

.44819684-00 

.16769136+01 

.27419596+01 

.37751160+01 

.47952715+01 

c 
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Table E-l|.  (Conl^d) 
J 

TEST OF   SUbKOUTlNE  HGFY(N»Y»FYR»FYI)   FOR  N.Lt.5  AND  Y  z 1*2 
J - 
J = 
u = 

O = 

1 FYKCJ) 
2 FYh(J) 
3 FYK(J) 

5 FYK(o) 

.10063951+01 

.120Hö1ö2+01 

.37403003-00 
.»JLä3Ä2.7U.-0Q 
.793594fa3-ü0 

FYKJ) 
FYI(J) 
FYKJ) 
FYKJJ 
FYI(J) 

.63663021-00 

.25221828+01 

.4233l8«+8+01 

.59131758+01 

.75b7«*323+01 

TEST OF SUbKOUTlNE HeFY(N»YfFYK»FYl) FOR N.LE.5 AND Y = ^»k 
J - 

J = 
J = 
«J = 

1 
2 
3 

5 

FYR(J) 
FYR(J) 
FYK(V) 
FYh(j) 
FYK(J) 

.91186672-00 

.a046Uü4i>-Ü0 
•.2b6.«*6ö27-00 
■.20648704+01 
.45286368+01 

FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 

.84261201-00 

.35429361+01 

.60652344+01 

.85151403+01 

.10846764+02 

TEST  OF   SUbRüUTIMl   M6FY (fl» Y rF YR'FYi)   FOR  N.LL.5  AND  Y  =    1.6 
J 
J 
J 
o 
J 

1 
2 
3 
4 
b 

FYK(J) 
FYt^j) 
FYrt(J) 
FYK(J) 
FYR(J) 

.76350671-00 

.12381o00-01 
•. 24350606+01 
•.62691234+01 
•.11461491 + 02 

FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 

.10502922+01 

.46806542+01 

.80816305+01 

.11211196+02 

.13887667+02 

TEbT OF bUüROUTiUE HöFY(N»Y»FYK»rYi) FOR N.LE.5 AND Y = 1.8 
J = 
J = 
J - 
J = 
o - 

1 
2 
3 
4 

FYK(J) 
FYK(O) 
FYK(J) 

FYK{O) 
FYK(J) 

.52575394-00 

.13052221+01 

.60298929+01 

.13273552+02 

.22877772+02 

FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 

.12383454+01 

.58178070+01 

.99303786+01 

.13173055+02 

.15048999+02 

rEJT OF SUbKOUTlhE HtoFY(N»YfFYR»FYl) FOR N.LE.5 AND Y = 2.0 
J 
o 
J 
J 
J 

1 
2 
3 
4 
b 

FYk(J) 
FYK(J) 

FYK(J) 
FYH(J) 
FYR(J) 

.22794384-00 
•.32t)39299+01 
-.11416890+02 
•.23715350+02 
.39777027+02 

FYKJ) 
FYKJ) 
FYKJ) 
FYI(J) 
FYKJ) 

.13807892+01 

.67598190+01 

.10985952+02 

.12903678+02 

.11356582+02 

TEST OF SUbROUTiNL hGFY(N»Y»FYR»FYi) FOR N.LE.5 AND Y = 2,t 

J 
J 

J 

1 
2 
3 
4" 
5 

FYR(J) 
FYK(J) 
FYK(J) 
FYR(o) 
FYR(J) 

•.13122203-00 
-.59257936+01 
-.18795560+02 
•."37854578+02 
-.62064302+02 

FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 

.14489918+01 

.72258984+01 

.10284675+02 

.80492896+01 
-.18881157+01 

) 
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c Table E-i|. (Cont'd) 

TEST  OF   SUoKOUTir.t   HGFY (N» Y»F YR»F Yi)   FOR   N.Lt.5  AND  Y  =  2«i]. 

( 

j 

J 
J 
u 
J 

1 
2 
3 

5 

FYMJ) 
FYKCV) 
FYK(J) 

FYh{J) 
FYK(w) 

•.6Jlb049ö-00 
■.^2510009+01 
•.ci7vyo996+02 
•.tj«+69592y+02 
•.87200109+02 

FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKu) 

.IflSOOIU+Ol 

.68539393+01 

.65062997+01 
-.«♦6683320+01 
-.31212131+02 

IXbT OF SUoKCUTlf.E. HSFY(N»Y»FYH»FYi) FOK N.Lt.5 AND Y = 2.6 

J = 
w = 

J = 
wl = 

1 
2 
3 
4 
5 

FYK(O) 
FYt<(j) 
FYK(J) 
FYK(J) 
FYK(J) 

-.940/5157-00 
•.13Ü4i;7C5+U2 
•.3d217935+Ü2 
•.72204Ülb+Ü2 
.10629514+03 

FYI(J) 
FYKJ) 
FYKJ) 
FYKJ) 
FYKJ) 

.12561362+01 

.52283652+01 
-.19512682+01 
-.29243561+02 
-.84380431+02 

T£5T Of SUbROüTii;£ nGFY(rJ» Y»FYR»FYi) FOR N.LE.5 AND Y = 2.8 
J =  1 FYrt(J) = 
J =  2 FYK(J) = 
U =  3 FYMJ) = 
0=4 FYK(J) = 
J =  5 FYK(J) = 

TEST  OF SUöROUTIhL 
J  =     1 FYR(J)   = 
o  =     2 FYH(J)   = 
J  -     3 FYKij)   = 
J  =     4 FYH(J)   = 
J  =     5 F>R(J)   = 

TEST  OF SUtiROUTlNE 
J  =     1 FYK(J)   = 
J  =     2 FYK(J)   = 
j  =     3 FYR(J)   = 
J  =     4 FYR(J)   =_ 
J  =     5 FYK(J)   = 

TEST  OF SÜbROüTI\E 
J  =     1 FYR(J)   = 
J  =     2 FYR(J)   = 
J  =     3 FYK(J)   = 
J  =     4 FYK(J)   =' 
J  =     5 FYR(J)   = 

•.I3l4b679 + 01 
•.10692447+02 
.477^1217+02 

■.34347471 + 02 
•.11160126+03 

FYKJ) 
FYKo) 
FYKJ) 
FYKJ) 
FYKJ) 

.96038737-00 

.19391098+01 
-.16746924+02 
-.69692163+02 
-.16852822+03 

hGFY{NiY'»FYR»FYi) FOR N.LE.5 AND Y = 3*0 
FYKJ) = .53199985-00 
FYKJ) = -.33231721+01 
FYKJ) = -.39164963+02 
FYKJ) = -.12863547+03 
FYKJ) =    -.28632849+03 

-.16022247+01 
-.20144670+02 
-.53571033+02 
-.82206000+02 
-.75405886+02 

HGFY(N»Y»FirR»FYi) FOR N. 
-.17492878+01 FYKJ) : 
-.21896223+02 FYKJ) : 
-.51518709+02 FYKJ) : 
-.525b9112+02 FYKJ) : 
.32677336+02  FYKo) : 

LL.5 AND Y = 3«2 
-.39692703-02 
-.10637400+02 
-.69443727+02 
-.20497868+03 
-.42961040+03 

HGFY(N»Y»FYR»FY1) FOR N.LE.5 AND Y = 3«lj. 
-.17093749+01  FYKJ) -    -.59938923-00 
-.21070597+02  FYKJ) = 
-.36201143+02  FYKJ) = 
.21174397+02  FYKJ) = 
.25105467+03  FYKJ) = 

-.59938923-00 
-.19700594+02 
-.10588472+03 
-.29067785+03 
-.57035594+03 

S^, 

- 
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Table E-l; (Cont»d) 0 

T£bT  OF  SUcROUTlNE  HtoFY{N»Y.FYK»FYl)   FOR  N.LE.5   AND  Y  =    3»6 
J = 1 FYK(J) M -.14529abÖ+01 FYKJ) z -.US'» «♦060*01 
0 = 2 FYK(J) Z -.löb**b933+02 FYI(J) z -.29681987+02 
u = 3 FYh(J) z -.18415579+01 FYI(J) z -.l'*385b80+03 
J = <t FYK(J) z .1563blbb+Ü3 FYKJ) z -.36695b78+03 
J = 5 FYrvij) = .6l61*b4ü7+ü3 FYI(J) - -.65015223+03 

TEST 01- SUuKOUriNE H(3FY(N»Y»FYH»FYi) FOR N.LE. .5 AND Y = 3*8 
o = 1 FYH(J) s -.9782079'+-00 FYKJ) z -.16740365+01 
J = 2 FYK(J) — -.7m79436:«-Öi FYIfJ) z -.39125926+02 
J = 3 FYf<(J) z .5637o3m+0i: FYKJ) z -.17493213+03 
J = <t FY.<(J) : .36bb3662+ü3 FYKJ) z -.40090809+03 
J = 5 FYK(J) = .im6m9**+ou FYKJ) - -.57114778+03 

TEST Ot- SUbrtOUTlNE H&FY(N»Y»FYR»FY1) FOR N.LE. .5 AND Y = U*0 
J = 1 FYrt(j) s -.3itm83**-0Ü FYKJ) z -.19787108+01 
J = 2 FY«(J) z .6682022'*+01 FYKJ) z -.45959718+02 
J = 3 FYrt(J) z .m0l6bü5+Ü3 FYKJ) z -.18656795+03 
J  = . (t FYR(J) z .t*770b70 + 03 FYKJ) z -.34419971+03 
J = 5 FYK(J) z .18093090+04 FYlTj) z -.19430102+03 

) 
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c 

f;(y) - 

Table E-5 

THE HEIGHT GAIN FUNCTION f' (y) s 

w^Ct" - y)      Al#[-ß8 + yexp(-l|n)3 _ 

w1(t°) exp(ifit)Al(-ßs) 

f'(O) = 0 ,   s « J = l,2,3,r. 

= -[PPyR(J)+iPPYI(J)] 

TEST Qf   SUfaROUTlNE HeFPY(N»Y»FPYR»FPYI)   FOR  N.LE.5 AND Y = 0.2 

( 

J = 
J = 
J =. 

1 FPYR(J) 
2 FPYR(J) 
J FPYR(J) 

-.81059795-01 
-.29727631-00 
-.^55992&-&0 

J = 
J = 5 

FPYR(J) 
FPYR(J) 

-.56958*t8Ö-00 
-.67896298-00 

FPYKJ)   = -.177U2269-00 
FPYKJ)   = -.57«*02983-00 
FPYKJ) _=_ -• 0605.6310-00 
FPYKJ)   = -.11099266+01 
FPYKJ)   = -.13379091+01 

TEST OF  SUbROUTlNE 
J =     1  FPYR{J)   = 
J =     2 .FPYR (J) _= _ 
J =     3 FPYK(J)   = 
J =    «*  FPYK(J)   = 
J =     5 FPYK(J)   = 

TEST 

J = 
J = 
J = 
J = 

TEST 
J = 
J = 
J = 
J = 
J = 

OF SUbROUTlNE 
LJFPYRJ^) =.„_ 
2 FPYKCJ) = 
3 FPYK(J) = 
«f FPYK(J) = 
5 FPYR(J) = 

OF SUbROUTlNE, 
1 FPYR(J) = 

HGFPY(N»Y»FPYR»FPYI) FOR 
-.11633140+00 FPYKJ) = 
-.50413105-00 FPYKJ) = 
-.74116873-00 FPYKJ) = 
-.91811085-00 FPYKJ) = 
-.10560531+01 FPYKJ) = 

H6FPY(N»Y»FPYR»FPYI) FOR 
-.98231439-01 FPYKJ) = 
-.55307698-00 FPYKJ) = 
-.73219H33-00 FPYKJ) = 
-.77875100-00 FPYKJ) = 
-.72787657-00 FPYKJ)   = 

HGFPY(N»Y»FPYR»FPYI) FOR 

N.LE.5 AND Y = 0.1|. 
-.35870559-00 

 -.1210197l+0i 
-.i86!53974+Öl 
-.24611172+01 
-.30254193+01 

N.LE.5 AND Y = 0.6 
-.54229230-00 
-.19505852+01 
-.31251052+01 
-.42461856+01 
-.53462727+01 

2 
3 
4 
5 

FPYK(J) 
FPYR(J) 
FPYR(J) 
FPYKIJ) 

-.16694966-01 
-.35449129-00 
-.19452000-00 
.26149514-00 
.9b223660-00 

N.LE.5 AND Y_= 0.8 
FPY K J)' = "- .72038312-00" 
FPYKJ) = -.28076883+01 
FPYKJ) = -.46911680+01 
FPYKJ) = -.65586106+01 
FPYKJ) =    -.84316372+01 

TEST OF SUbROUTIrjE H6FPY(N»Y»'FPYR»FPYIl FOR N.LE.5'AND Y""= t.O 
J 
J 
*j 

J 
J 

FPYH(J) 
FPYK(J) 
FPYR(J) 
FPYR(J) 
FPYR(J) 

.12871639-00 

.20213357-00 

.117727a+01 

.28002930+01 

.50045191+01 

FPYKJ) 
FPYKJ) 
FPYKJ) 
FPYKJ) 
FPYKJ) 

-.87872599-00 
-.37514367+01 
-.65132960+01 
-.92977919+01 
-.12083924+02 
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Table E-5  {Cont»d) 
•■*sJ 

TEST   OF  SUöHOUTINE  H(?FPY (N» Y»FPYR»HPYI 
J 
J 
J 
J 
J 

1 
2 
3 
«4 
5 

FPYK(J) 
FPYK(J) 
FPYK{J) 
FPYrt(J) 
FPYK(J) 

.34620561-00 FPY1 

.12389611 + U1 l-PYI 

.37593b*ll + 0l KPYI 

.761367t|ü + 01 FPYI 

.12723719+02 i-PYI 

TEST Oh SUüKGUTU.t nöFPY (K» Y »FHYRrFPYl 
J = 
J = 
J = 
J = 
J = 

1 
2 
3 

5 

FPYh(j) 
FPYH(J) 
FPYK(J) 
FPYK(J) 
FPYR(J) 

.62660637-00 f-PYI 

.28696762+01 i-PYI 

.7951199öf01 f-PYI 

.15563002+02 rPYl 

.256077^3+02 FPYI 

TEST OF SUöROUTlKE HüFPY (N» Y»rPYf<»FPYI 
J 

J 
J 
J 

1 FPYK(J) 
2 FPYh(J) 
3 FPYK(J) 
*♦ FPYK(J) 
5 FPYK(J) 

.96146112-00 FPYI 

.5165936^+01 FPYI 

.14073071+02 FPYI 

.27356526+02 FPYI 

.44823103+02 FPYI 

TEST OF SüüRCUTlKL HöFPYIN»Y»FPYR»FPYI 
J ~ 
J = 
J = 
J = 
J = 

1 FPYMJ) 
2 FPYH(O) 
3 FPYMj) 
4 FPYK(J) 
5 FPYK(J) 

.13166399+01 FPYI 

.81095923+01 FPYI 

.22191166+02 FPYI 

.43096140+02 FPYI 

.7Ü239ut9+ü2 FPYI 

TEST OF SUuROUTIr.E HüFPY (N» f »FPYR»FPYI 
J = 
J = 
J = 
J - 

1 
2 
3 
4 
5 

FPYMJ) 
FPYK(J) 
FPYK(J) 
FPYK(J) 
FPYHfj) 

.16541663+01 FPYI 

.11533250+02 FPYI 

.31661902+02 FPYI 

.61567669+02 FPYI 

.98791426+02 FPYI 

TEST OF SUDROUTIIJE HGFPY (N» Y»FPYR»FPYI 
w — 
J = 
J = 
J = 
o - 

1 
2 
3 
4 
5 

FPYK(J) 
FPYMJ) 
FPYMJ) 
FPYMJ) 
FPYMJ) 

.19207697+01 FPYI 

.15057028+02 FPYI 

.4lö065i8+02 FPYI 

.79229468+02 FPYI 

.12212040+03 FPYI 

FOR N.LE.5 AND Y = 1»2 
J) = -.99693047-00 
J) = -.46925993+01 
o) = -.83762085+01 
J) = -.12016350+02 
J) =   -.15477475+02 

FOR N.LE.5 AND Y = UJj. 
J) = -.10496925+01 
J) = -.54654790+01 
J) = -.98199940+01 
J) = -.13710465+02 
J) =   -.16725555+02 

FOR N.LE.5 AND Y = 1«6 
J) 
J) 
o) 
J) 
J) 

-.10092729+01 
-.58149509+01 
-.10057363+02 
-.12577946+02 
-.12353588+02 

FOR N.LE.5 AND Y = 1«8 
o) =   -.84944202-00 
J) =   -.53953089+01 
J) - -.79146220+01 
J) =   -.58099227+01 
J) =     .31633582+01 

FOR N.LE.5 AND Y = 2#0 
J) 
J) 
J) 
J) 
J) 

-.55085786-00 
-.37905148+01 
-.18401523+01 
.10457679+02 
.37642753+02 

FOR N.LE.5 AND Y = 2.2 
J) 
J) 
J) 
J) 
J) 

-.10749185+00 
-.56630686-00 
.99586570+01 
.40832852+02 
.10028559+03 

J 
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c 
Table E-5 (Cont'd) 

TEST OF SUbROUTiNE HGFPY(N»Y»FPYR»FPYI) FOR N.LE.5 AND Y = 2«1|. 

( 

J = 
J = 
J - 
J = 
J = 

1 
2 
3 
1 
5 

FPYh(j) 
FPYk(J) 
FPYHüJ) 
FPYRIJ) 
FPYR(J) 

.20559415+01 
^10036326+02 
.4T564re5+ö'2 
.89070005+02 
.12369509+03 

FPYKJ) 
FPYKJ) 
TFYTQr 
FPYKJ) 
FPYKJ) 

.*f 6673623-00 

.«♦63710593+01 

.29178223+02 

.89726979+02 

.199572^5+03 

TEST OF SUBROUTINE HGFPYCN»Y»FPYRrFPYI) FOR N.LE.5 AND Y = 2.6 
J = 
J = 
J = 
J — 
J = 

1 
2 
3 
*f 
5 

FPYR(J) 
FPYMjr 
FPYR(J) 
FPYR{J) 
FPYK(J) 

.19987«*97+01 FPYKJ) 

.1^5^2961+02' FP YTI J) 

.51221023+02 FPYKJ) 

.79563832+02 FPYKJ) 

.76154067+02 FPYKJ) 

.11324218+01 

.1196835Ö+Ö2 

.56815356+02 

.15948731+03 

.33836816+03 

TEST OF SUüROUTlNE HGFPY(N»Y»FPYR»FPYI) FOR N.LE.5 AND Y =  2.8 
J = 
J = 
J = 
J = 
J = 

TEST 
J = 
J = 
J - 
J = 
J = 

1 
2 
3 
4 
5 

FPYMJ) 
FPYR(J) 
FPYR{J) 
FPYR(J) 
FPYR(J) 

.16987926+01 

.18408219+02 

.41376768+02 

.34314167+02 

.5960'*295+02 

FPYKJ) 
FPYKJ) 
FPYKJ) 
FPYKJ) 
FPYKJ) 

OF SUbROUTiNE 
1 FPYR(J) = 
2 FPYR(J) = 
3 FPYR(J) = 
* FPYK(J) = 
5 FPYR(J) = 

HGFPY(N»Y»FPYR»FPYI) FOR 
.11294327+01 FPYKJ) = 
.13357966+02 FPYKJ) = 
.13566644+02 FPYKJ) = 

-.66771097+02 FPYKJ) = 
-.33102658+03 FPYKJ) = 

.18219288+01 

.21192943+02 

.92267553+02 

.24737615+03 

.50586680+03 

N.LE.5 AND Y = 3»D 
.24412707+01 
.31508587+02 
.13218696+03 
.34141783+03 
.66608839+03 

TEST OF SUBROUTINE HGFPY(N»Y,FPYR»FPYI) FOR N.LE.5 AND Y =  3«2 
J 
J 
J 
J 
J 

1 
2 
3 
4 
5 

FPYK(J) 
FPYR(J) 
FPYR(J) 
FPYR(J) 
FPYR(J) 

.30141609-00 

.32632682+01 
-.38615334+02 
.24366706+03 
.78266474+03 

FPYKJ) 
FPYKJ) 
FPYKJ) 
FPYKJ) 
FPYKJ) 

.28782056+01 

.41393ft7S±fl2.. 

.16927116+03 

.41563716+03 

.74429638+03 

TEST OF SUbROUTiNE HGFPY(N»YrFPYR»FPYI) FOR N.LE.5 AND Y = 3»h 

J = 
J = 
J = 
J = 

■i„FpYR(.J) 
2 FPYR(J) 
3 FPYK(J) 
4 FPYR(J) 
5 FPYRiJ) 

-.72602319-00 FPYKJ) = 
-.1*489749+02 
-.11948773+03 
-.50865792+03 
-.14331648+04 

FPYKJ) 
FPYKJ) 
FPYKJ) 
FPYKJ) 

.30173384+01 

.48554537+02 

.19135496+03 

.42600986+03 

.61530291+03 

c 
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Table E-5 (Cont'd) J 

TtbT Gh SUoKOUTir^E 
J = 1 FPYK(J) = 
J - 2 FPYKtJ) = 
J - 3 FPYK(J) = 
J - ** FPYKCJ) - 
J = b FPYK(J) = 

TEST OF SUuHGUTIf.c 

J = 1 FPYK(J) = 
w ~ 2 FPYK(J) = 
J = 3 FP>k(J) = 
J = H FPYK(J) = 
J = 5 FPYH<J> - 

FEbT OF SÜuFlOüTIt.E 
J = 1 FPYK(J) = 
J = 2 FPYKlJ) = 
J = 3 FPYK(J) = 
J = «♦ FPYK(J) = 
J = 5 FPYR(J) - 

rl6FPY(N»Y.FPYR»f-PYl) FOR 
-.lb^01798+0l FPYKJ) = 
-.33539^2+02 FPYI(J) = 
-.228299fc3+Ü3 I-PYI(J) = 
-.8bu33lb5+03 FPYI(J) = 
-.2*i376ö38+0M FPYKJ) = 

HGFPY(N»Y»FPYR»rPYI) FOR 
-.2879o60**+01 FPYKJ) = 
-.b8079ll7+Ü2 FPYKJ) = 
-.35bbb7ü9+Ü3 FPYKJ) = 
-.123766(mOH FPYKJ) = 
-.Jü367öfcLP+ÜH FPYKJ) = 

HÖFPY(N»Y»FPYR»FPYI) FOR 
-.36516Ö27+Ü1 FPYKJ) = 
-.82<+99ll3-»-02 S-PYKJ) = 
-.»♦793e4U«f»-03 FPYKJ) = 
-5^15630375+0»* FPYKJ) = 
-.35ÜÖ6523+0«* FPYKJ) = 

N.LE.5 AND Y = 3«6 
.27616575+01 
.50046^2+02 
.18136887+03 
.30948775+03 
.10136946+03 

U.LE.5 AND Y =  3«8 
.20580650+01 
.42651922+02 
.11888645+03 

-.10479266+02 
-.10083432+04 

N.LE.5 AND Y =  l^O 
.92241727-00 
.23556542+02 

-.16003852+02 
-.60788676+03 
-.29016662+04 

) 
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Bs(y> a 

Table E-6 

THE HEIGHT GAIN FUNCTION gs(y) 

^^s " y^    Ai["as + yexpt-1!11)] 

"l'(0 
88(0) 

exp(-i|ii)Ai#(-as) 

0 , s = J = l,2,3i 

= - [GyR(J)  + iGYI(J)] 

( 

TEST  OK 
d =     1 
J =     2 
J =     3 
J = 
J = 5 

SUBROUTINE 
GYRtJ) = 
GYR(J) = 
GYR(J) = 
GYR(J) = 
GYR(J) = 

HGGY(N»Y»GYR»GYI) FOR N.LE.5 AND Y =0.2 
-.20l^l7^8-oo GYKJ) 
-.20256845-00 GYI(J) 
-»20350454-00 GYKJ) 
-.20U32716-Ö0 "GYl(J) 
-.20507526-00 GYItJ) 

TEST OK SUbROUTlNE HGGY (N» Y»GYR»GYI) FOR N.LE- 
J 
J 
J 
J 
J 

1 
2„ 
3 
I- 
5 

GYR(J) 
GYR(J) 
GYR(J) 
GYR(J) 
GYR(J) 

-.41006306-00 GYKJ) 
-.m886696-00 GYKJ) 

"-.42586648-00" GYI (J) 
-.43188708-00 GYKJ) 
-.43725257-00 GYKJ) 

-.27113553-02 
-.47570512-02 
-.64424053-02 
-.79398T78'-02 
-.93151245-02 

5 AND Y = O.I|. 
-.21932527-01 
-.38874135-01 
-.53080253-01 
-.65887243-01 
-.77800848-01 

TEST  OF  SUBROUTINE  HGGY(N»Y»GYR»6YI)   FOR  N.LE.5  AND  Y  =0.6 
J r 
J = 
J = 
J = 
J = 

1 
2 
3 
4 
5 

6YR(J) 
GYR(J) 
GYR(J) 
GYR(J) 
GYR(J) 

•.62905992-00 
-.65629295-00 
•.67681631-00 
.69353877-00 
•.70759956-00 

GYKJ) 
GYKJ) 
GYKJ) 
GYKJ) 
GYKJ) 

-.75154160-01 
-.13537752-00 
-.18721087-00 
-.23490903-00 
-.28005432-00 

J = 
J = 
J = 
J =   . 
o = 

TEST 
J = 
J = 
J = 
J = 
J  = 

OK   SUfciROUTlME 
1 6YR(J)   = 
2 GYR(J)   = 
3 GYR(J)   = 
4 GYR(J)>  
5 6YR(J)   = 

HMYJitiiLY.tGYRf6YI)   FOR  N.LE.5  AND Y  = 0.8 
.65565010-00 GYKJ) 

■.91101921-00 GYKJ) 
.94792631-00 GYKJ) 
.97355965-00 GYKJ) 

-.99077038-00     GYKJ)   = 

OK SUoROUTlNE H6GY(N»Y»GYR»GYX) FOR N. 
1 GYRCJ) = -.10794139+01  GYKJ) : 
2 6YR(J) = -.11618260+01  GYKJ) : 
3 GYR(J) = _"• 119990^3+01  GYKJ) : 
4 GYR(J) = -.12082572+01  GYKJ) : 
5 GYR(J) = -.11927360+01  GYKJ) : 

-.18108702-00 
-.33314802-00 
-.46808085-00 
-.59506267-00 
-.71739352-00 

LE.5 AND Y = 1.0 
-.35888197-00 
-.67672353-00 
-.96758191-00 
-.12468703+01 
-.15197225+01 
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Table E-6   (Cont«d) 
J 

TEST OF SJbROUTlNE rtGGY(U»Y»GYR»GYl) FOR N.LE .5 AND Y = 1»2 

' 

J = 1 GYH(J) = -.1280b0«+9*01 GYKJ) = -.62613682-00 
*J..= 2 GYR(J) = -.13625718+Ul GYKJ) = -.12126042+01 
J = 3 ÖYK(J) = -.13<4571b8+ül GYI(J) = -.17639314+01 
J = U GYR(J) = -.125b9oo2+01 GYKJ) = -.23006450+01 
o - 5 &YK(O) = -.11037300^01 GYKJ) = -.28281220+01 * 

TEST OF SUbROUTIhE HbGY{N»Y»oYR»bY :) FOrt N.LE .5 AND Y = Ulj. 
J = 1 liYR(j) = -.142837*6+01 GYKü) = -.99554102-00 r 
J = 2 6YK(J) = -.14342927+01 GYKJ) = -.19606679+01 
J = 3 GYH(J) = -.l2309oüH+01 GYKJ) = -.2924^437+01 
J = U GYH(J) = -.do024Üb4-ÜÜ GYKJ) = -.38448675+01 
J = 5 GYK(J) = -.33914699-00 GYKJ) = -.47421474+01 

TEST OF SUoKuOTIi^t. HbGY{N»Y»GYR.GY i) FOR N.LE .5 AND Y = 1.6 
J = 1 GYK(o) = -.1^816288+01 GYKJ) = -.14701586+01 
J = 2 GYK{J) = -.12590161+01 GYKJ) = -.29993241+01 
J = 3 GYK(j) = -.ol592b90-00 GYKJ) = -.44711455+01 
J = U GYK(J) = .36519o7b-00 GYKJ) = -.5882'*03e+ül 
J =■ 5 &YK(J) = .171781*3+01 GYKJ) = -.72100006+01 

) 

TEST OK SUdROUTlNE HGGY(N»Y»GYK»GY i) FOR" N.LE. .5 AND Y = 1.8 
J = 1 GYK(J) = -.13696o27+01 GYKJ) = -.20376276+01 
J = 2 GYKiJ) = -.67C544O4-Ü0 GYKJ) = -.42435969+01 
d - 3 GYK(j) = .83254799-00 GYKJ) = -.63290778+01 
J = 4 GYK(J) = .30534214+U1 GYKo) = -.82225474+01 
J = 5 GYr<(j) = .5939^069+01 GYKJ) = -.98378531+01 

TEST OF SUbHüUTIlit rioGY(N»Y»GYK»GYl) FOR N.LE« 5 AND Y = 2.0 
J = 1 GYKIJ) = -.10982454+01 GYKJ) = -.26639637+01 
o = 2 GYH(J) = .49716704-00 GYKJ) = -.56166993+01 
J = 3 GYKCJ) = .35256340+01 GYKJ) = -.82487614+01 
J = <f GYK(J) = .78510312+01 GYKJ) = -.10322998+02 
J = 5 GYK(J) = .13381091+02 GYKJ) = -.11603099+02 

TEST OF SUtsKOUTlNE HGQY(N»f»GYR»GYI) FOR N.LE. 5 AND Y = 2.2 
d — 1 GYK(J) = -.55561009-00 GYKJ) = -.32881657+01 
J = 2 GYR(J) = .24664162+01 GYKJ) = -.69180658+01 
J = 3 GYk(J) = .7ö9D«*d6ß + 01 GYKJ) = -.97147733+01 
J = «♦ GYhCj) = .15494031+02 GYKJ) = -.11088800+02 i 

J = 5 ÖYK(J) = .25022208+02 GYKJ) = -.10484983+02 
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c Table E-6 (Cont«d) 

TEST OF SUDKOUTINE. HGöY(N»Y»GYR»GYI) FOR N.LE.5 AND Y = 2#1|. 

c 

J 
J 
y 
j 

i 
2 
3 
4 
5 

6YR(J) 
GYRU) 
6YK(J) 
GYK(d) 
GYK(J) 

.27374032-00 

.53915074+0^ 

.14277759+02 

.26422244+02 

.411Ö8Ö55+02 

GYKJ) 
GYKJ) 
GYi(J) 
GYKJ) 
GYKJ) 

TEST  OF   SUbROUTlNE  HGGY(N»r»6YR»GYI)   FOR  N.LE.5 
J = 
J = 
J = 
J = 
J ?._. 

TEST 
J = 
J = 
J = 
JLJL_ 

1 
2 
3 
4 
5. 

OF 
1 
2 
3 
4 

GYR(J) 
GYR(J) 
GYK(J) 
GYR(J) 
SYKUL 

.13950253+01 

.93302394+01 

.22700072+02 

.40315197+02 
.IMS31960+02 

GYKJ) 
GYKJ) 
GYKJ) 
GYKJ) 
GYKJ) 

SUbROUTlNE NGGf(N»Y»GYRrGYI) FOR N.LE.5 
GYR(J) =     .27664256+01  GYKJ) = 
6YR(J) =     .14144237+02  GYKJ) = 
GYR(J) =    .325966b9+02  GYKJ) = 
GYR(J) =     .55356056+02 6Y K J) = ___ 

J =  5  GYR(J) = 

TEST 
J = 
J = 

J = 
J = 

OF SUbROUTlNE 
1 GYR(d) = 
2 GYR(J) = 
.5- GYR(J) =  
4 
5 

GYKiJ) = 
GYR(J) = 

.78479660+02  GYI(J) = 

M6GY(N»YrOYR»GYi) FOR N.LE' 
.42839799+01  GYKJ) = 
.19393325+02  GYKJ) = 
 t4.2JtiLLX4+Q£__JaYl C Jl =  

.67293973+02  GYKJ) = 

.85253765+02  GYKJ) = 

TEST OF SUbROUTlNE HGGY(N»Y»GYR»GYI) FOR N.LE.5 
J = 1 

J = 3 
J = 4 
J = 5 

GYR(J) = 
JiYüUi_=  
GYR(J) = 
GYR(J) = 
GYR(J) = 

.57723219+01 

.242366H9+Q2 

.49352720+02 

.68471164+02 

GYKJ)   = 
eYJ(JJ„=_ 
GYKJ)   = 
GYKJ)   = 
GYKJ)   = 

-.38193570+01 
-.78143335+01 
-.98524704+01 
-.86644955+01 
-.30870224+01 

AND Y = 2*6 
-.41386146+01 
-.78241112+01 
-.73669500+01 
-.30035844-00 
•1557gi?5+02 

AND Y = 2.8 
-.41077460+01 
-.63317790+01 
-.56693160-00 
11756.5259+02 
.51758324+02 

AND Y = 3«0 
-.35868418+01 
-.26485033+01 
.a2*t54.iao+Q2 
.48798756+02 
.11175233+03 

AND Y = 3.2 
-.24612336+01 
.xia6Z075.4+Ql 
.33397172+02 
.96383370+02 
.19890821+03 

TEST 

J = 
J = 
J = 
J = 

OF 
1 
2 
3 
4 
5 

SUbROUTlNE 
GYR(J) = 
GYR(J) = 
6YR(J) = 
GYR(J) = 
GYR(J) = 

HGGY(N»Y»GYR»GYI) FOR N.LE.5 
.69865948+01  GYKJ) = 
.27375179+02 
.46879109+02 
.47189535+02 

-.10876451+02 

GYKJ) = 
GYKJ) = 
GYKJ) = 
GYKJ) = 

AND Y = 3.1|. 
-.67642115-00 
.13583117+02 
.63027858+02 
.16031080+03 
.30849614+03 

t 
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Table E-6   (Confd) 

SUuKOUTlht HGGY(N»Y»GYR»GY1)   FOR N.LL.S ItbT  OF 
J  -     1 6YK(J) - 
j =     2 GYHCO) = 
J  =     3 GYh(J) = 
w» =     «♦ GYk(J) - 
J  =     5 GYKIJ) = 

TEST   OF SUbkOUTIlX 
j  =     1 bYK(J) = 
j  =     2 GYrvlJ) - 
o  =     3 GYK(j) - 
J  =     *♦ GYK(J) = 
j =     b GYK(o) = 

T£bT   OF SUbROUTihE 
J  =     1 GYKIJ) = 
J  =     2 6YR(J) = 
j  =     3 GYK(J) = 
v,  =     U 6YR(J) = 
J  =     5 GYK(J) = 

.70209413+01 GYI(J) 

.Ü7081Ö70+02 GYKJ) = 

.3^017020+02 GYI(J) = 
-.ll9t>J2bÜ + Ü2 GYKJ) = 
-.170bcü7ti-«-03 GYKJ) = 

nG6Y(rj»Y»GYR»GYl)   FOR N.LE.5 
.73975016+01 GYKJ) = 
.2137«m33+02 GYKJ) = 
.Ö693b0b9-Ü0 GYKJ) = 

-.iü5Ö6035+03 GYKJ) = 
-.4t*767795+03 GYKJ) = 

HGGY(M»Y»GYR»GYi)   FOR  N.LE.5 
.bü26»*86ö+01 GYKJ) = 
.837607bö+01 GYKJ) = 

-.59669993+02 GYKJ) = 
-.307906*49+03 GYKJ) = 
-.05910077+03 GYKJ) = 

AND Y = 3«6 
.17233598+01 
.26374540+02 
.10011961+03 
.23445623+03 
.42005070+03 

AND Y = 3«8 

.45b05559+01 

.41265697+02 

.14016021+03 

.30268367+03 

.48795804+03 

AND Y = k^O 
.75043356+01 
.56178005+02 
.17408120+03 
.33502712+03 
.43275864+03 

J 
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Table E-7 

THE HEIGHT GAIN FUNCTION g'(y) s 

Wl'Ctg - 7)  Al'[-as + yexp(-i-yn)] 

VtO Al'(-as) 
= GPYR(J) + IGPYI(J) 

g'(O) = 1 , s = J = l,2,3f» 

TEST OF SUbKOUTIhE HO«3PY(Ni Y»GPYR»GPYI) FOR N = 
o 
J 
J 
J 
J 

1 
2 
3 

5 

GPYrUj) 
GPYK(J) 
6PYK(J) 
GPYK(J) 
6PYR(J) 

.lÜ20513i+Ül 

.10376162+01 

.lUblHÖ53+01 

.Iü63böt6+01 

.10745647+01 

ÖPYKJ) 
^PYI(J) 
GPYKJ) 
GPYKJ) 
ÜPYKJ) 

5 AND Y = 0.2 
.40780293-01 
.71713101-01 
.97301131-01 
.12011312+00 
.14112610-00 

.T OF SUbROUTlNE riöGPYCN» Y»'iPYR»6PYI) FOR N = 

(. 

J 
J 
J 

J 

1 
2 
3 
4 
5 

GPYK(J) 
GPYK(ü) 
GPYR(J) 
GPYK(J) 
GPYK{J) 

.10686725+01 

.11319266+01 

.11Ö0976Ü+Ö1 

.12221912+01 

.12560464+01 

üPYKJ) 
faPYKo) 
bPYKJ) 
oPYKJ) 
bPYKJ) 

TEST  OF   SUuROUTlr;t  H06FIY(N» Y»GPYR»üPYI )   FOR N = 
J = 
J = 
J = 
J - 
«j - 

1 
2 
3 
4 
5 

GPYR(J) 
GPYR(o> 
GPYh(J) 
GPYK(J) 

GPYK(J) 

.11191^94+01 

.12396467+01 

.1322551Ü-I-Ü1 

.13b2968a+ül 

.14269DÖ4+Ü1 

GPYI(J) 
bPYKJ) 
GPYKJ) 
GPYKJ) 
GPYKJ) 

TtbT OF SULRCOTluE HGGPY (N» Y »öPYR»i,PYl) FOR N = 
j r. 

J = 
J = 
J = 
J = 

TEST 
J = 
J = 
J = 
J - 
J = 

1 GPYK(J) 
2 GPYKCJ) 
3 GPYR(J) 
4 6PYR(J) 
b  GPYK(J) 

.113ö2220+01 

.1Ü9Ü5714+01 

.1357«: 26'++01 

.1366664o+ül 

.133Ü3H31+01 

GPYKJ) 
GPYKJ) 
oPYKo) 
üPYl(J) 
bPYKJ) 

5 AND Y = O.i; 
.16598491-00 
.29678874-00 
.40806884-00 
.50955490-00 
.60489720-00 

5 AND Y = 0.6 
.38188630-00 
.70064884-00 
.98251755-00 
.12471880+01 
.15017994+01 

5 AND Y = 0.Ö 
.69356551-00 
.13144618+01 
.18365691+01 
.24389009+01 
.29811059+01 

OF SUiROUTiNt übGPYdMrYrüPYRnjPYl) FOR N = 
GPYK(J) 

GPYK(J) 
6PYh(j) 
GPYK(J) 
GPYR(J) 

.10b29915+01 

.11797400+01 

.109170fc6+ül 

.Ö65Ö7374-00 

.51959375-00 

bPYKJ) 
CPYKJ) 
GPYKo) 
üPYI(J) 
GPYKJ) 

b' AND Y = 1.0 
.10993282+01 
.21607415+01 
.31750151+01 
.41735974+01 
.51638765+01 

c 
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Table K-7   (Cont'd) 

! 

0 

TEST  OF   SUbKOUTIuE  HGGPY(N»Y»6PYK»6PYI)   FOR N=5 ANDY = 1#2 
J 
j 

J 
J 
J 

6PYK(J) 
GPYKCJ) 
6PYR(J) 
GPYK(J) 
6PYK(J) 

.902«*e087-00 

.JbZ^yb-OO 

.23929378-00 
■.b990oü33-00 
•.17250233+Ü1 

GPYKJ) 
bPYKJ) 
GPYKJ) 
GPYKJ) 
cPYKJ) 

.158U1909+01 

.32325230+01 

.^8'»713«*1+01 

.64430758+01 

.80119323+01 

TEST 
J = 
J = 
J = 
J = 
J = 

TEST 
J = 
J - 
J = 
J = 
J = 

TEST 
d = 
J = 
d = 
J = 
J - 

TEbT 
J = 
J - 
J - 
J - 
.J = 

TEST 
j = 
j = 
w - 
sJ    - 

J = 

OF SUbKOUTiuE 
1 GPYK(J) = 
2 GPYK(J) = 
3 GFYh(J) = 
*♦ GPYK(J) = 
5 GPYK(J) = 

OK  SUbKOUTlNE 
1 GPYK(J)   = 
2 GPY.<(J)   = 
3 6PYK(J) = 
«♦ GPYK(J) = 
5  GPYR(J)   = 

ÖFSÜüROÜTinE 
1 ePYk(j)   = 
2 GPYMj)   = 
3 6PYK(J)   = _ 
«♦  6PYK(J)   = 
5  GPYH(J)   = 

HÖöPY(N»Y»GPYR»toPYI)   FOR N=5 AND Y = l»k 
.5«*156bG6-00 

■.r^3399W8-00 
.15857376+01 
.369'*7826+ül 

■.6'+3217vÜ+Ul 

bPYKJ) 
GPYKJ) 
OPYKJ) 
tPYKo) 
bPYKJ) 

HGGPY{iM»Y»GPYR»GPYl)   FOR ^=5 
-.51387051-01   GPYI(J)   = 
-.17116135+01 
-.'♦ö'+327'+Ü + 0l 
-.9*i39307b+Ül 
-.14869005+02 

oPYKJ) 
bPYKj) 
oPYKJ) 
bPYKJ) 

.21128957+01 

.*f «♦652860+01 

.67792939+01 

.90105704+01 

.11100826+02 

AND Y =1*6 
.26235091+01 
.57028639+01 
.86331017+01 
.11218970+02 
.13273506+02 

rlG:5PY(N»Y»GPYR»vjPYl)   FOR   N=5 AND Y  = 1.8 
.91263425-00 toPYKw.) 

■.42231832+01 oPYKJ) 
■. 9988768 0+01 _toP YI(J) 
•. 10012143+02 oPYI(J) 
•.26245572+02  bPYI(J) 

OF   SUoROUTiHE   hG6PY(N»Y»5PYR»oPYI)   FOR  N=5 
-.2Ü471672+Ü1   oPYKJ)   = 1 GPYR(J) = 

2 6PYR(J) = 
3 6PYK(J) - 
4 6PYR(o) = 
5 GPYR(J) = 

OF  SUbROUTIhE 
1 GPYH(J) = 
2 GPYR(J) = 
3 GPYMJ) = 
4 6PYH(J) = 
5 3PYR(J) = 

-.77028220+01 
-.17314343+02 
-.30557677+02 
-.47034778+02 

öPYKJ) 
oPYKJ) 
GPYKJ) 
OPYKJ) 

.30233315+01 

.66619482+01 

.97463735+01 

.11747671+02 

.12181127+02 

AND Y = 2.0 
.31891595+01 
.69011852+01 
.90290801+01 
.83626230+01 
.38175676+01 

riüGPY<N»Y»GPYR»oPYI)   FOR N=5 AND.Y.^ 2.2 
•O4102030+Ü1 
•.12130038+02 
■.26686734+0*; 
■.4O27470Ü+Ö2 
•.69732343+02 

oPYKJ) 
GPYKJ) 
OPYKJ) 
oPYKJ) 
bPYKJ) 

.29767052+01 

.58328312+01 

.49078859+01 
-.22380004+01 
-.17808027+02 

.) 
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c TalDle E-7 (Cont'd) 

TEST OF SUdROUTlNE hto6PY(N» Yf&PYRHjPYl 

( 

J = 
J = 
J = 
J = 
J = 

1 

i 

b 

GHYK(J) 
6PYK(J) 
GPYK(J) 
6PYK(ü) 
GPYRCJ) 

-.tosyotyi+ui GPYI 
-.l717olö3+Ü2 oPYl 
-.>5717b0tl + ü2 ÖPYI 
-.32601281+02 OPYI 
-.9Ü9J9591+Ü2 ÜPYI 

TEST OK SOüROüTINE HöGPY ((M» Y »GPrR»oPYl 
J - 
o — 
O' = 

J = 
J = 

1 
2 
3 

5 

GPYK(J) 
GPYK(J) 
GPYKCJ) 
GPYrt(J) 
GPYK(J) 

-.ot9üc:Hbb+Ül GPYI 
-.2210*+670 + ü2 oPYI 
-.^6600050+02 bPYI 
-.7469^500+02 GPYI 
-.9ci65l49ü + Ü2 wPYl 

TEST OK SUuKGUTlME HÜSPY(HrY»GPYRfbPYl 
o - 
ü — 

w ~ 
o — 

1 
2 
3 
H 
5 

GPYK(u) 
GPYK(ü) 
GPYK(J) 
GPYK(J) 
GPYK(J) 

-.7J?7959'+ + ü1 bPYl 
-.2b67b93H+02 oPYI 
-.5ill7337<-02 GPYI 
-.722b73ü9+02 tPYI 
-.72654373+02 GPYI 

TEST OK SLbtXOUTlhE HGGPf (U» Y»üPYR»GPYI 
J = 
J = 
J = 
J = 
J = 

1 GPYR(u) 
2 GPYK(J) 
3 GPYrt(d) 
«♦ GPYK(J) 
5 GPYK(J) 

-.7ö913b3b+ül oPYI 
-.261i6otO + 02 t»PYl 
-.4+92ü7ro+02 ^PYI 
-.40e007Cb+Ü2 GPYI 
.lä9bc3t9+02 oPYl 

TEST OH SUoROUTiME HGGPI (N» r f GPYF^GPYI 
j 

J 
J 
J 
J 

1 GPYK(J) 
2 GPYR(j) 
3 GPYK(J) 
4 GPYR(J) 
5 GPYK(wl) 

-.698bb2eU + ül   t»PYl 
-.21230481+02  GPYI 
-.2Übl2otö+02  bPYl 

.3G794494+Ü2   GPYI 

.2159bott++U3  GPYI 

TEST   OF   SUtjROUTlf.E   HGGPY (Nr Y»GPYR»oPYI 

J 

J 
J 

1 GPYK(J) 
2 GPYK(J) 
3 GPYK(J) 
^ GPYK(U) 
b  GPYK(j) 

-.49G64146+01 GPYI 
-.87015509+01 toPYl 
.3ü297at;7+02 oPYl 
.18702579+03 GPYI 
.55864176+03 oPYI 

FOR N=5 AND Y = 2.i|. 
o) 
J) 
J) 
J) 
J) 

.22353970+01 

.27277597+01 
-.46111128+01 
-.24300828+02 
-.60339312+02 

FOK N=5 A:^D y = 2.6 
.84056528-00 

w  -.31478631+01 
-.21667563+02 
-.62347681+02 
-.13155881+03 

J) 
J) = 
J) = 
J) = 
J) = 

FOR 
J) = 
J) = 
J) = 
J) = 
J) = 

FOR 
J) = 
J) = 
J) = 
J) = 
J) = 

FOR 
J) = 
J) = 
J) = 
J) = 
J) = 

FOR 
J) = 
J) = 
.J) = 
J) = 
J) = 

N=:5 AND Y = 2.8 
-.12681035+01 
-.12359819+02 
-.47955532+02 
-.11962638+03 
-.23578718+03 

N=5 AND y = 3«0 
-.40394b70+01 
-.25020012+02 
-.63732820+02 
-.19536877+03 
-.36737613+03 

N=5 AND y = 3.2 
-.72653465+01 
-.40427937+02 
-.12o42486+03 
-.28073326+03 
-.50088553+03 

N=5 AND Y = B.lj. 
-.10548927+02 
-.56692151+02 
-.16897067+03 
-.35377117+03 
-.57875136+03 

^ 
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Table E-7  (Cont»d) J 

TtbT 
wi   - 

J = 
J = 
J. - 
J - 

TLST 
J = 
J = 
J = 
J = 
J  = 

TEST 
J = 
J = 
J = 
J - 
0  = 

OF  SUbKOUTlNt 
1 &PYrt(j) - 
2 GPYK(J) = 
3 6PYK(J) = 
*♦ ePYK(J) = 
5 GPYH(J) = 

riGGPY(N.Y»ÖPYR»bPYl) FOR 
-.1^7b«H0i3+01 GPYKJ) = 
.1Ö316375+Ü2 öPYKJ) = 
.11U19202+03 bPYI(J) = 
.«♦1006331 + 03 GPYKJ) = 
.10baö7l5+0«* oPYI(J) = 

N=5 AND Y = 3.6 
-.13302737+02 
-.70'*37594+02 
-.19829828+03 
-.37457*l6«*+03 
-.^9956673+03 

Of   SUbhiOUTIIiE: 
1 6PYK(J) = 
2 GHYK(J) = 
3 6PYK(J) = 
U 6PY«(J) = 
5 6PYK(J) = 

OJ- SUoKCUTlNE 

HGöPY(N»Y»GPYK»wPYI) FOR N=5 AND Y = 3»Ö 
.3d32ö2bb+01 
.^5369728+02 
.2327b0b5.+03 
.'73207103+03 
.17176650 + 0*+ 

GPYI(J) 
GPYKJ) 
GPYKJ) 
GPYKJ) 
t/PYKJ) 

GPYK(J) 
6PYR(J) 
6PYK(J) 
6PYR(J) 
GPYR(J) 

HG6PY(N»Y»GPYR»GPYI) FOR 
.99971288+01 GPYKJ) = 
.85679182+02 oPYKJ) = 
.37759458+03 GPYI(J) = 
.10903817+04 GPYKJ) = 
.23790268+04 GPYKJ) = 

-.14793096+02 
-.76755306+02 
-.19462313+03 
-.28293075+03 
-.11363028+03 

N=5 AND Y - k.»0 
-.14243368+02 
-.69585072+02 
-.13256712+03 
-.21427482+01 
.76325448+03 

) 
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Program   B-9 
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